Lecture 29: Geometry of SUs

29 Linear Groups

Today we’ll study linear groups — subgroups of matrices which satisfy conditions about preserving properties
that come from linear algebra. We’ve seen a couple of these already. We can start off with the group GL,,(R)
of all invertible n x n matrices, and consider a few subgroups that we’ve seen:
GLn(R)
L A
SLn(R) On(R)
AeGL,(R A€ GL,(R)
det A=1 AtA =1
A L
SO, (R)

Ae GL,(R)
AtA=1T1,detA=1
These subgroups all preserve some interesting property:
e SL,(R) < GL,(R) consists of the matrices with determinant 1, which preserve volume.

e 0,(R) < GL,(R) consists of the orthogonal matrices, which preserve the dot product (or equivalently,
which preserve length) — meaning that (Av, Aw) = (v,w) for any two vectors v, w (where the pairing
denotes the dot product).

e SO, (R) is the intersection of SL,(R) and O, (R).

We can do the same thing for matrices with complex values:

GL,(C)
L A
SL,(C) U,
AeGL,(C AeGL,(C)
detA=1 A*A=1T
A L
Su,

AeGL,(C)
A*A=1,detA=1

These subgroups still preserve some linear algebraic property:
o SL,(C) <GL,(C) is still the group of matrices with determinant 1, the same as in the real case.

e U,(C) < GL,(C) is the group of unitary matrices, which preserve the standard Hermitian form — so
(Av, Aw) = (v, w) where the pairing is now the standard Hermitian form (instead of the dot product, as
in O, (R) for the real numbers).

e SU,(C) is the intersection of SL,,(C) and U, (C), the group of unitary matrices with determinant 1.

We could also look at groups of matrices that preserve other bilinear forms, not just the dot product. For

example, we could define the bilinear form I, , corresponding to the matrix Iy } . Then we could study

—I,
the matrices preserving this bilinear form, meaning the set {A | A'I, ;A = I, ,}, which is an interesting subgroup
of GL,(R).

29.1 Geometry of groups

All these matrices are over R or C. What’s special about the real or complex numbers, as oppos;ed to something
like a finite field, is that we have a notion of distance. More explicitly, we have GL,(R) C R™ (where we just
write down the coordinates), so GL,(R) inherits a metric — we can discuss whether two elements are close
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together or far apart. The same works for GL,(C) C R2 (since we can think of a complex number as a pair
of real numbers).

The actual metric itself won’t be that important; what will be important is the idea of a topology on this set —
we have a sense of two elements being close together or far apart, which we didn’t have when we studied finite
or discrete groups. With finite or discrete groups, we can’t really talk about a sequence of elements getting
closer and closer to another, but with these groups we can. The group structure and topology interact with
each other in extremely interesting ways — these groups are called Lie groups, and the study of such groups
ends up being a really rich vein of mathematics.

Today we’ll see a flavor of how we can take a group and look at it not just as a collection of things, but also as
having some sort of geometry.

There are some questions we can ask: groups come with multiplication law, G x G — G. It turns out that for
all the matrix groups considered above, the multiplication law is continuous (if you perturb two elements a bit,
this only perturbs their product a bit as well). The inverse map g — g~! is also continuous. Similarly, we can
look at continuous homomorphisms.

We've seen a few simpler examples of groups with a shape (not necessarily matrix groups) — for example, (R, +)
is just the real line:

A
y

Example 29.1
How can we draw the group of 2-dimensional rotations

SOy ={ps | 0< 0 < 27}?

Proof. On a homework problem, we showed that SOy = R/27Z. So we can draw SO as a circle, where the
angle represents the angle of rotation:

We have a homomorphism R — SO5 where we send 0 +— pg. Geometrically, this corresponds to wrapping the
line around the circle infinitely many times. O

Similarly, we can consider Oy — we saw that SO, has two cosets, itself and the set of reflections. So we can
think of O3 as two circles (with one circle representing each).

Note 29.2
We haven’t really defined terms like continuous, metric, or topology. But we won’t be that formal here;
instead, the main goal is to try to visualize our groups in terms of these pictures.

29.2 Geometry of SU,

All the groups whose geometry we’ve looked at so far are one-dimensional. Now we’ll look at a higher-dimensional
group, the special unitary group

SU, = {A € GLy(C) | det A =1, A* = A~'}.

We'll try to figure out what the points in this set look like, as a geometric shape.
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29.2.1 Quaternions

First we’ll analyze what matrices are in SUs. Consider a matrix A = {: 8 ] . Then we have

1)
Al 1 6 =Bl _|d6 -8B
detA |/ « -y«
(since the determinant is 1), and
* a
A* = .
[5 v}
These must be equal, so we must have § = @ and 8 = —7%. Thus we must have

_ | B
a=|% 2
Finally, the condition that det A = 1 means that |a|? + |3|? = 1.

We can write any matrix A as a linear combination of other matrices, by splitting up the real and imaginary
parts of « and B. Suppose @ = xg + iz and 8 = xo + ix3 where g, T1,Z2,x3 € R. Then we have

1 0 ;0 0 1 0 4
ey Jreny onls ot )

We'll introduce some notation for these matrices. The first is just the other identity; meanwhile we define

A R I F

We will also define a four-dimensional real vector space consisting of all matrices of the above form (which are
linear combinations of I, i, j, and k:

H=R*= {.’EQI + 211+ x0j + 3k | X0, 21,T2,T3 € R} C MatQXQ(C).

This space is closed under multiplication, since we can use the relations i2 = j = k? = —1I, ij = k, ji = —k, and
so on. So if we multiply any two elements of H, we get another element of H.

The set H is called the set of quaternions. They’re like a four-dimensional version of the complex numbers
(instead of adding one square root of —1, we now have three). But unlike the complex numbers, multiplication
isn’t commutative — so it’s kind of like the field of complex numbers, but it’s not a field because of the lack of
commutativity. (We can still divide by nonzero elements, but we have to be careful about the order.)

But the main thing we’ll use here is that it’s a four-dimensional real vector space — we’ve figured out how to write
elements in terms of coordinates. Then SU; C H are exactly the quaternions such that 23 + 23 + 23 + 2% = 1
(since this is equivalent to the determinant condition). So SUs sits inside R*, and consists of all vectors with
length 1 — this means its shape is a 3-dimensional sphere S3.

Student Question. Why is it called a 3-dimensional sphere if there are four dimensions?

Answer. There’s four dimensions, but we’re imposing an additional condition. A sphere only consists of the
boundary, not the interior (a sphere with its interior is called a ball). So although it lives in four dimensions,
it’s a three-dimensional surface (because we have one constraint). Similarly, a normal sphere in R? is called a
2-sphere, since its surface is two-dimensional.

29.2.2 Geometry of the Sphere

The 3-sphere is very hard to picture, so let’s start by drawing the 2-sphere

5% = {(zo, 1, 22) 1 x5 + 27 + 25 = 0} C R,

As coordinates, S? is the set of solutions to #3423+ 3 = 1. There are many ways of representing its coordinates,
but one commonly used one is spherical coordinates, which we can think of in terms of latitude and longitude.

The latitude lines come from taking a horizontal slice of the sphere — formally, Lat. = {zo = ¢} N S2.
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N

The latitude lines start off as a point at the north pole Lat;, and then as we go downwards, they get bigger and
bigger until the equator E = Latg, and then get smaller again until the south pole.

Meanwhile, in the other direction, we have longitude lines, which are circles of radius 1 that intersect the north
and south pole.

Ny

So the latitude and longitude lines give us a way of representing our location on the 2-sphere. We can do the
same for the 3-sphere: we now have

S? ={xd + o] +a3+a3 =1}

We can define latitudes in the exact same way, with Lat, = {zg = ¢} N S®. This is now the set of points with
2o = c and 2?2 + 23 + 22 = 1 — ¢?, so now our latitudes are actually 2-spheres. So we're still taking horizontal
slices (with —1 < ¢ < 1), but now the latitudes are 2-spheres of different sizes. We still have just a single point
at the north and south pole, and the largest latitude is still the equator Laty = E.

We'll define the longitudes precisely a bit later. These will still be circles of radius 1 passing through both the
north and south poles (£1,0,0,0). Just like in the 2-sphere, every point lies on a unique latitude line, and every
point except the north and south pole lies on a unique longitude line; and each pair of latitude and longitude
lines intersects at exactly two points.

We've seen now that SU, as a set is a 3-sphere in R* (using this choice of coordinates), and the 3-sphere
can be thought of geometrically as having latitudes and longitudes. It turns out we can use this geometric
understanding of the 3-sphere to understand the group structure of SUs.

29.2.3 Latitudes

Theorem 29.3
The conjugacy classes of SU, are precisely the latitudes Lat, for —1 < ¢ < 1.

So slicing the 3-sphere horizontally into latitudes is the same as taking the group and decomposing it into
conjugacy classes.

In particular, most of these latitudes are 2-spheres, and are infinite — except the north pole and the south pole,
which only have one element. A point has conjugacy class of size 1 exactly when it’s in the center, so this
implies that Lat1; = 1 = Z(SU,). We can also see this is true directly, by checking which matrices commute
with every other matrix in the group; but this gives a geometric interpretation.
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Proof of Theorem 29.3. Recall that when we chose coordinates, we wrote elements of SU; as

A 1 0 + 1 0 + 0 1 + 0 4
0o 1] T o —i) T2 -1 0] T i of
The main point is that the first matrix I has trace 2, while the other matrices i, j, and k all have trace 0. So
then Tr(A) = 2.

So taking horizontal slices has some meaning in terms of the matrices itself — it corresponds to taking slices of
SUsy with constant trace.

We can use this idea to prove the theorem. Fix A € SU; with coordinates (zg, z1, z2, 23), so we want to show
that Conj(A) = Lat,,. But the latitude is exactly the set {A" € SU, | Tr(A4’) = Tr(A)}.

This immediately solves one direction — suppose A’ € Conj(A), so A’ = P~LAP for some P. We've seen that
trace is one of the coeflicients of the characteristic polynomial, so it doesn’t change under conjugation. So we
must have Tr(A’) = Tr(A), which means Conj(A) C Laty,.

For the other direction, we want to show that if Tr(A’) = Tr A, then A’ = P~1AP for some P € SU,. To see
this, consider the polynomial t* — Tr(A)t + 1. This is the characteristic polynomial of both A and A’ (since
they both have determinant 1). Let its roots be A and A, so A and A are the eigenvalues of A and A’.

Now by the Spectral Theorem, there exists a unitary matrix @ such that
_ A0
1 _ _
Q'AQ = {0 A] =D,

and a unitary matrix Q' such that (Q')~'A'Q’ = D as well.

So A and A’ are conjugate to the same matrix, which means they’re conjugate to each other — we have
(QQHAQQ ™) =4"

Now we’re almost done, but we’ve overlooked one detail: the Spectral Theorem shows that A and A’ are conjugate

to each other in Uy, but we need to check that we can do this conjugation using matrices of determinant 1.

But we can actually arrange for @ and Q" to have determinant 1 — suppose we have Q € Uz with Q'AQ =D,
and let det Q = 4. Since @ is unitary, we have Q*Q =1, so 6 - 6 = 1. So then |§| = 1. Then we can set

- 6_1/2
a=o|")" 5]

The matrix on the right is unitary as well (because |§| = 1), and det Q=0-6""=1,s0 then Q € SU,. We can
check that Q@ 1AQ = D as well.

So any two matrices in the same latitude are conjugate. O

Note 29.4

The main idea of this proof was the Spectral Theorem, which we used to see that if two matrices in SU;
have the same trace, then they’re conjugate in Us. Then by a bit of messing around, we could also arrange
for them to be conjugate in SUs.

The upshot of today is that the 3-sphere is the union of its latitudes

1
S3 = U Lat,,

c=—1

and this decomposition corresponds to the group theoretic decomposition
SU; = U conj classes

(where we can identify S® and SU,, and the conjugacy classes are identified with the latitudes).
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When we worked with finite groups, we had the class equation |G| = Zle |C;| (where the C; are the conjugacy
classes). In this setting, this doesn’t make much sense, since the size of the group (and the conjugacy classes)
is infinite.

But since S3 is a geometric object, we can actually consider the volume of SUs (which is the volume of S3). We
can’t sum over the conjugacy classes because there aren’t finitely many of them, but instead we can integrate;
and then instead of counting the elements in each slice, we take their 2-dimensional volume (or area) instead.

So we get the equation
1

vol(SUz) = / vol(Conj,) dc.

c=—1

This is very vague, but it’s possible to formalize it, and it gives an identity which is a version of the usual class
equation. This ends up being a really useful idea when studying these groups further — the idea that we can
take geometric quantities and integrate them, by first integrating over conjugacy classes.
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