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Roadmap

• Learning tasks with graphs

• Message passing GNNs

• Approximation Power
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Prediction with graphs: examples

?

Node  
classification Link Prediction

(e.g. Ying et al, 2018; illustration: J. Leskovec)

Illustration © J. Leskovec. Text © Derrow-
Pinion, et al.  All rights reserved. This 
content is excluded from our Creative 
Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use/
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Example: molecule property prediction

Graph 
Molecule

Property 
Solubility 
Toxicity 

Drug efficacy

…

(Duvenaud et al, 2015, Stokes et al 2020,…)

Above © Enzymlogic on Flickr. Right © 
Cell Press.  All rights reserved. This 
content is excluded from our Creative 
Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use/
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Example: Polypharmacy side effects

Pair of Nodes 
Drugs

Edge 
Interaction type

Proteins

(Zitnik et al, 2018)

© Zitnik, et al. All rights reserved. This content is excluded 
from our Creative Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use/
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Example: Predicting traffic times

https://deepmind.com/blog/article/traffic-prediction-with-advanced-graph-neural-networks

Figures © Paulo Estriga & Adam Cain. All rights reserved. This content is excluded 
from our Creative Commons license. For more information, see 
https://ocw.mit.edu/help/faq-fair-use/
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Example: learning to simulate physics

(Sanchez-Gonzalez et al, 2020)

© Sanchez-Gonzalez, et al. All rights reserved. This content 
is excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/
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Example: learning to simulate physics

(Sanchez-Gonzalez et al, 2020)

Collection of Nodes 
Particles New state

Compute  
representation

© Sanchez-Gonzalez, et al. All rights reserved. This content 
is excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/
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Example: (Combinatorial) Optimization

• replace full algorithm or
learn steps (e.g. branching decision)

2
2

1

3 1 2

5

4

3

22

114
source

target

<latexit sha1_base64="+0ZAqRnhQ7oytpt9v8HFb4yi0s4=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY8QLx4xkYeBDZkdemHCzO46M2skhK/w4kFjvPo53vwbB9iDgpV0UqnqTndXkAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqhGwSOsG24EthKFVAYCm8Hweuo3H1FpHkd3ZpSgL2k/4iFn1FjpvvpEOgIfSNAtltyyOwNZJl5GSpCh1i1+dXoxSyVGhgmqddtzE+OPqTKcCZwUOqnGhLIh7WPb0ohK1P54dvCEnFilR8JY2YoMmam/J8ZUaj2Sge2U1Az0ojcV//PaqQmv/DGPktRgxOaLwlQQE5Pp96THFTIjRpZQpri9lbABVZQZm1HBhuAtvrxMGmdl76J8fnteqlSzOPJwBMdwCh5cQgVuoAZ1YCDhGV7hzVHOi/PufMxbc042cwh/4Hz+AOe+j9U=</latexit>

Ax  b

<latexit sha1_base64="T/L38FDofWN/Wm6QBISNUdozDWY=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiKripuHFZwT6giWEynbRDJzNhZiINof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPWHCqNKO822VVlbX1jfKm5Wt7Z3dPXv/oK1EKjFpYcGE7IZIEUY5aWmqGekmkqA4ZKQTjm6mfueRSEUFv9dZQvwYDTiNKEbaSIFd9WLKg7F3BfGDp0UCx54X2DWn7swAl4lbkBoo0AzsL68vcBoTrjFDSvVcJ9F+jqSmmJFJxUsVSRAeoQHpGcpRTJSfz46fwGOj9GEkpCmu4Uz9PZGjWKksDk1njPRQLXpT8T+vl+ro0s8pT1JNOJ4vilIGtYDTJGCfSoI1ywxBWFJzK8RDJBHWJq+KCcFdfHmZtE/r7nn97O6s1rgu4iiDQ3AEToALLkAD3IImaAEMMvAMXsGb9WS9WO/Wx7y1ZBUzVfAH1ucPBUeUXw==</latexit>

min
x

c>x

<latexit sha1_base64="eJjha++6JmqqKEaqSuyg69fIzks=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcVNy4r2Ae0oUymk3boZBLnIdbQL3HjQhG3foo7/8Zpm4W2Hrjcwzn3MndOmHKmtOd9O4WV1bX1jeJmaWt7Z7fs7u03VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpH11O/9UClYom40+OUBjEeCBYxgrWVem6Zoy6n9+hx3kzPrXhVbwa0TPycVCBHved+dfsJMTEVmnCsVMf3Uh1kWGpGOJ2UukbRFJMRHtCOpQLHVAXZ7PAJOrZKH0WJtCU0mqm/NzIcKzWOQzsZYz1Ui95U/M/rGB1dBhkTqdFUkPlDkeFIJ2iaAuozSYnmY0swkczeisgQS0y0zapkQ/AXv7xMmqdV/7x6dntWqV3lcRThEI7gBHy4gBrcQB0aQMDAM7zCm/PkvDjvzsd8tODkOwfwB87nD4djkl4=</latexit>

l  x  u
<latexit sha1_base64="9fLt8zHiyvU9Ktryy0tY6D9TluA=">AAACE3icbVDLSsNAFJ34rPUVdelmsAgiWBIp6rLixmUV+8AmLZPppB06mYSZiVhC/sGNv+LGhSJu3bjzb5y0QbT1wIXDOfdy7z1exKhUlvVlzM0vLC4tF1aKq2vrG5vm1nZDhrHApI5DFoqWhyRhlJO6ooqRViQICjxGmt7wIvObd0RIGvIbNYqIG6A+pz7FSGmpax7eQ4dy6ARIDTwvuU07EXQUDYj80a7TTsKPorRrlqyyNQacJXZOSiBHrWt+Or0QxwHhCjMkZdu2IuUmSCiKGUmLTixJhPAQ9UlbU470VjcZ/5TCfa30oB8KXVzBsfp7IkGBlKPA053ZnXLay8T/vHas/DM3oTyKFeF4ssiPGVQhzAKCPSoIVmykCcKC6lshHiCBsNIxFnUI9vTLs6RxXLZPypWrSql6nsdRALtgDxwAG5yCKrgENVAHGDyAJ/ACXo1H49l4M94nrXNGPrMD/sD4+AYrSp5f</latexit>

x 2 Zp ⇥ Rn�p

x1

x2

x3

c2

c1

c3

constraints variables

variablesclauses

(Gasse et al 2019)

(Selsam et al 2018)
Graph 

Problem instance

Solution / decision 
Path 

Branching variable 
…

(e.g. Velickovic et al 2020)

“Neural Algorithmic 
Reasoning”
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Input: Graph + attribute vector for each node (adjacency matrix
, feature matrix ) 

GNNs: learn a function from graph/neighborhood + node/edge attributes
to vector

A ∈ ℝn×n X ∈ ℝn×d

Two goals

2. Graph embedding1. Node embeddings
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Idea 1: fully-connected NN?

Idea 1: Use the adjacency matrix as input to a neural network

We want: 

• Permutation invariance (graph embedding):
(output: single vector) and 

• Permutation equivariance (node embeddings):
(output: one vector for each node)

<latexit sha1_base64="yaH4tttFxEIg4jJLZgidAxiY25U="></latexit>

A =

0

BB@

0 1 0 1
1 0 0 1
0 0 0 1
1 1 1 0

1

CCA

<latexit sha1_base64="NgMlgxiLjr84VRhJ41dvz1bFFk4="></latexit>

PAP> =

0

BB@

0 1 1 0
1 0 1 0
1 1 0 1
0 0 1 0

1

CCA

<latexit sha1_base64="o4ZGanSQe6PswAxA8w65+6uzlyg=">AAACMXicbVDLSgMxFM3UV62vUZdugkWoUMqMFHUjtOiiyxHsAzq1ZNJMG5p5kGSEMswvufFPxE0Xirj1J8y01WrrgcDJuedy7z1OyKiQhjHWMiura+sb2c3c1vbO7p6+f9AQQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd4ndabD4QLGvh3chSSjof6PnUpRlJJXb3mFmwPyYHjxlbVuo9tGYRJUoQ/Yis5hVfzbzL3V5PiN1Wmrp43SsYEcJmYM5IHM1hd/dnuBTjyiC8xQ0K0TSOUnRhxSTEjSc6OBAkRHqI+aSvqI4+ITjy5OIEnSulBN+Dq+RJO1N8dMfKEGHmOcqYrisVaKv5Xa0fSvezE1A8jSXw8HeRGDMoApvHBHuUESzZSBGFO1a4QDxBHWKqQcyoEc/HkZdI4K5nnpfJtOV+5mcWRBUfgGBSACS5ABdSABeoAg0fwAl7Bm/akjbV37WNqzWiznkPwB9rnFzPPqj4=</latexit>

f(PAP>,PX) = Pf(A,X)

<latexit sha1_base64="NPDW4wvLnuJ4WyJ13PjpZxjn7TA=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAgVSkmkqBulRRcuI9gHNLFMppN26OTBzEQoIX/jxl9xI6iILv0Tp218tR4YOJxzLnPvcSNGhTSMd21ufmFxaTm3kl9dW9/Y1Le2GyKMOSZ1HLKQt1wkCKMBqUsqGWlFnCDfZaTpDs5HfvOWcEHD4FoOI+L4qBdQj2IkldTRz7yi7SPZd73Eqlk3iS3DKE1L8FtspQfwFP6kamnpiyqroxeMsjEGnCVmRgogg9XRn+xuiGOfBBIzJETbNCLpJIhLihlJ83YsSITwAPVIW9EA+UQ4yfjOFO4rpQu9kKsXSDhWf08kyBdi6LsqOVpRTHsj8T+vHUvvxEloEMWSBHjykRczKEM4Kg12KSdYsqEiCHOqdoW4jzjCUlWbVyWY0yfPksZh2TwqV64qhepFVkcO7II9UAQmOAZVcAksUAcY3IEH8AxetHvtUXvV3ibROS2b2QF/oH18Ao6VpcQ=</latexit>

f(PAP>,PX) = f(A,X)
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Idea 2: Images are like graphs…

• Convolution? (local operator “encodes” local neighborhoods)

• What is different in a graph?

• Commonalities: local operations, globalize through depth, weight sharing,
input can have varying size

12



Ƃ 
NN is a �NN over a grid gra«h

,eview µuestions: 
U 7hat½s the �ernel siâe¶
U 7hat½s the stride¶

�NN½s attribute vector «er node rr 
NN½s column of channels at each index in a feature ma«
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,oadma«

U �earning tas�s with gra«hs

U �essage «assing �NNs

U Ƃ««roximation *ower
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Graph neural networks

Idea: 

1. Encode each node (based on message passing between nodes)

2. Aggregate set of node embeddings into a graph embedding

…
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Encoding neighborhoods: general form

(Merkwirth & Lengauer 2005; Scarselli et al 2009; Bruna et al 2014; Dai et al 2016; Battaglia et al., 2016; Defferrard et al., 2016; Duvenaud et al., 2015; Hamilton et al., 2017; 
Kearnes et al., 2016; Kipf & Welling, 2017; Gilmer et al 2017; Li et al., 2016; Velickovic et al., 2018; Verma & Zhang, 2018; Ying et al., 2018; Zhang et al., 2018; …)

In each round k: 
Aggregate information from neighbors 

Update current node representation by incorporating 
messages from neighbors 

no
de

 e
m

be
dd

in
g

feature description 
of node u in round k-1

m(k)
N (v) = AGGREGATE(k)

�
{h(k�1)

u : u 2 N (v) }
�

<latexit sha1_base64="WxLQli+JqPAquf5emOkKMPeka1A="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit>

h(k)
v = UPDATE(k)

�
h(k�1)
v ,m(k)

N (v)

�
<latexit sha1_base64="XDAJ44O05aiMWEij7IZZxezpvzk="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit>
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What are the aggregation functions?

<latexit sha1_base64="es7Gsb7PIFZ7dZHwdon/pnr2VoM="></latexit>

N (v) = {u | 9(u, v) 2 E(G)} node’s neighborhood

<latexit sha1_base64="1tIv04xbCl5cG7TNUC0dgtaNlFw="></latexit>

m(k)
N (v) =

M

u2N (v)

 (k)(h(k�1)
u ,h(k�1)

v )

m(k)
N (v) = AGGREGATE(k)

�
{h(k�1)

u : u 2 N (v) }
�

<latexit sha1_base64="WxLQli+JqPAquf5emOkKMPeka1A="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit><latexit sha1_base64="U2ZKywV22iJCbGNc3p/icPEcOQk="></latexit>

h(k)
v = UPDATE(k)

�
h(k�1)
v ,m(k)

N (v)

�
<latexit sha1_base64="XDAJ44O05aiMWEij7IZZxezpvzk="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit><latexit sha1_base64="/cxW0LDFLtt+oL/jw4CC0D7d9eU="></latexit>
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7hat are the aggregation functions¶

Aggregate: «ermutation invariant] multi�set function

U -um] average] o

U �in É max (coordinate-wise)

(Kipf & Welling 2016, Hamilton et al 2017)

Can implement e.g. shortest path:

(Merkwirth & Lengauer 2005, Scarselli et al 2009)

<latexit sha1_base64="YJe67Lcoy1dxBPddIP+o/htLYsE="></latexit>

mN (v) =
1

|N (v)|
X

u2N (v)

hu

<latexit sha1_base64="rVfbocPZqA4F5dEPL52Q3HmFZoE="></latexit>

mN (v) = max
�
h(k�1)
u : u 2 N (v)

<latexit sha1_base64="oFZgzSxqkT3grzVHevmpLAYXK6c="></latexit>

mN (v) =
X

u2N (v)

hup
|N (v)||N (u)|

18



Learning a shortest path algorithm

Bellman-Ford GNN

sum or max pooling

19



Aggregation functions and updates

Aggregate: General form (universal approximation

of multi-set functions):

Update: e.g.

learned

(Zaheer et al 2017, Qi et al 2017, Xu et al 2019)

Learned 
aggregation 

function

<latexit sha1_base64="BiBEwZHurJvYLOP9mZNPzrovtcQ="></latexit>

mN (v) = MLP2

⇣ X

u2N (v)

MLP1(hu,hv)
⌘

<latexit sha1_base64="cnJDZ63iUIS/uh4koISvGAG+qsg="></latexit>

h(k)
v = �(Wselfh

(k�1)
v +Wneighm

(k)
N (v) + b)

20



Graph embeddings

Idea: 

1. Encode each node (based on message passing between nodes)

2. Aggregate set of node embeddings into a graph embedding

pooling operation (just like AGGREGATE)

hG = READOUT
�
{h(K)

v : v 2 G }
�

<latexit sha1_base64="RqjGXGj65ONgO0B5QG8zNw8ihmA="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit>

… hG = READOUT
�
{h(K)

v : v 2 G }
�

<latexit sha1_base64="RqjGXGj65ONgO0B5QG8zNw8ihmA="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit><latexit sha1_base64="sWTm5+/QTxHEdGTpr4n9YTrYD6I="></latexit>
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�NNs unrolled

UPDATE(1)
<latexit sha1_base64="I4qsSmXmUuQHd5lNONKlUnZe98w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LK+wGWFpi20sUymk3bo5MHMjVhC/BU3LhRx64e482+ctllo64ELh3Pu5d57vFhwBZb1bSwtr6yurRc2iptb2zu75t5+U0WJpMyhkYhk2yOKCR4yBzgI1o4lI4EnWMsbXU381gOTikdhA8YxcwMyCLnPKQEt9cxSF9gjpE79+qJxk92nFfs465llq2pNgReJnZMyylHvmV/dfkSTgIVABVGqY1sxuCmRwKlgWbGbKBYTOiID1tE0JAFTbjo9PsNHWuljP5K6QsBT9fdESgKlxoGnOwMCQzXvTcT/vE4C/rmb8jBOgIV0tshPBIYIT5LAfS4ZBTHWhFDJ9a2YDokkFHReRR2CPf/yImmeVG2rat+dlmuXeRwFdIAOUQXZ6AzV0C2qIwdRNEbP6BW9GU/Gi/FufMxal4x8poT+wPj8AawFlB0=</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit>

AGGREGATE(1)
<latexit sha1_base64="91aurg0Lf74Ktb1RsL5s4vigRxc=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIdVMSEXTZKqUuq/QFbSyT6aQdOnkwcyOWmIW/4saFIm79DXf+jdM2C209cOFwzr3ce48TcibBNL+1zNLyyupadj23sbm1vaPv7jVlEAlCGyTggWg7WFLOfNoABpy2Q0Gx53DackZXE791T4VkgV+HcUhtDw985jKCQUk9/aAL9AHicrV6W6mW65XkLi5YJ0lPz5tFcwpjkVgpyaMUtZ7+1e0HJPKoD4RjKTuWGYIdYwGMcJrkupGkISYjPKAdRX3sUWnH0/sT41gpfcMNhCofjKn6eyLGnpRjz1GdHoahnPcm4n9eJwL3wo6ZH0ZAfTJb5EbcgMCYhGH0maAE+FgRTARTtxpkiAUmoCLLqRCs+ZcXSfO0aJlF6+YsX7pM48iiQ3SECshC56iErlENNRBBj+gZvaI37Ul70d61j1lrRktn9tEfaJ8/V0+U/w==</latexit><latexit sha1_base64="A5vz24bgvFtMcWzOAS+/MS6loYw=">AAACJHicjVDLSsNAFJ3UV62vqODGTbAIdVMSEXTZKqUuVfqCNpbJdNIOnTyYuRFLzM+4cOOvuFFx4cZvcdpmoa0LDwwczjmXO/c4IWcSTPNTyywsLi2vZFdza+sbm1v69k5DBpEgtE4CHoiWgyXlzKd1YMBpKxQUew6nTWd4Mfabd1RIFvg1GIXU9nDfZy4jGJTU1fc6QO8hLlerN5VquVZJbuOCdZR09bxZNCcw5omVkjxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TXKdSNIQkyHu07aiPvaotOPJkYlxqJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2p063ZQ+dJ47homUXr+iRfOk87y6J9dIAKyEKnqIQu0RWqI4Ie0CN6Rq/ak/aivWsf02hGS2d20S9oX9/In5x4</latexit><latexit sha1_base64="A5vz24bgvFtMcWzOAS+/MS6loYw=">AAACJHicjVDLSsNAFJ3UV62vqODGTbAIdVMSEXTZKqUuVfqCNpbJdNIOnTyYuRFLzM+4cOOvuFFx4cZvcdpmoa0LDwwczjmXO/c4IWcSTPNTyywsLi2vZFdza+sbm1v69k5DBpEgtE4CHoiWgyXlzKd1YMBpKxQUew6nTWd4Mfabd1RIFvg1GIXU9nDfZy4jGJTU1fc6QO8hLlerN5VquVZJbuOCdZR09bxZNCcw5omVkjxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TXKdSNIQkyHu07aiPvaotOPJkYlxqJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2p063ZQ+dJ47homUXr+iRfOk87y6J9dIAKyEKnqIQu0RWqI4Ie0CN6Rq/ak/aivWsf02hGS2d20S9oX9/In5x4</latexit><latexit sha1_base64="A5vz24bgvFtMcWzOAS+/MS6loYw=">AAACJHicjVDLSsNAFJ3UV62vqODGTbAIdVMSEXTZKqUuVfqCNpbJdNIOnTyYuRFLzM+4cOOvuFFx4cZvcdpmoa0LDwwczjmXO/c4IWcSTPNTyywsLi2vZFdza+sbm1v69k5DBpEgtE4CHoiWgyXlzKd1YMBpKxQUew6nTWd4Mfabd1RIFvg1GIXU9nDfZy4jGJTU1fc6QO8hLlerN5VquVZJbuOCdZR09bxZNCcw5omVkjxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TXKdSNIQkyHu07aiPvaotOPJkYlxqJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2p063ZQ+dJ47homUXr+iRfOk87y6J9dIAKyEKnqIQu0RWqI4Ie0CN6Rq/ak/aivWsf02hGS2d20S9oX9/In5x4</latexit>

…

UPDATE(2)
<latexit sha1_base64="hdrkLuxpoZbllLJFpw1xb1y+U7Q=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUQZf1BS4rNG2hjWUynbRDJw9mbsQQ4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe40acSTDNb62wsrq2vlHcLG1t7+zu6fsHbRnGglCbhDwUXRdLyllAbWDAaTcSFPsupx13cjX1Ow9USBYGLUgi6vh4FDCPEQxKGujlPtBHSO3m9UXrJrtPq/WTbKBXzJo5g7FMrJxUUI7mQP/qD0MS+zQAwrGUPcuMwEmxAEY4zUr9WNIIkwke0Z6iAfapdNLZ8ZlxrJSh4YVCVQDGTP09kWJfysR3VaePYSwXvan4n9eLwTt3UhZEMdCAzBd5MTcgNKZJGEMmKAGeKIKJYOpWg4yxwARUXiUVgrX48jJp12uWWbPuTiuNyzyOIjpER6iKLHSGGugWNZGNCErQM3pFb9qT9qK9ax/z1oKWz5TRH2ifP62LlB4=</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit>

AGGREGATE(2)
<latexit sha1_base64="E3BzpIhIPXWOQFmSCRHOmINkjdI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkpSBF22SqnLKn1BG8tkOmmHTh7M3IglZuGvuHGhiFt/w51/47TNQlsPXDiccy/33uOEnEkwzW9taXlldW09s5Hd3Nre2dX39psyiAShDRLwQLQdLClnPm0AA07boaDYczhtOaOrid+6p0KywK/DOKS2hwc+cxnBoKSeftgF+gBxuVq9rVTL9UpyF+eLp0lPz5kFcwpjkVgpyaEUtZ7+1e0HJPKoD4RjKTuWGYIdYwGMcJpku5GkISYjPKAdRX3sUWnH0/sT40QpfcMNhCofjKn6eyLGnpRjz1GdHoahnPcm4n9eJwL3wo6ZH0ZAfTJb5EbcgMCYhGH0maAE+FgRTARTtxpkiAUmoCLLqhCs+ZcXSbNYsMyCdXOWK12mcWTQETpGeWShc1RC16iGGoigR/SMXtGb9qS9aO/ax6x1SUtnDtAfaJ8/WNWVAA==</latexit><latexit sha1_base64="gDCX/6nEz3sAG7TIJO63gXKDbAA=">AAACJHicjVDLSsNAFJ34rPUVFdy4CRahbkpSBF22SqlLlb6gjWUynbRDJw9mbsQS8zMu3PgrblRcuPFbnLZZaOvCAwOHc87lzj1OyJkE0/zUFhaXlldWM2vZ9Y3NrW19Z7chg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8GPvNOyokC/wajEJqe7jvM5cRDErq6vsdoPcQl6vVm0q1XKskt3G+eJx09ZxZMCcw5omVkhxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TbKdSNIQkyHu07aiPvaotOPJkYlxpJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2q063ZQ+dJo1iwzIJ1fZIrnaedZdABOkR5ZKFTVEKX6ArVEUEP6BE9o1ftSXvR3rWPaXRBS2f20C9oX9/KSpx5</latexit><latexit sha1_base64="gDCX/6nEz3sAG7TIJO63gXKDbAA=">AAACJHicjVDLSsNAFJ34rPUVFdy4CRahbkpSBF22SqlLlb6gjWUynbRDJw9mbsQS8zMu3PgrblRcuPFbnLZZaOvCAwOHc87lzj1OyJkE0/zUFhaXlldWM2vZ9Y3NrW19Z7chg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8GPvNOyokC/wajEJqe7jvM5cRDErq6vsdoPcQl6vVm0q1XKskt3G+eJx09ZxZMCcw5omVkhxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TbKdSNIQkyHu07aiPvaotOPJkYlxpJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2q063ZQ+dJo1iwzIJ1fZIrnaedZdABOkR5ZKFTVEKX6ArVEUEP6BE9o1ftSXvR3rWPaXRBS2f20C9oX9/KSpx5</latexit><latexit sha1_base64="gDCX/6nEz3sAG7TIJO63gXKDbAA=">AAACJHicjVDLSsNAFJ34rPUVFdy4CRahbkpSBF22SqlLlb6gjWUynbRDJw9mbsQS8zMu3PgrblRcuPFbnLZZaOvCAwOHc87lzj1OyJkE0/zUFhaXlldWM2vZ9Y3NrW19Z7chg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8GPvNOyokC/wajEJqe7jvM5cRDErq6vsdoPcQl6vVm0q1XKskt3G+eJx09ZxZMCcw5omVkhxK8b94V3/r9AISedQHwrGUbcsMwY6xAEY4TbKdSNIQkyHu07aiPvaotOPJkYlxpJSe4QZCPR+MifpzIsaelCPPUUkPw0DOemPxL68dgXtmx8wPI6A+mS5yI25AYIwbM3pMUAJ8pAgmgqm/GmSABSages2q063ZQ+dJo1iwzIJ1fZIrnaedZdABOkR5ZKFTVEKX6ArVEUEP6BE9o1ftSXvR3rWPaXRBS2f20C9oX9/KSpx5</latexit>

U �i�e an ��*] but nodes are vectors rather than
scalars] edges are «otentially com«lex functions
­e°g°] an edge can be an ��*®

U 
ach iteration of �NN message «assing is a layer

U Ƃ��,
�Ƃ/
 is a�in to a linear layer

U 1*�Ƃ/
 is a�in to a «ointwise layer
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An MLP is a GNN over single node

…

unroll

UPDATE(1)
<latexit sha1_base64="I4qsSmXmUuQHd5lNONKlUnZe98w=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LK+wGWFpi20sUymk3bo5MHMjVhC/BU3LhRx64e482+ctllo64ELh3Pu5d57vFhwBZb1bSwtr6yurRc2iptb2zu75t5+U0WJpMyhkYhk2yOKCR4yBzgI1o4lI4EnWMsbXU381gOTikdhA8YxcwMyCLnPKQEt9cxSF9gjpE79+qJxk92nFfs465llq2pNgReJnZMyylHvmV/dfkSTgIVABVGqY1sxuCmRwKlgWbGbKBYTOiID1tE0JAFTbjo9PsNHWuljP5K6QsBT9fdESgKlxoGnOwMCQzXvTcT/vE4C/rmb8jBOgIV0tshPBIYIT5LAfS4ZBTHWhFDJ9a2YDokkFHReRR2CPf/yImmeVG2rat+dlmuXeRwFdIAOUQXZ6AzV0C2qIwdRNEbP6BW9GU/Gi/FufMxal4x8poT+wPj8AawFlB0=</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit><latexit sha1_base64="dewkFQeq5NlF4sVVPvXL32Vslr0=">AAACIXicjVDLSsNAFJ3UV62vaJdugkWom5KIoMv6ApcVmrbQxjKZTtqhkwczN2II+RYXbvwVNyLdiT/jtM1CWxceGDiccy537nEjziSY5qdWWFldW98obpa2tnd29/T9g5YMY0GoTUIeio6LJeUsoDYw4LQTCYp9l9O2O76e+u1HKiQLgyYkEXV8PAyYxwgGJfX1cg/oE6R24+ayeZs9pFXrJOvrFbNmzmAsEysnFZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNSr1Y0giTMR7SrqIB9ql00tmFmXGslIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSS+p0a/HQZdI6rVlmzbo/q9Sv8s6K6BAdoSqy0DmqozvUQDYiKEHP6BW9ay/am/ahTebRgpbPlNEvaF/fAKGblg==</latexit>

UPDATE(2)
<latexit sha1_base64="hdrkLuxpoZbllLJFpw1xb1y+U7Q=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUQZf1BS4rNG2hjWUynbRDJw9mbsQQ4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe40acSTDNb62wsrq2vlHcLG1t7+zu6fsHbRnGglCbhDwUXRdLyllAbWDAaTcSFPsupx13cjX1Ow9USBYGLUgi6vh4FDCPEQxKGujlPtBHSO3m9UXrJrtPq/WTbKBXzJo5g7FMrJxUUI7mQP/qD0MS+zQAwrGUPcuMwEmxAEY4zUr9WNIIkwke0Z6iAfapdNLZ8ZlxrJSh4YVCVQDGTP09kWJfysR3VaePYSwXvan4n9eLwTt3UhZEMdCAzBd5MTcgNKZJGEMmKAGeKIKJYOpWg4yxwARUXiUVgrX48jJp12uWWbPuTiuNyzyOIjpER6iKLHSGGugWNZGNCErQM3pFb9qT9qK9ax/z1oKWz5TRH2ifP62LlB4=</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit><latexit sha1_base64="WTMFe4P8foZCZqzMRyGK5TMxGxQ=">AAACIXicjVDLSsNAFJ34rPUV7dJNsAh1U5Ii6LK+wGWFpi20sUymk3bo5MHMjRhCvsWFG3/FjUh34s84bbPQ1oUHBg7nnMude9yIMwmm+amtrK6tb2wWtorbO7t7+/rBYUuGsSDUJiEPRcfFknIWUBsYcNqJBMW+y2nbHV9P/fYjFZKFQROSiDo+HgbMYwSDkvp6qQf0CVK7cXPZvM0e0krtNOvrZbNqzmAsEysnZZTjf/G+PukNQhL7NADCsZRdy4zASbEARjjNir1Y0giTMR7SrqIB9ql00tmFmXGilIHhhUK9AIyZ+nMixb6Uie+qpI9hJBe9qfiX143Bu3BSFkQx0IDMF3kxNyA0pnUZAyYoAZ4ogolg6q8GGWGBCahSi+p0a/HQZdKqVS2zat2fletXeWcFdISOUQVZ6BzV0R1qIBsRlKBn9IretRftTfvQJvPoipbPlNAvaF/fAkyblw==</latexit>

<latexit sha1_base64="cnJDZ63iUIS/uh4koISvGAG+qsg="></latexit>

h(k)
v = �(Wselfh

(k�1)
v +Wneighm

(k)
N (v) + b)

Update:

What is the graph for an MLP?
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Generalizations

• Use edge attributes / features in
aggregation 

• Multi-relational: multiple “channels”
different aggregations for different  
types of edges

• Attention (Velickovic et al 2018):

• Janossy pooling (Murphy et al 2018)

permutation-sensitive function averaged over permutations

Proteins

(Zitnik et al, 2018)

<latexit sha1_base64="4GDZDbOSXyVfTnKtZQN3ww6yJ9k="></latexit>

mN (v) =
X

u2N (v)

MLP(k)(h(k�1)
u ,h(k�1)

v ,wuv)

<latexit sha1_base64="rDJJlcUJ7zWUvAT7EWIhuQj/SX4="></latexit>

mN (v) =
X

u2N (v)

↵v,uhu

© Zitnik, et al. All rights reserved. This content is excluded 
from our Creative Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use/
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Node embeddings: tree view

grey boxes: aggregation functions that we learn

(illustrations: J. Leskovec)

Illustration © J. Leskovec. All rights 
reserved. This content is excluded from 
our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/
faq-fair-use/
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grey boxes: aggregation functions that we learn

(illustrations: J. Leskovec)

Node embeddings: tree view

Illustration © J. Leskovec. All rights 
reserved. This content is excluded from 
our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/
faq-fair-use/
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grey boxes: aggregation functions that we learn

layer 0 
(input)

layer 1

layer 2

shared 
weights

(illustrations: J. Leskovec)

Node embeddings: tree view

Illustration © J. Leskovec. All rights 
reserved. This content is excluded from 
our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/
faq-fair-use/

27



Weight sharing

• We use the same aggregation
functions for all nodes.

• So we can generate encodings for previously
unseen nodes & graphs too!
(dynamic graphs, different molecules, …)

Illustrations: J. Leskovec

Illustration © J. Leskovec. All rights 
reserved. This content is excluded from 
our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/
faq-fair-use/
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Training a GNN

• What is a data point?

• What to specify?
• Aggregate, updates and readout functions

• Loss function on prediction

• Train with SGD

{node, label} pairs {graph, label} pairs

29



Example architecture 1: polypharmacy

• Different types of edges: drug-drug, drug-protein,
protein-protein

r1 Gastrointestinal bleed effect  

r2 Bradycardia effect

Drug target relation

C

CS

D

M

C

<latexit sha1_base64="xRqxvtSE3jecHFFVMUaRuAydYwc="></latexit>

h(k+1)
v = ReLU

0

@
X

r

X

u2Nr(v)

cvuW(k)
r h(k)

u + cvrh
(k)
v

1

A

separate aggregation per edge type r, 
then sum them up

Proteins

© Zitnik, et al. All rights reserved. This content is excluded 
from our Creative Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use/
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Example architecture 2: Google Maps

• segments v (50-100m), supersegments u (ca 20 segments);
input features: historical travel times, road type, traffic pattern at prediction time

• 3 aggregation/update operations: ’s (using adjacent edges , ),
edges  (using adjacent segments  and ),  

 (using segments  and edges  in supersegment) 

• combination of pooling operations for each aggregation

• linear combination of losses per time horizon (segment travel time, super segment
time, cumulative segment time, self-supervised / generative loss)

hv he hu
he hv hu

hu hv he

(Derrow-Pinion et al., ETA Prediction with Graph Neural Networks in Google Maps, CIKM 2021)

© Derrow-Pinion, et 
al. All rights reserved. 
This content is 
excluded from our 
Creative Commons 
license. For more 
information, see 
https://ocw.mit.edu/
help/faq-fair-use/
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Many connections

• Graph signal processing and convolutions

• Inference in graphical models (Dai et al 2016)

• Node embeddings = latent variables

• Given node features and graph, infer latent variables

• “Neural message passing”

• Distributed / Local algorithms (Sato et al 2019, Loukas 2020)

• Bounds for detection, verification, computation with GNNs

• Random walks (Xu et al 2018)

• Oversmoothing, graph structure and depth

• (Adaptive) skip connections

• Graph isomorphism testing (Morris et al 2019, Xu et al 2019)
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Roadmap

• Learning tasks with graphs

• Message passing GNNs

• Approximation Power

33



Which functions can GNNs approximate?

Which graphs can GNNs distinguish?
<latexit sha1_base64="cBXWb+WQEUUKHy0A9ZROTROuRmM=">AAAB+XicbZDLSsNAFIYnXmu9RV26GSxiuymJFHVnQUGXFewF2lAm05N26GQSZyaFEvomblwo4tY3cefbOG2z0NYfBj7+cw7nzO/HnCntON/Wyura+sZmbiu/vbO7t28fHDZUlEgKdRrxSLZ8ooAzAXXNNIdWLIGEPoemP7yZ1psjkIpF4lGPY/BC0hcsYJRoY3VtOyjelXBHwBM2dFa67toFp+zMhJfBzaCAMtW69lenF9EkBKEpJ0q1XSfWXkqkZpTDJN9JFMSEDkkf2gYFCUF56ezyCT41Tg8HkTRPaDxzf0+kJFRqHPqmMyR6oBZrU/O/WjvRwZWXMhEnGgSdLwoSjnWEpzHgHpNANR8bIFQycyumAyIJ1SasvAnBXfzyMjTOy+5FufJQKVRvszhy6BidoCJy0SWqontUQ3VE0Qg9o1f0ZqXWi/VufcxbV6xs5gj9kfX5A2vikZg=</latexit>

f(G) 6= f(G0)?
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Which functions can GNNs approximate?

Distinction implies function approximation  
for node and graph predictions 

(Symmetric Stone-Weierstrass theorem)
(Azizian & Lelarge 21, Chen-Villar-Chen-Bruna 19, Keriven & Peyré 19, Maron-Fetaya-Segol-Lipman 19)

Which graphs can GNNs distinguish?

<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)
<latexit sha1_base64="g5ZqeaAQUIN9WDz0dUydwLLATvY="></latexit>

(G,G0) 2 ⇢(F) , 8F 2 F , F (G) = F (G0)

Theorem. 
If function  on a compact domain does not assign different labels to graphs in one equivalence 
class, then it can be approximated by message passing GNNs: 
                                  :   

H
<latexit sha1_base64="tjYGkhG0ll/YzslOXIWyRFNHs8Q="></latexit>

8✏ > 0, 9F 2 FGNN
<latexit sha1_base64="Pqt2VfFE6EH76OZpR+Yi2UryCfQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSJU0DIjRV0WBVtwU8E+oFNKJr1tQzOZMckIZdqfcOOvuHGhiFvBnX9j+lho9UDI4ZxzSe7xQs6Utu0vK7GwuLS8klxNra1vbG6lt3eqKogkhQoNeCDrHlHAmYCKZppDPZRAfI9Dzetfjv3aPUjFAnGrByE0fdIVrMMo0UZqpY9cFYWtuIhdJvD1CLvDUrZ4iI/xlbncIXY53GEXQsX4OJ6xc/YE+C9xZiSDZii30p9uO6CRD0JTTpRqOHaomzGRmlEOo5QbKQgJ7ZMuNAwVxAfVjCdbjfCBUdq4E0hzhMYT9edETHylBr5nkj7RPTXvjcX/vEakO+fNmIkw0iDo9KFOxLEO8Lgi3GYSqOYDQwiVzPwV0x6RhGpTZMqU4Myv/JdUT3LOaS5/k88ULmZ1JNEe2kdZ5KAzVEAlVEYVRNEDekIv6NV6tJ6tN+t9Gk1Ys5ld9AvWxzevHJyr</latexit>

sup
G2K

kH(G)� F (G)k  ✏

<latexit sha1_base64="cBXWb+WQEUUKHy0A9ZROTROuRmM=">AAAB+XicbZDLSsNAFIYnXmu9RV26GSxiuymJFHVnQUGXFewF2lAm05N26GQSZyaFEvomblwo4tY3cefbOG2z0NYfBj7+cw7nzO/HnCntON/Wyura+sZmbiu/vbO7t28fHDZUlEgKdRrxSLZ8ooAzAXXNNIdWLIGEPoemP7yZ1psjkIpF4lGPY/BC0hcsYJRoY3VtOyjelXBHwBM2dFa67toFp+zMhJfBzaCAMtW69lenF9EkBKEpJ0q1XSfWXkqkZpTDJN9JFMSEDkkf2gYFCUF56ezyCT41Tg8HkTRPaDxzf0+kJFRqHPqmMyR6oBZrU/O/WjvRwZWXMhEnGgSdLwoSjnWEpzHgHpNANR8bIFQycyumAyIJ1SasvAnBXfzyMjTOy+5FufJQKVRvszhy6BidoCJy0SWqontUQ3VE0Qg9o1f0ZqXWi/VufcxbV6xs5gj9kfX5A2vikZg=</latexit>

f(G) 6= f(G0)?
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Discriminative Power

…

Theorem (Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 19, Xu-Hu-Leskovec-Jegelka 19) 
Any GNN can at best distinguish the same graphs as the 1-dim WL algorithm. 

…

…

Equivalence class

Equivalence class

36



coloring 

isomorphism test: 

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃

(Morgan 65, Weisfeiler & Leman 68)

c(t)(v) = Hash

⇣
c(t�1)

(v), c(t�1)
(u) | u 2 N (v)

⌘

<latexit sha1_base64="Y1spBDLQf8VnDqR86lCWdjfmH/w="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit>

{c(t1)(v)|v 2 V (G)} 6= {c(t1)(v0)|v0 2 V (G0)}?
<latexit sha1_base64="aXb5yTXU+wc2D1uojPJYsXHqTa0="></latexit><latexit sha1_base64="+V3olmYSN1MFH9lS24J4AHq6L1E="></latexit><latexit sha1_base64="+V3olmYSN1MFH9lS24J4AHq6L1E="></latexit><latexit sha1_base64="+V3olmYSN1MFH9lS24J4AHq6L1E="></latexit>
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coloring 

 

vs GNN: 

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃

c(t)(v) = Hash

⇣
c(t�1)

(v), c(t�1)
(u) | u 2 N (v)

⌘

<latexit sha1_base64="Y1spBDLQf8VnDqR86lCWdjfmH/w="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit>

(Morgan 65, Weisfeiler & Leman 68)

h(t)
v = fUpdate

⇣
h(t�1)
v , fAgg

�
{h(t�1)

u | u 2 N (v)}
�⌘

<latexit sha1_base64="WvjhBVoScW4Gwe2zwa0QXD8G5TQ="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit>
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coloring 

 

vs GNN: 

 

h(t)
v = fUpdate

⇣
h(t�1)
v , fAgg

�
{h(t�1)

u | u 2 N (v)}
�⌘

<latexit sha1_base64="WvjhBVoScW4Gwe2zwa0QXD8G5TQ="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit><latexit sha1_base64="RH8yXorR9QeM1fQRaf8lpCvwvAk="></latexit>

Theorem (Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 19, Xu-Hu-Leskovec-J 19) 
Any GNN can at best distinguish the same graphs as the 1-dim WL algorithm. 
For any n, there exists a GNN such that for any t,                .

<latexit sha1_base64="UFAWnAWGGlnatC9LlqdR//LBKNE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqJsyI0VdFty4rGAf0I4lk2ba0ExmTDKFMnbhr7hxoYhbf8Odf2PazkJbD1w4Oedecu/xY86UdpxvK7eyura+kd8sbG3v7O7Z+wcNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD66nfHFGpWCTu9DimXoj7ggWMYG2krn1E7tOSPpugDn1I2AgN5s+uXXTKzgxombgZKUKGWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRS6CSKxpgMcZ+2DRU4pMpLZ/tP0KlReiiIpCmh0Uz9PZHiUKlx6JvOEOuBWvSm4n9eO9HBlZcyESeaCjL/KEg40hGahoF6TFKi+dgQTCQzuyIywBITbSIrmBDcxZOXSeO87F6UK7eVYrWaxZGHYziBErhwCVW4gRrUgcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gDPoJVV</latexit>

c(t) ⌘ h(t)

Color refinement / Weisfeiler-Leman algorithm

…

<latexit sha1_base64="CML+KocC8osdhLru4kO/WYUO3ic=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzUlRcFV3osqJ9QGcsmTTThiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeiBwOOdebs4JYkaVdpxva2FxaXllNbeWX9/Y3Nq2d3YbKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDy7HffCBS0Ujc6WFMfI56goYUI22kjr2P79OiLo3OYaN4VYKejqB3S3scdeyCU3YmgPPEzUgBZKh17C+vG+GEE6ExQ0q1XSfWfoqkppiRUd5LFIkRHqAeaRsqECfKTycJRvDIKF0YRtI8oeFE/b2RIq7UkAdmkiPdV7PeWPzPayc6PPNTKuJEE4Gnh8KEQZNzXAfsUkmwZkNDEJbU/BXiPpIIa1Na3pTgzkaeJ43jsntSrtxUCtWLrI4cOACHoAhccAqq4BrUQB1g8AiewSt4s56sF+vd+piOLljZzh74A+vzB81zlTY=</latexit>

c(t) : V (G) ! ⌃

c(t)(v) = Hash

⇣
c(t�1)

(v), c(t�1)
(u) | u 2 N (v)

⌘

<latexit sha1_base64="Y1spBDLQf8VnDqR86lCWdjfmH/w="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit><latexit sha1_base64="KjKdlYQ8a8BCPoY56vQIg79B+58="></latexit>

(Morgan 65, Weisfeiler & Leman 68)
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How could we ensure that the aggregation is injective?

• Any (multi-)set function can be represented with nonlinear functions  as: 

• We can universally approximate  and  by MLPs! (see a few slides ago)

g1, g2

g1 g2

<latexit sha1_base64="md9n7odr253LUMWJrqr3IIi6x8g="></latexit>

fAgg(S) = g1
X

h2S

g2(h)

!

<latexit sha1_base64="njZh0T3+l1UfV9xaUC1a4lq1ajA="></latexit>

m(k)
N (v) = MLP2

X

u2N (v)

MLP1(h
(k�1)
u )
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Does this make a difference in practice?

• vary g and pooling operation

Sum — MLP (injective)

Sum — linear+ReLu

Mean/Max —  
MLP/linear+ReLu

<latexit sha1_base64="md9n7odr253LUMWJrqr3IIi6x8g="></latexit>

fAgg(S) = g1
X

h2S

g2(h)

!
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Can GNNs compute: 

• the length of the shortest / longest cycle?

• diameter of the graph?

• the number of occurrences of a motif?

Lemma (Garg et al 2020, Chen et al 2020) 
No! Message Passing GNNs (as discussed here) cannot compute these in general.

Learning structural graph properties

42



Improving discriminative power

• Positional encodings

• Add node input features that encode “position”
in the graph

• For instance: eigenvectors of the
graph Laplacian L = D - A 
(or its normalized versions) 

• adds global structural information

• Challenge: ambiguities
(sign flips, eigenvalue multiplicities)

(Kreuzer, Beaini, Hamilton, Létourneau, Tossou 2021)

Te
st

 E
rro

r

Task: Molecule 
regression (ZINC)

from: Lim-Robinson-Zhao-Smidt-Sra-Maron-J 22

“standard”

Laplacian PE 
(basic and improved)

Adjacency 
matrixDiagonal matrix 

with node 
degrees

Graphs © Kreuzer, et al and Lim, et al. All rights reserved. 
This content is excluded from our Creative Commons 
license. For more information, see https://ocw.mit.edu/
help/faq-fair-use/
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w
<latexit sha1_base64="flGO7PvVKXBCQgR5lTxUTj9RLc4="></latexit><latexit sha1_base64="flGO7PvVKXBCQgR5lTxUTj9RLc4="></latexit><latexit sha1_base64="flGO7PvVKXBCQgR5lTxUTj9RLc4="></latexit><latexit sha1_base64="flGO7PvVKXBCQgR5lTxUTj9RLc4="></latexit>

Call back to CNNs: 
 What if you don’t want to be shift invariant?

1. Use an architecture that is not shift invariant (e.g., MLP)

2. Add location information to the input to the convolutional filters — this is
called positional encoding

signalpos
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Summary

• Encodes graph structure and node/edge attributes

• Important: permutation invariance/equivariance

• Main idea: message passing and aggregations
• Can take graphs of varying size and structure (similar to CNNs)

• Connections: graph signal processing, graphical models, distributed computing,
isomorphism testing, …

• Representational enhancements: higher-order, node IDs/augmentation
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Appendix

• Graph Laplacian (unnormalized): degree matrix D - adjacency matrix A

                              and  

• normalized:                 or   

<latexit sha1_base64="jhUmL/vmztwiZkrHVWVn4OPRcKU=">AAACDXicbVC7SgNBFL3rM8bXqqXNYBRsDLsS1EaImMLCIoJ5QBLC7GQ2GTL7YGZWCMv+gI2/YmOhiK29nX/jbLKKJh4YOPece5l7jxNyJpVlfRpz8wuLS8u5lfzq2vrGprm1XZdBJAitkYAHoulgSTnzaU0xxWkzFBR7DqcNZ3iZ+o07KiQL/Fs1CmnHw32fuYxgpaWuud/2sBo4bnydoHP0XVQSdPRTXCRds2AVrTHQLLEzUoAM1a750e4FJPKorwjHUrZsK1SdGAvFCKdJvh1JGmIyxH3a0tTHHpWdeHxNgg600kNuIPTzFRqrvydi7Ek58hzdmW4op71U/M9rRco968TMDyNFfTL5yI04UgFKo0E9JihRfKQJJoLpXREZYIGJ0gHmdQj29MmzpH5ctE+KpZtSoVzJ4sjBLuzBIdhwCmW4girUgMA9PMIzvBgPxpPxarxNWueMbGYH/sB4/wJr7Jsr</latexit>

L = D�A

<latexit sha1_base64="lCRlPfWDCnCPxMt+F98V1c2ehU0="></latexit>

Dii = deg(vi) or
X

(vi,vj)2E

wij

<latexit sha1_base64="+JiOoZ9RcxvbC7E9pBlRqGveZTQ=">AAACFXicbVBNSwMxEM36bf2qevQSLIIHKbtSVBBB0INHBdsK3VKy6aymzWbXZFYsy/4JL/4VLx4U8Sp489+YfhzU+iDw8t4MM/OCRAqDrvvlTExOTc/Mzs0XFhaXlleKq2s1E6eaQ5XHMtZXATMghYIqCpRwlWhgUSChHnRP+n79DrQRsbrEXgLNiF0rEQrO0Eqt4o4fMbwJwuw0b2Wik9Mj6vqH1Ee4xyyMdU7tT1BfwS3ttIolt+wOQMeJNyIlMsJ5q/jpt2OeRqCQS2ZMw3MTbGZMo+AS8oKfGkgY77JraFiqWASmmQ2uyumWVdrU7mCfQjpQf3ZkLDKmFwW2sn+D+ev1xf+8RorhQTMTKkkRFB8OClNJMab9iGhbaOAoe5YwroXdlfIbphlHG2TBhuD9PXmc1HbL3l65clEpHZ+O4pgjG2STbBOP7JNjckbOSZVw8kCeyAt5dR6dZ+fNeR+WTjijnnXyC87HN8UWnfA=</latexit>

Dij = 0 for i 6= j

<latexit sha1_base64="U+NtjGzpgusmQnFaaPXPcwFtirY=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Vx05JIUZcVu9BdBfuANpbJdNIOnUzCzEQoIX/gxl9x40IRt27d+TdO2hS09cDAuefcy9x73JBRqSzr28gtLa+sruXXCxubW9s75u5eUwaRwKSBAxaItoskYZSThqKKkXYoCPJdRlru6Cr1Ww9ESBrwOzUOieOjAacexUhpqWced32khq4X3ySwBGdFLbmPS3YyKy+Tnlm0ytYEcJHYGSmCDPWe+dXtBzjyCVeYISk7thUqJ0ZCUcxIUuhGkoQIj9CAdDTlyCfSiSf3JPBIK33oBUI/ruBE/T0RI1/Kse/qznRDOe+l4n9eJ1LehRNTHkaKcDz9yIsYVAFMw4F9KghWbKwJwoLqXSEeIoGw0hEWdAj2/MmLpHlats/KldtKsVrL4siDA3AIToANzkEVXIM6aAAMHsEzeAVvxpPxYrwbH9PWnJHN7IM/MD5/AKh2nHM=</latexit>

I�D�1A
<latexit sha1_base64="w2OdyW5ZNllJf8QFKgSoAMh6kQI=">AAACInicbVDLSgMxFM3UV62vUZdugkVw0zpTio9dxS50V8E+oK0lk2ba0ExmSDJCGeZb3Pgrblwo6krwY8y0U9DWA4GTc+7l3nucgFGpLOvLyCwtr6yuZddzG5tb2zvm7l5D+qHApI595ouWgyRhlJO6ooqRViAI8hxGms7oKvGbD0RI6vM7NQ5I10MDTl2KkdJSz7zoeEgNHTe6iWEBzj7V+D4q2CeleCZcxgtWz8xbRWsCuEjslORBilrP/Oj0fRx6hCvMkJRt2wpUN0JCUcxInOuEkgQIj9CAtDXlyCOyG01OjOGRVvrQ9YV+XMGJ+rsjQp6UY8/Rlcmict5LxP+8dqjc825EeRAqwvF0kBsyqHyY5AX7VBCs2FgThAXVu0I8RAJhpVPN6RDs+ZMXSaNUtE+L5dtyvlJN48iCA3AIjoENzkAFXIMaqAMMHsEzeAVvxpPxYrwbn9PSjJH27IM/ML5/AI6io7E=</latexit>

I�D�1/2AD�1/2
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