8.323 Problem Set 10 Solutions

April 25, 2023

Question 1: Chiral Symmetry (15 points)
Consider the Dirac action with m = 0. (a) Show that the action is invariant under transformations

¥ — ey
The Dirac conjugate transforms as:
1[_)/ _ wTe—ia'y570 — wT,yOeioc'y;, — &eia'yg,

where we use that {v5,7#} = 0. The second equality can be made more epxlicit by expanding the
exponential, anticommuting the 4° through each term, and resummiong. Therefore, the massless Dirac
Lagrangian transforms as

L= =i Py = —ipe T Y b = —ighytte BT O = —ifd = £
Therefore, the action is invariant.

(b) Construct the Noether current for the above symmetry.
Under an infinitesmial chiral rotation, 81y = iay®t. Noting from (a) that the Lagrangian is invariant, the
Noether current is thus:

oL

j = 78@#})5@0 = Py

(c) Find how the mass term ma) transforms. Is it invariant?
The mass term transforms as:

md‘}w N m&’d}' — m&eia'y5eiaw5,¢ — 62ia75m1/_}¢

Since « is arbitrary, this is not left invariant under the chiral rotation.



Question 2: Quantizingf the Theory of Majorana Fermions (25 points)
Consider the theory of Majorana fermions discussed in Problem Set 9, written in terms of a 2-component
complex spinor ¥y,

Lr =it i — 5 (W0 wr +vLo™vi)

where 1T denotes the transpose of ¢, and o* = (1, 7).
(a) Write down the equal time canonical quantization relations.
For the Majorana Lagrangian above, the conjugate momentum to vy, is

A
T = Zw L
Therefore, the canonical anticommutation relations are

{Wralt;x), byt ')} = (], (£,3), ¥ ](8,x)} =0, {¥1a(t, %), 0], (8, x)} = 828 (x —x)

(b) Write down the equations of motion. In momentum space a general solution can be written as

dr(x) = u(p)e™* + v(p)e P*

Using this notation, write down a complete basis of solutions in the rest frame p = 0.
The equations of motion are given by:

ioct Oy, — mo?is =0, —i@uw}éa" —mplo? =0
Using the ansatz ¢, (z) = u(p)e® + v(p)e P, we obtain the momentum space equation
[~puo’ur(p) — movy,(p)le™ + [puotvr(p) — mo*ul (p)le” " =0

Both positive and negative frequency parts must vanish independently, which gives

puotur(p) + mo*vi(p) =0, puotor(p) —moul(p) =0

Note that these are not independent: the first equation implies the second, as

1

1
puotvr, = —E(p co)oo(p- o) uy = —a(p -0)(p-o)ogul = —moagu]

where in the first equality we use the complex conjugate form of p,o*ur(p) +mao?v} (p) = 0, in the second

we use from Problem Set 9 that g90*0y = —09, and in the last equality we use that (p-o)(p-7) = m?.

Thus, without loss of generality, we look for solutions to p,o*ur(p) + mazvz (p) = 0. In the rest frame,
this becomes

ur(0) = o2v(0)* = wvr(0) = —o2uy(0)

This relates vy, to ur. We still have the freedom to specify the polarization ur(0). First, consider the
normalized eigenvectors {ryeqy of o3. That is, 03¢+ = £1, and flfr = 0rs. We let this be our solution
space of ur,(0), and set:

ULS(O) = \/TTLg& Vps = 7\/%0.2557 & = ((1)> , &= <(1))

These are normalized so that UET(O)ULT(O) = mdys.



(c) Verify the following expresssions give a complete basis of solutions for general p:

us(p) = vV=p - 5&s, vs(p) = —v/=p - G507

where &,, s = + are respectively eigenvectors of ¢ with eigenvalues +1.
By the discussion in (b), to check these spinors are solutions of the equations of motion, it is sufficient to
check that p - our(p) + mo?vi(p) = 0. We compute:

p-our(p) +mavi(p) = (p- 0)(—p-5)"*E + mo®(—/=p-50°¢)"
= —(=p-0)"*(=p-0)"/*(=p-6)"/2¢ + ma (V=p-5) 07,
Do+ M) = 0
In the second line we use p-o = —(—p-0)/2(—=p-0)"/2. In the third line, we use that \/—p - o\/—p - = m.

We also use that o?(y/—p-7)*0? = \/—p - o: this can be showed by expanding the square root as a Taylor
series, and repeatedly applying the identity ooc*09 = —o9 from Problem Set 9.

We show that us(p) give a complete basis of solutions for any p. Solutions only exist on the mass-shell,
so without loss of generality consider any fixed p = (wp, p). It follows from the discussion in (b) that the
solution space is 2-dimensional. Furthermore,

ul (P)u_(—p) = ExvV =P 6 V=P -0t = Ex/—p-o—p- 06 =mEE =0

Therefore, the uy(p) are always orthogonal. Since neither vanish for any p, they are always linearly
independent, and thus span the solution space for given momentum.

(d) Write down the mode expansion for the quantum operator v,
The mode expansion is given by

P e L 1o e
Yr(z) = ﬁ(aﬁ’uLs(k>ek + v, (k)e k)
P i e (s
vh@) = [ o (ol Ml 09e " + v, (9e)

where the relation between ur,(p) and v (p) is given in part (b).

(e) Define the vacuum and construct the single particle states, with proper normalization. Discuss the
differences between the particles in this theory and those of the Dirac theory.

The vacuum is defined by the state annihilated by all the al((s)’s, ie. aﬁj )\0> =0.
The single particle states are defined as usual (with Lorentz invariant inner product):

|k, s) = \/2wkaL(s)]0>

Note that the theory for Majoranas (as constrasted with the Dirac theory) has only particles with no
antiparticles. Equivalently, each particle is its own antiparticle.



Question 3: Gaussian Integrals for Grassmann Variables (16 points)
Show the following identities:

N
/ [1(a0;do;)e=% 4% = det A
=1

N
/ [1(a6;d6:)0407 % 44% = (A1) det A
=1

We first expand out the exponential as a Taylor series:

e Vi il — E o | | A@kjkeikejk = E n! | | A’Lk]kejkeik
n=1 ’ k=1 n=1 . k=1

Note that any term of order k£ > N will vanish: there must be at least 2 of some 6, thus the term is
zero because 0,% = 0. Furthermore, any term with k& < N vanishes when taking the 2N integrals, because
[ df1 = 0. Therefore only the Nth order term survives:

N N
* _O0*A..0. 1 * * *
/H(in df;)e" 4% = N,Az‘m'“Az’NjN/H(d@i db;)(0;,65,) - - (055 07)
i=1 ’ i=1

(_1)N(N_1)/2 al * * *
= Az‘m"'Az‘NjN/H(d@d@i)(@jl"'QjN)(é’il“'@N)
=1

N!
-1 N(N-1)/2 N . * *
=1
1 ) * * *
= N!Aml"'AiNjNejr--jNEilmiN/deNdeN'..deldel(elel)...(gNgN)
1
= yiCirin Ggy Aiviy Ay = det A

In line 2, we have moved all of the #’s to the left and 6*’s to the right, picking up a total factor of
(—1)N=DFIN=2)+41 — (_)NIN=1/2 1p line 3 we use that 0;, ---0;y, = €;,...in 01 -0y, and likewise
for the 6*’s. In line 4 we change the order of the Grassmann variables again, picking up another factor
of (=1)NWW=1/2 cancelling the factor from before. Note also that it doesn’t matter what order we place
the d0;df;’s, since pairs of Grassmann variables always commute with each other. In line 5 we do the
Grassmann integrals successively. Finally we recognize the Leibniz formula for the determinant.

To obtain the second equation, we differentiate both sides of the first equation by A;;. On the left hand
side we get

N N
/ [T (d0rd:)e 450 (—g70,) = / [ (d0;d0;)e A% 6,67
i=1 i=1

On the right-hand side we can Jacobi’s formula, § det A = det A Tr(A=15A) = (A71) det A, for §A zero
everywhere except the kl-th entry. Therefore,

N
/ [ (d6;d6;)e= 4% 6,67 = (A™")p det A
=1



Question 4: Yukawa Theory (24 points)
Consider the Yukawa theory discussed in lecture,

L= —%(8@2 — %m%z = ip(J —m)Y = gpp

Denote the propagator of a ¢ particle by a dashed line, and that of ¢) by a solid line (with arrow). We
will call p the particle excitation of v, and p the antiparticle excitation of .
(a) Consider the process

ptp—=p+p

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (p1, 1) (p2, s2) and (p}, s}) (ph, sb)
respectively.

We identify the Mandelstam variables s = —(p1 + p2)?, t = —(p1 — p})?, and u = —(p; — ph)?.

There is an t-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

M= id? Us, (P1)vg; (P1)0sy (P2)Vsy (D) Usy (P1) Vs (P2) Vs, (P2)vs; ()
(p1 = P1)* +m — e (p1 — ph)% +m3 — ie
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Figure 1: pp — pp scattering

(b) Consider the process

p+p—90+9

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (pi, s1) (p2, s2) and pf, ph.
There is an t-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

5 | Us2(p2)(myp +i(py — §)))us, (p1) L O (p2)(mp +i(p, — ) us, (p1)
t —m2 +ie u —m2 +ie

M=g

1  m+ik
if—m+ie kZ+m2—ie

We have made use of the expression for the fermion propagator, —



Figure 2: pp — ¢¢ scattering

(c) Consider the process
p+o—p+o

Draw the lowest order Feynman diagrams, and write down the corresponding scattering amplitude.
Take the initial and final states to have momenta and polarizations (p1,s1), p2 and (p}, s), ph.
There is an s-channel and a u-channel diagram. Using the Feynman rules, the amplitude is:

Mo Ug (P))(myp + (P + Py))usi (p1) U (p1) (M + (P, — P5))usy (P1)
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Figure 3: p¢ — p¢ scattering
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