8.03 Fall 2016 Practice Exam 2 Solution

Problem 1

a.

9*p _ 2 p 2

o2 = g2 P
Plug in p(z,t) = asin(kz — wt), we get
= k2 g
Hence
w=/c2k? + wg
b.
E(w) — L s 2
(W) = —y/w? — w3

The phase velocity



The group velocity

c.
Plug p(z,t) = acos(wt)e™* in to the wave equation, we get

—w? = 2k? - wIQ)

Hence




Problem 2

a.
The tension force from the string in the vertical direction

dy

T, =T
Y dx

|z:0 (9)

balances the external force F'(t). Hence the boundary condition is
. dy
Fysin(wt) + Td—|x:0 =0 (10)
x

b.

The wave has to satisfy the wave equation:

0%y 1 0%y
a2 = 2 0 (1)

2:

where v % The general complex solution with a single freqency is

x T

y = fcos(w'(t — E> + ¢1) + g cos(w' (t + 5) + ¢2) (12)
For the steady-state solution to satisfy the boundary condition for arbitrary ¢, this w’ has to
equal to w. Hence the frequency of steady-state solution has angular frequency w and wavelength

2
A=Y (13)

w

C.

We don’t need to keep the reflected pulse term, hence just plug

x
y = Feos(w(t—2) + 1) (14)
into the boundary condition
dy

Fysin(wt) +T=—= =0 15
psin(wt) + TSL =0, (15)

we have T
Fysin(wt) + i’w sin(wt + ¢1) = 0. (16)

We can take ¢ =m, f = %, hence the result steady-state harmonic wave is in the form of

y = %’ cos(w(t — =) + ), (17)
with amplitude
A= %. (18)
Problem 3
a.
The boundary condition is:
o =0, (19)



y(L,t) =0.

The normal modes are then in form of
y(x) = cos(kz),

with condition

cos(kL) = 0.
Hence the normal mode m is
1.7
Ym = cos(kmax) | kpyp = (m — §)Z

(27)

(28)

(29)

T
w=kv==Fk—.
I
Hence
1.0 |T
on == )T\ W
27 2L I
Tm = — = =.
T wom m — % T
b.
2 [F 1 7
Ap=— - =)=
m L/o y(x,0) cos ((m 2) T ) dx
) L/4+D/2 1
:/ H cos ((m—)m> dx
L Jpja-pj2 27 L
2H ) 1. .1 D
“ ol [sm((m - 5)77(1 ﬁ)) — sin((
AH (m—%4)r . (m—3)7rD
= cos sin
m(m—3) 4 2L
c.
A,, =0 when ,
(m — 5)71'
=0
coS 1
or ( y
——=0.
sin 5T
The first condition can never happen for integral m. This is because no normal modes has
ym(L/4) = 0.
The section condition may happen if there’s some m satisfying
(m—3)D B
or, T



is an integer.

d.

y(x7t) = Z

m=1

2" L

el cos (m — 3)m sin (m — %)WD cos | (m — 1ymz cos m—1 o
) ((m = ) costlm=3)Fo- 31)

The time factors in each component are chosen to be cos(wpt), so that the time derivative
% (x,0) = 0.

e.

4L 1 2L
7‘1:7,252527. (32)
The initial configuration of static string can be decomposed to two square pulses traveling in
the opposite direction, each with velocity v, width D and height % After time ¢, each of them
have travelled back to the original position, hitting the wall once. Since hitting the wall will
add a 7 phase shift, or turn the pulse upside down, while hitting the massless ring won’t change

the shape of the pulse, each of the two traveling pulses was turned upside down after time t.

Hence the shape of string at time ¢ = 3 is:

0 4 L
Problem 4
a.

The wave equation on the left:

0? 0?
yr _ H yL. (33)
ox?2 T 0Ot?
The wave equation on the right:
0? 0?
YR _ HO'YR (34)

dx2 T o2
The boundary condition at x = 0: the vertical component of string tension on the left and right
should balance, hence

8yL T 8yR
T—|e—0. = =—=—|2=0.-
o ‘.1’707 2 Oz ‘x70+ (35)
We also have the continuity condition:
Yrlz=0_ = YRrlz=0,- (36)



There are reflected waves at © = 0 and x = L. The reflected wave at x = 0 does not change
the sign, since the impedance /T on the left is larger than the impedance on the right. The
reflected wave at x = L change the sign because it’s a fixed boundary condition at x = L.

Hence these reflected waves have the opposite sign.

c.
We denote
T
V=01 =4/ —. 37
. (37)
Hence the wave on the left of = 0:
yL:f1($/U—t)+f2(.1‘,t>, (38)
where the reflected wave
folz,t) =rfi(—z/v—1t). (39)
The wave on the right of x = 0:
yR:g(x,t)—i-gg(Jj,t). (40)
Here g(x,t) is the transmitted wave through x = 0:
g(z,t) = tfi(z/v—1), (41)
g2(z,t) is the reflected wave from x = L:
g2(x,t) =rafi((2L — x) /v — t). (42)
Then the boundary condition at x = 0 gives:
T ., rl T, rol
S (—t) — (=) = — fl(—t) — 2= (2L /v — ). 4
Ufl( t) v fi(=1) 2Uf1( t) % fi(2L/v —t) (43)
Since
fl(t > 0) = 07 (44)
and we only consider times ¢ < 2L /v, the last term in (43) vanishes, we have
t
l—r=— 4
r=1 (45)
and
l+r=t (46)
Hence ) A
==, t=-. A7
r=i.t=3 (47)
At boundary x = L, we have
hence
4



d.
At time t = £, the right half of the pulse has passed z = 0, also reflected to the left. The

v?

left half of the pulse is still propagating to the right. Denote the height of the right edge of the
initial pulse by 1, the shape of string at t = % is:

x=0 x=L

At the time ¢t = %, the reflected pulse fo has traveled back to x = —L, the transmitted

pulse g has reached x = L. The right half of g is already reflected, while the left half is still
propagating to the right. The shape of string at t = % is:

13 | |
M~ !
| 473 |
x=0 x=L
Problem 5
a.
The lowest mode is in the form
. T
y1 = sin(k1z) , k1 = T (50)
The wavelength
A= 2L, (51)
frequency
TL =« |TL
wy = vk1 = k1y/ VAN (52)
b.
The nth mode is in the form
yn = sin(kpx) | ky = n% (53)
The wavelength
2L
frequency
TL nw |TL



c.
The modes with y,,(L/2) = 0 will be zero, because they are antisymmetric at © = L/2:
yn(L/2 — ) = —yn(L/2 + x). (56)
There shouldn’t any contribution from these modes.
Hence the modes n = 2m vanish.
d.
At t = 0, the string has zero speed.
The full function y(z,t):

y(x,t) = Z By, sin nT c08 ——. (57)

returns to 1. This is the minimal

nmvt
L

After time T = 2%, all the time dependent factors cos
time since By # 0.

€.

The initial configuration can be decomposed into two traveling pulses to the opposite direc-
tion with velocity v, height A/2 and the same width as the initial configuration. When it hits
the left or right boundary, it changes sign after reflected.

Hence at the time ¢t = ﬁ, the string configuration is:

which is a straight line.
f.

This time is t = ﬁ in the expression (57). Shift the zero point of time to this time, we have

the expression for the 5th mode:

t+ L/4 T
ys(x,t) = Bssin o cos sru(t + L/4v) = Bsxsin E”TTx cos (57rt — + 57r> . (58)

L L ML 4

g.
Since all the non-vanishing modes correspond to odd n, the function f(z) in the range
L ~ 2L should be the opposite of function f(z) in the range 0 ~ L:

flz+1L)= ZB sm (2m = 1)Iir($+L>:—ZBmsin(2m_1)7m=—f($) (59)




Hence the shape of string:

h.

In this new configuration, the lowest mode is in the form

y1 =sin(kiz) , k1 = 3T (61)
The wavelength
A =4L, (62)
frequency
TL m |TL
w1 = ’Uk;l == k;l ﬁ == ﬁ ﬁ (63)
i.
The nth mode is in the form
) (2n—1)m
n = n ) n — . 4
yn = sin(kyz) , k 5T (64)
The wavelength
4L
=
(2n—1) (65)
frequency
TL 2n — 1 TL
o = vk = Jopy | L = Gn=Dm JTL (66)

J-
In this case, the function f(z) in the range L ~ 2L should be the same as function f(z) in
the range 0 ~ L:

f2L—2) =Y Bypsin (2m = V2L —z) _ Y Biusin (Qm;Ll)m — f(z)  (67)

While the function f(z) in the range 2L ~ 3L should be the opposite of function f(x) in the
range 0 ~ L:

20 om —1 oL 20 om —1
f(a:+2L)=mz::IBmsin(m )27;(“ >=—;Bmsmwz—f(x). (68)

Hence the shape of string:




Problem 6

a.

The boundary conditions for the electric field is
E(0,t) = E(L,t) = 0.

Hence the n-th normal mode is

. Nz
Eyny(2) = sin I
. nmz nmct
By (2,t) = sin [ cos—p

b.

The standing wave can be decomposed to:

t 1 ST
Ey(n)(z, 75) = sin % cos nzc = Re 5ezf(z—ct)_

For a traveling wave component with unit wave vector k,

in 1

2 —
—1-26

i%(z—i—ct)—%r

— 1- o
B=-kx FE
c
Hence
= ~ Al i (o) — T ~ Al s +)— T
B =Re zxyielL(z ct)=3 —z><y§e’L(Z+c) 2
z nwz . nwct
= — cos — sin
c L L
c.
D 5 t t
S=—FExB= _Z sin nre cos nre cos nre sin nre
1o Ho L L L L
(S)=0
1 = 1 t
Ug = 560E2 = —¢psin %c s nzc
1
(Ug) = 760 sin? %
1 5 1 onmz . gmnmet 1 o NTZ . o nmct
U = QTLOB = 202 CosS 7 sin 7= 560 cos T n 7
1
(Ug) = 160 cos? %

10

(70)

(71)



Note that )
<UE + UB> = Zf,

which is evenly distributed.
The amplitude of the normal mode is set to be 1 (without unit).
d.
The plot of Ey:

o5l

P T S R P S B S S S
0.2 0.4 0.6 0.8 .0

-0.5

The plot of Ug:

osf
04l
03l
02}

0.1+

L L L L
0.2 0.4 0.6 0.8 1.0

B and Up identically vanish at ¢ = 0 we chose.

However, at another time when B and Up does not vanish, the plot of B,:
1.0 :

05+

P T R R
0.4 0.6

-0.5

The plot of Up:

11

(81)
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