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Deep generative models II

• Generative modeling as inverse representation learning

• Variational autoencoders

• Disentanglement
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Generative modeling vs Representation learning

Representation learning:
mapping data to abstract representations 
(analysis)

Generative modeling:
mapping abstract representations to data 
(synthesis)
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Deep generative models are distribution transformers 

Prior distribution

p(z)
<latexit sha1_base64="bzQeejn6AthieTS76fBO0TEApVM=">AAACFHicbVDLSgNBEJyNrxhfUY9eFoMQRcKuCHoM6sGLGME8ILuE3kknGTL7YGZWjEt+waP6Md7Eq3e/xYuzyR40WjBQVHX3dJcXcSaVZX0aubn5hcWl/HJhZXVtfaO4udWQYSwo1mnIQ9HyQCJnAdYVUxxbkUDwPY5Nb3ie+s07FJKFwa0aRej60A9Yj1FQqRSVH/Y7xZJVsSYw/xI7IyWSodYpfjndkMY+BopykLJtW5FyExCKUY7jghNLjIAOoY9tTQPwUbrJZNexuaeVrtkLhX6BMifqz44EfClHvqcrfVADOeul4n9eO1a9UzdhQRQrDOj0o17MTRWa6eFmlwmkio80ASqY3tWkAxBAlY6nUHAuUB8j8EoPvo5QgArFQeKA6PtwP9bH9Z3DlOm07Nls/pLGUcW2KvbNcal6luWWJztkl5SJTU5IlVySGqkTSgbkkTyTF+PJeDXejPdpac7IerbJLxgf3+fznr0=</latexit><latexit sha1_base64="bzQeejn6AthieTS76fBO0TEApVM=">AAACFHicbVDLSgNBEJyNrxhfUY9eFoMQRcKuCHoM6sGLGME8ILuE3kknGTL7YGZWjEt+waP6Md7Eq3e/xYuzyR40WjBQVHX3dJcXcSaVZX0aubn5hcWl/HJhZXVtfaO4udWQYSwo1mnIQ9HyQCJnAdYVUxxbkUDwPY5Nb3ie+s07FJKFwa0aRej60A9Yj1FQqRSVH/Y7xZJVsSYw/xI7IyWSodYpfjndkMY+BopykLJtW5FyExCKUY7jghNLjIAOoY9tTQPwUbrJZNexuaeVrtkLhX6BMifqz44EfClHvqcrfVADOeul4n9eO1a9UzdhQRQrDOj0o17MTRWa6eFmlwmkio80ASqY3tWkAxBAlY6nUHAuUB8j8EoPvo5QgArFQeKA6PtwP9bH9Z3DlOm07Nls/pLGUcW2KvbNcal6luWWJztkl5SJTU5IlVySGqkTSgbkkTyTF+PJeDXejPdpac7IerbJLxgf3+fznr0=</latexit><latexit sha1_base64="bzQeejn6AthieTS76fBO0TEApVM=">AAACFHicbVDLSgNBEJyNrxhfUY9eFoMQRcKuCHoM6sGLGME8ILuE3kknGTL7YGZWjEt+waP6Md7Eq3e/xYuzyR40WjBQVHX3dJcXcSaVZX0aubn5hcWl/HJhZXVtfaO4udWQYSwo1mnIQ9HyQCJnAdYVUxxbkUDwPY5Nb3ie+s07FJKFwa0aRej60A9Yj1FQqRSVH/Y7xZJVsSYw/xI7IyWSodYpfjndkMY+BopykLJtW5FyExCKUY7jghNLjIAOoY9tTQPwUbrJZNexuaeVrtkLhX6BMifqz44EfClHvqcrfVADOeul4n9eO1a9UzdhQRQrDOj0o17MTRWa6eFmlwmkio80ASqY3tWkAxBAlY6nUHAuUB8j8EoPvo5QgArFQeKA6PtwP9bH9Z3DlOm07Nls/pLGUcW2KvbNcal6luWWJztkl5SJTU5IlVySGqkTSgbkkTyTF+PJeDXejPdpac7IerbJLxgf3+fznr0=</latexit><latexit sha1_base64="bzQeejn6AthieTS76fBO0TEApVM=">AAACFHicbVDLSgNBEJyNrxhfUY9eFoMQRcKuCHoM6sGLGME8ILuE3kknGTL7YGZWjEt+waP6Md7Eq3e/xYuzyR40WjBQVHX3dJcXcSaVZX0aubn5hcWl/HJhZXVtfaO4udWQYSwo1mnIQ9HyQCJnAdYVUxxbkUDwPY5Nb3ie+s07FJKFwa0aRej60A9Yj1FQqRSVH/Y7xZJVsSYw/xI7IyWSodYpfjndkMY+BopykLJtW5FyExCKUY7jghNLjIAOoY9tTQPwUbrJZNexuaeVrtkLhX6BMifqz44EfClHvqcrfVADOeul4n9eO1a9UzdhQRQrDOj0o17MTRWa6eFmlwmkio80ASqY3tWkAxBAlY6nUHAuUB8j8EoPvo5QgArFQeKA6PtwP9bH9Z3DlOm07Nls/pLGUcW2KvbNcal6luWWJztkl5SJTU5IlVySGqkTSgbkkTyTF+PJeDXejPdpac7IerbJLxgf3+fznr0=</latexit>

Target distribution

p(x)
<latexit sha1_base64="yU7M/pBgkA2keVi1P2KVcvaSzH8=">AAACFHicbVDLSgNBEJyNr7i+oh69LAYhioRdEfQY1IMXMYJ5QDaE3klvMmT2wcysJCz5BY/qx3gTr979Fi/OJjlotGCgqOru6S4v5kwq2/40cguLS8sr+VVzbX1jc6uwvVOXUSIo1mjEI9H0QCJnIdYUUxybsUAIPI4Nb3CZ+Y0HFJJF4b0axdgOoBcyn1FQmRSXhoedQtEu2xNYf4kzI0UyQ7VT+HK7EU0CDBXlIGXLsWPVTkEoRjmOTTeRGAMdQA9bmoYQoGynk13H1oFWupYfCf1CZU3Unx0pBFKOAk9XBqD6ct7LxP+8VqL883bKwjhRGNLpR37CLRVZ2eFWlwmkio80ASqY3tWifRBAlY7HNN0r1McIvNGDb2MUoCJxlLogegEMx/q4nnucMZ2WM5/NX1I/KTt22bk7LVYuZrnlyR7ZJyXikDNSIdekSmqEkj55JM/kxXgyXo03431amjNmPbvkF4yPb+SXnrs=</latexit><latexit sha1_base64="yU7M/pBgkA2keVi1P2KVcvaSzH8=">AAACFHicbVDLSgNBEJyNr7i+oh69LAYhioRdEfQY1IMXMYJ5QDaE3klvMmT2wcysJCz5BY/qx3gTr979Fi/OJjlotGCgqOru6S4v5kwq2/40cguLS8sr+VVzbX1jc6uwvVOXUSIo1mjEI9H0QCJnIdYUUxybsUAIPI4Nb3CZ+Y0HFJJF4b0axdgOoBcyn1FQmRSXhoedQtEu2xNYf4kzI0UyQ7VT+HK7EU0CDBXlIGXLsWPVTkEoRjmOTTeRGAMdQA9bmoYQoGynk13H1oFWupYfCf1CZU3Unx0pBFKOAk9XBqD6ct7LxP+8VqL883bKwjhRGNLpR37CLRVZ2eFWlwmkio80ASqY3tWifRBAlY7HNN0r1McIvNGDb2MUoCJxlLogegEMx/q4nnucMZ2WM5/NX1I/KTt22bk7LVYuZrnlyR7ZJyXikDNSIdekSmqEkj55JM/kxXgyXo03431amjNmPbvkF4yPb+SXnrs=</latexit><latexit sha1_base64="yU7M/pBgkA2keVi1P2KVcvaSzH8=">AAACFHicbVDLSgNBEJyNr7i+oh69LAYhioRdEfQY1IMXMYJ5QDaE3klvMmT2wcysJCz5BY/qx3gTr979Fi/OJjlotGCgqOru6S4v5kwq2/40cguLS8sr+VVzbX1jc6uwvVOXUSIo1mjEI9H0QCJnIdYUUxybsUAIPI4Nb3CZ+Y0HFJJF4b0axdgOoBcyn1FQmRSXhoedQtEu2xNYf4kzI0UyQ7VT+HK7EU0CDBXlIGXLsWPVTkEoRjmOTTeRGAMdQA9bmoYQoGynk13H1oFWupYfCf1CZU3Unx0pBFKOAk9XBqD6ct7LxP+8VqL883bKwjhRGNLpR37CLRVZ2eFWlwmkio80ASqY3tWifRBAlY7HNN0r1McIvNGDb2MUoCJxlLogegEMx/q4nnucMZ2WM5/NX1I/KTt22bk7LVYuZrnlyR7ZJyXikDNSIdekSmqEkj55JM/kxXgyXo03431amjNmPbvkF4yPb+SXnrs=</latexit><latexit sha1_base64="yU7M/pBgkA2keVi1P2KVcvaSzH8=">AAACFHicbVDLSgNBEJyNr7i+oh69LAYhioRdEfQY1IMXMYJ5QDaE3klvMmT2wcysJCz5BY/qx3gTr979Fi/OJjlotGCgqOru6S4v5kwq2/40cguLS8sr+VVzbX1jc6uwvVOXUSIo1mjEI9H0QCJnIdYUUxybsUAIPI4Nb3CZ+Y0HFJJF4b0axdgOoBcyn1FQmRSXhoedQtEu2xNYf4kzI0UyQ7VT+HK7EU0CDBXlIGXLsWPVTkEoRjmOTTeRGAMdQA9bmoYQoGynk13H1oFWupYfCf1CZU3Unx0pBFKOAk9XBqD6ct7LxP+8VqL883bKwjhRGNLpR37CLRVZ2eFWlwmkio80ASqY3tWifRBAlY7HNN0r1McIvNGDb2MUoCJxlLogegEMx/q4nnucMZ2WM5/NX1I/KTt22bk7LVYuZrnlyR7ZJyXikDNSIdekSmqEkj55JM/kxXgyXo03431amjNmPbvkF4yPb+SXnrs=</latexit>

<latexit sha1_base64="N94/PwzOa8JSDHcSOV/k//EmLmw=">AAAB/XicbVDLSsNAFL2prxpfVZdugkVwVRKR6rLoxmULthXaUCbTm3boZBJmJmIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOdezuUECWdKu+63VVhb39jcKm7bO7t7+welw6OWilNJsUljHsuHgCjkTGBTM83xIZFIooBjOxjdTv32I0rFYnGvxwn6ERkIFjJKtJEag16p7FbcGZxV4uWkDDnqvdJPtx/TNEKhKSdKdTw30X5GpGaU48TupgoTQkdkgB1DBYlQ+dns0YlzZpS+E8bSjNDOTP17kZFIqXEUmM2I6KFa9qbiv97TPGAxXYfXfsZEkmoUdB4eptzRsTNtwukziVTzsSGESmb+d+iQSEK16cu2TTPecg+rpHVR8aqVauOyXLvJOyrCCZzCOXhwBTW4gzo0gQLCC7zCm/VsvVsf1ud8tWDlN8ewAOvrF5wwlYw=</latexit>g
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit>

Data space Representation space

Encoder

pdata
<latexit sha1_base64="gXmKTRZKwpHynAnPmd9+wUiDvV4=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04rGC/YA2hM1m0y7dbMLuRC0xP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3btYOOTjJFWZsmIlG9gGgmuGRt4CBYL1WMxIFg3WB8PfW790xpnsg7mKTMi8lQ8ohTAkby7Vrq5wNgjwCQhwRIUfh23Wk4M+Bl4pakjkq0fPtrECY0i5kEKojWfddJwcuJAk4FK6qDTLOU0DEZsr6hksRMe/ns9AKfGCXEUaJMScAz9fdETmKtJ3FgOmMCI73oTcX/vH4G0aWXc5lmwCSdL4oygSHB0xxwyBWjICaGEKq4uRXTEVGEgkmrakJwF19eJp2zhus03NvzevOqjKOCjtAxOkUuukBNdINaqI0oekDP6BW9WU/Wi/VufcxbV6xy5hD9gfX5A2MZlLc=</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit>

Representation learning

f
<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit>

Representation space

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit>z

<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit>

Data space

Generator

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

Generative modeling

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit>
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DecoderEncoder
x

<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

x̂
<latexit sha1_base64="KgiSwXGkVcPbkiL3wocyH5M9oWw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXRbduKxgH9CEMplO2qGTBzM3xRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBKoVGx/m21tY3Nre2KzvV3b39g0P76Litk0wx3mKJTFQ3oJpLEfMWCpS8mypOo0DyTjC+K/zOhCstkvgRpyn3IzqMRSgYRSP1bdsbUcy9iOIoCPOn2axv15y6MwdZJW5JalCi2be/vEHCsojHyCTVuuc6Kfo5VSiY5LOql2meUjamQ94zNKYR134+Tz4j50YZkDBR5sVI5urvjZxGWk+jwEwWEfWyV4j/eb0Mwxs/F3GaIY/Z4lCYSYIJKWogA6E4Qzk1hDIlTFbCRlRRhqasqinBXf7yKmlf1l2n7j5c1Rq3ZR0VOIUzuAAXrqEB99CEFjCYwDO8wpuVWy/Wu/WxGF2zyp0T+APr8wdWBZQa</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

Decoder

A
u
to
en
co
d
er

<latexit sha1_base64="UAIAfTF0aiawbLgD5Y6viKTrA/U=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Kkk3uqy6cVnBPqANZTK5aYdOZsLMjVBCP8ONC0Xc+jXu/BunbRbaemDgcM69zD0nTAU36HnfTmljc2t7p7xb2ds/ODyqHp90jMo0gzZTQuleSA0ILqGNHAX0Ug00CQV0w8nd3O8+gTZcyUecphAkdCR5zBlFK/VvMlQgmYpAD6s1r+4t4K4TvyA1UqA1rH4NIsWyBCQyQY3p+16KQU41ciZgVhlkBlLKJnQEfUslTcAE+eLkmXthlciNlbZPortQf2/kNDFmmoR2MqE4NqveXPzP62cYXwc5l2mGNtjyozgTLip3nt+NuAaGYmoJZZrbW102ppoytC1VbAn+auR10mnUfa/uPzRqzduijjI5I+fkkvjkijTJPWmRNmFEkWfySt4cdF6cd+djOVpyip1T8gfO5w9+sZFf</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

z ⇠ pz
<latexit sha1_base64="tZlDwX3BeDeQoBGap3F4kLP5j7I=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjcsK9gFNCJPppB06MwkzE6GGLN34K25cKOLWT3Dn3zhpA2rrgQuHc+7l3nvChFGlHefLqiwtr6yuVddrG5tb2zv27l5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8VfjdOyIVjcWtniTE52goaEQx0kYK7EOPIz0Ko+w+h56iHCZB9iPltcCuOw1nCrhI3JLUQYlWYH96gxinnAiNGVKq7zqJ9jMkNcWM5DUvVSRBeIyGpG+oQJwoP5s+ksNjowxgFEtTQsOp+nsiQ1ypCQ9NZ3GjmvcK8T+vn+rows+oSFJNBJ4tilIGdQyLVOCASoI1mxiCsKTmVohHSCKsTXZFCO78y4ukc9pwnYZ7c1ZvXpZxVMEBOAInwAXnoAmuQQu0AQYP4Am8gFfr0Xq23qz3WWvFKmf2wR9YH987zZoX</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit>

+
<latexit sha1_base64="Bp+HT0LgZs2AVO34jjezU/cBhnM=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9FjUg8cK9gPbpWTTbBuaTZYkaylL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzdRvPjFtuJIPdpywICZ9ySNOiXXSY+dWjSTRWo26pbJX8WbAy8TPSRly1Lqlr05P0TRm0lJBjGn7XmKDjGjLqWCTYic1LCF0SPqs7agkMTNBNrt4gk+d0sOR0q6kxTP190RGYmPGceg6Y2IHZtGbiv957dRGV0HGZZJaJul8UZQKbBWevo97XDNqxdgRQjV3t2I6IJpQ60IquhD8xZeXSeO84nsV//6iXL3O4yjAMZzAGfhwCVW4gxrUgYKEZ3iFN2TQC3pHH/PWFZTPHMEfoM8fzYyQ/Q==</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit>
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<latexit sha1_base64="VbnVswXhWkF6r9GXgwRLTMp+oyU=">AAAB+XicbVC7SgNBFJ31GeNr1dJmMAhWYTeNlkELLSOYByRLmJ29SYbMY5mZDYQlf2JjoYitf2Ln3zhJttDEAxfOnHMvc++JU86MDYJvb2Nza3tnt7RX3j84PDr2T05bRmWaQpMqrnQnJgY4k9C0zHLopBqIiDm04/Hd3G9PQBum5JOdphAJMpRswCixTur7/j1I0O4xASxUArzvV4JqsABeJ2FBKqhAo+9/9RJFMwHSUk6M6YZBaqOcaMsoh1m5lxlICR2TIXQdlUSAifLF5jN86ZQED5R2JS1eqL8nciKMmYrYdQpiR2bVm4v/ed3MDm6inMk0syDp8qNBxrFVeB4DTpgGavnUEUI1c7tiOiKaUOvCKrsQwtWT10mrVg2DavhYq9RvizhK6BxdoCsUomtURw+ogZqIogl6Rq/ozcu9F+/d+1i2bnjFzBn6A+/zB3JOk4Q=</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit>

...

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit>© Torralba, Isola, and Freeman. All rights reserved. 
This content is excluded from our Creative Commons 
license. For more information, see 
https://ocw.mit.edu/help/faq-fair-use/
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f
<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit>

7



Mixture of Gaussians

Parameters: {wi, µi,⌃i}ki=1
<latexit sha1_base64="VqkCmTPFmLdj1JjpaMdf6vpCx1I=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6EohuXFe0Dmhgm00k7dCYJMxOlhPyHG3/FjQtFXAku/BsnbRa29cDAmXPu5d57/JhRqSzrxygtLa+srpXXKxubW9s75u5eW0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr+6Cr3Ow9ESBqFd2ocE5ejQUgDipHSkmfWnfTRoyfQ4UgN/SB1eJLN/G/pgCMtOZmX0gs7ux95ZtWqWRPARWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk9syeKSVPgwioV+o4ET925EiLuWY+7oyX1nOe7n4n9dLVHDupjSME0VCPB0UJAyqCOZBwT4VBCs21gRhQfWuEA+RQFjpOCs6BHv+5EXSrtdsq2bfnFYbl0UcZXAADsExsMEZaIBr0AQtgMETeAFv4N14Nl6ND+NzWloyip59MAPj+xecbaHE</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit>

Target distribution

p✓(x) =
kX

i=1

wiN (x;µi,⌃i)
<latexit sha1_base64="JPuLhvyUaG6oupPh1JPD8eiwBD0="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit>

µ1
<latexit sha1_base64="lv1xbCMa7G70RvIfI53avW8D+8k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4r2Ad0xpJJM21okhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnK/+0iVZrG8N9OEBgKPJIsYwcZKD77AZhxGmS/S2cAbVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm6eeoTOrDFEUK/ukQXP190aGhdZTEdrJPKVe9nLxP6+fmugqyJhMUkMlWRyKUo5MjPIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv+8irpXNQ9t+7dXdaa10UdZTiBUzgHDxrQhFtoQRsIKHiGV3hznpwX5935WIyWnGLnGP7A+fwBqoaSmg==</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit>

⌃1
<latexit sha1_base64="jA4RYdCei8/Uk/i9ZyqF0slbLUw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnRPqAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBH3epJSP8ZDwSJGsDZSYNe8GOtRGOXeHRvGeBq4gV13Gs4MaJm4JalDiVZgf3mDhGQxFZpwrFTfdVLt51hqRjidVr1M0RSTMR7SvqECx1T5+Sz6FJ0YZYCiRJonNJqpvzdyHCs1iUMzWQRVi14h/uf1Mx1d+jkTaaapIPNDUcaRTlDRAxowSYnmE0MwkcxkRWSEJSbatFU1JbiLX14mnbOG6zTc2/N686qsowJHcAyn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79TEfXbHKnUP4A+vzBz3Tk/g=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit>

Model distribution

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

8



p✓(x) =

Z

z
pz(z)N (x; gµ✓ (z), g

⌃
✓ (z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ✓ (z1)
<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃✓ (z1)
<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit>

Parameters:

Infinite Mixture of Gaussians

Model distribution

Target distribution

9
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Many methods use a max likelihood objective, optimizing L w.r.t. ✓. To compute the
likelihood function, we need to compute p✓(x). One way to express this function is as the
marginal likelihood of x, marginalizing over all unobserved latent variables z:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.4)

The advantage of expressing p✓(x) in this way is that it reduces the modeling problem to
learning the conditional distribution p✓(X|z), which itself can be straightforwardly modeled
using g (again, assuming we know pz). For example, we could model p✓(X|z) = N (µ =
g(z), � = 1), i.e . just place a unit Gaussian distribution centered on g(z).

The integral in Eqn. 31.4 is expensive so most generative models either approximate the
integral or somehow sidestep the need to explicitly calculate it. We will examine a few such
strategies next.

31.3 Variational Autoencoders

31.3.1 The decoder of an autoencoder is a data generator

In Chapter 30 we learned about autoencoders. These are models that learn an embedding
that can be decoded to reconstruct the input data. You may already have noticed that the
decoder of an autoencoder looks just like a generator. It is a mapping from a representation
of the data, z, back to the data itself, x. Given a z, we can synthesize an image by passing
it through the decoder of the autoencoder:

Encoder Decoder
x

<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

x̂
<latexit sha1_base64="KgiSwXGkVcPbkiL3wocyH5M9oWw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXRbduKxgH9CEMplO2qGTBzM3xRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBKoVGx/m21tY3Nre2KzvV3b39g0P76Litk0wx3mKJTFQ3oJpLEfMWCpS8mypOo0DyTjC+K/zOhCstkvgRpyn3IzqMRSgYRSP1bdsbUcy9iOIoCPOn2axv15y6MwdZJW5JalCi2be/vEHCsojHyCTVuuc6Kfo5VSiY5LOql2meUjamQ94zNKYR134+Tz4j50YZkDBR5sVI5urvjZxGWk+jwEwWEfWyV4j/eb0Mwxs/F3GaIY/Z4lCYSYIJKWogA6E4Qzk1hDIlTFbCRlRRhqasqinBXf7yKmlf1l2n7j5c1Rq3ZR0VOIUzuAAXrqEB99CEFjCYwDO8wpuVWy/Wu/WxGF2zyp0T+APr8wdWBZQa</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

Decoder

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

z ⇠ pz
<latexit sha1_base64="tZlDwX3BeDeQoBGap3F4kLP5j7I=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjcsK9gFNCJPppB06MwkzE6GGLN34K25cKOLWT3Dn3zhpA2rrgQuHc+7l3nvChFGlHefLqiwtr6yuVddrG5tb2zv27l5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8VfjdOyIVjcWtniTE52goaEQx0kYK7EOPIz0Ko+w+h56iHCZB9iPltcCuOw1nCrhI3JLUQYlWYH96gxinnAiNGVKq7zqJ9jMkNcWM5DUvVSRBeIyGpG+oQJwoP5s+ksNjowxgFEtTQsOp+nsiQ1ypCQ9NZ3GjmvcK8T+vn+rows+oSFJNBJ4tilIGdQyLVOCASoI1mxiCsKTmVohHSCKsTXZFCO78y4ukc9pwnYZ7c1ZvXpZxVMEBOAInwAXnoAmuQQu0AQYP4Am8gFfr0Xq23qz3WWvFKmf2wR9YH987zZoX</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit>

�
<latexit sha1_base64="Bp+HT0LgZs2AVO34jjezU/cBhnM=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9FjUg8cK9gPbpWTTbBuaTZYkaylL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzdRvPjFtuJIPdpywICZ9ySNOiXXSY+dWjSTRWo26pbJX8WbAy8TPSRly1Lqlr05P0TRm0lJBjGn7XmKDjGjLqWCTYic1LCF0SPqs7agkMTNBNrt4gk+d0sOR0q6kxTP190RGYmPGceg6Y2IHZtGbiv957dRGV0HGZZJaJul8UZQKbBWevo97XDNqxdgRQjV3t2I6IJpQ60IquhD8xZeXSeO84nsV//6iXL3O4yjAMZzAGfhwCVW4gxrUgYKEZ3iFN2TQC3pHH/PWFZTPHMEfoM8fzYyQ/Q==</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit>
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<latexit sha1_base64="UAIAfTF0aiawbLgD5Y6viKTrA/U=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Kkk3uqy6cVnBPqANZTK5aYdOZsLMjVBCP8ONC0Xc+jXu/BunbRbaemDgcM69zD0nTAU36HnfTmljc2t7p7xb2ds/ODyqHp90jMo0gzZTQuleSA0ILqGNHAX0Ug00CQV0w8nd3O8+gTZcyUecphAkdCR5zBlFK/VvMlQgmYpAD6s1r+4t4K4TvyA1UqA1rH4NIsWyBCQyQY3p+16KQU41ciZgVhlkBlLKJnQEfUslTcAE+eLkmXthlciNlbZPortQf2/kNDFmmoR2MqE4NqveXPzP62cYXwc5l2mGNtjyozgTLip3nt+NuAaGYmoJZZrbW102ppoytC1VbAn+auR10mnUfa/uPzRqzduijjI5I+fkkvjkijTJPWmRNmFEkWfySt4cdF6cd+djOVpyip1T8gfO5w9+sZFf</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit>
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<latexit sha1_base64="VbnVswXhWkF6r9GXgwRLTMp+oyU=">AAAB+XicbVC7SgNBFJ31GeNr1dJmMAhWYTeNlkELLSOYByRLmJ29SYbMY5mZDYQlf2JjoYitf2Ln3zhJttDEAxfOnHMvc++JU86MDYJvb2Nza3tnt7RX3j84PDr2T05bRmWaQpMqrnQnJgY4k9C0zHLopBqIiDm04/Hd3G9PQBum5JOdphAJMpRswCixTur7/j1I0O4xASxUArzvV4JqsABeJ2FBKqhAo+9/9RJFMwHSUk6M6YZBaqOcaMsoh1m5lxlICR2TIXQdlUSAifLF5jN86ZQED5R2JS1eqL8nciKMmYrYdQpiR2bVm4v/ed3MDm6inMk0syDp8qNBxrFVeB4DTpgGavnUEUI1c7tiOiKaUOvCKrsQwtWT10mrVg2DavhYq9RvizhK6BxdoCsUomtURw+ogZqIogl6Rq/ozcu9F+/d+1i2bnjFzBn6A+/zB3JOk4Q=</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit>

...

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit>

But how do we get this z? One goal of generative modeling is to be able to make up
random images from scratch. So we need a distribution from which we can sample z’s from
scratch, i.e. we need pz. An autoencoder doesn’t directly give us this. You might ask, what
if, after training an autoencoder, you just sample a random z, say from a unit Gaussian, and
feed it through the decoder? The problem is that this sample might be very di↵erent from
what the decoder was trained on, and it therefore might not map to a natural looking image.
For example, maybe the encoder has learned to map all images to embeddings far from the
origin; then a unit Gaussian z would be far out of distribution and the decoder’s behavior
could be arbitrary for this out of distribution input.

In general, the embedding space of an autoencoder might be just as complicated to model
as the data space we started with:

Variational autoencoders (VAEs) are a way to turn an autoencoder into a proper
generative model, which can be sampled from and which maximizes data likelihood under

Latent variable models

latent variables
cGenerator

<latexit sha1_base64="+ygNeZf0Ui+mp4LU44Bne3Gfue4=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMWWkYwH5IcYW8zlyzZ3Tt294QQ8itsLBSx9efY+W/cJFdo4oOBx3szzMyLUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzPzWE2rDE/VgxymGkg4Ujzmj1kmPt6hQU5voXqnsV/w5yCoJclKGHPVe6avbT1gmUVkmqDGdwE9tOKHaciZwWuxmBlPKRnSAHUcVlWjCyfzgKTl3Sp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNr8IJV2lmUbHFojgTxCZk9j3pc43MirEjlGnubiVsSDVl1mVUdCEEyy+vkma1EviV4L5arl3ncRTgFM7gAgK4hBrcQR0awEDCM7zCm6e9F+/d+1i0rnn5zAn8gff5A+5RkHk=</latexit><latexit sha1_base64="+ygNeZf0Ui+mp4LU44Bne3Gfue4=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMWWkYwH5IcYW8zlyzZ3Tt294QQ8itsLBSx9efY+W/cJFdo4oOBx3szzMyLUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzPzWE2rDE/VgxymGkg4Ujzmj1kmPt6hQU5voXqnsV/w5yCoJclKGHPVe6avbT1gmUVkmqDGdwE9tOKHaciZwWuxmBlPKRnSAHUcVlWjCyfzgKTl3Sp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNr8IJV2lmUbHFojgTxCZk9j3pc43MirEjlGnubiVsSDVl1mVUdCEEyy+vkma1EviV4L5arl3ncRTgFM7gAgK4hBrcQR0awEDCM7zCm6e9F+/d+1i0rnn5zAn8gff5A+5RkHk=</latexit><latexit sha1_base64="+ygNeZf0Ui+mp4LU44Bne3Gfue4=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMWWkYwH5IcYW8zlyzZ3Tt294QQ8itsLBSx9efY+W/cJFdo4oOBx3szzMyLUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzPzWE2rDE/VgxymGkg4Ujzmj1kmPt6hQU5voXqnsV/w5yCoJclKGHPVe6avbT1gmUVkmqDGdwE9tOKHaciZwWuxmBlPKRnSAHUcVlWjCyfzgKTl3Sp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNr8IJV2lmUbHFojgTxCZk9j3pc43MirEjlGnubiVsSDVl1mVUdCEEyy+vkma1EviV4L5arl3ncRTgFM7gAgK4hBrcQR0awEDCM7zCm6e9F+/d+1i0rnn5zAn8gff5A+5RkHk=</latexit><latexit sha1_base64="+ygNeZf0Ui+mp4LU44Bne3Gfue4=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYMWWkYwH5IcYW8zlyzZ3Tt294QQ8itsLBSx9efY+W/cJFdo4oOBx3szzMyLUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzPzWE2rDE/VgxymGkg4Ujzmj1kmPt6hQU5voXqnsV/w5yCoJclKGHPVe6avbT1gmUVkmqDGdwE9tOKHaciZwWuxmBlPKRnSAHUcVlWjCyfzgKTl3Sp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNr8IJV2lmUbHFojgTxCZk9j3pc43MirEjlGnubiVsSDVl1mVUdCEEyy+vkma1EviV4L5arl3ncRTgFM7gAgK4hBrcQR0awEDCM7zCm6e9F+/d+1i0rnn5zAn8gff5A+5RkHk=</latexit>

(Grass color)
(Number trees)

z1 ⇠ Bernoulli(0.5)
<latexit sha1_base64="ow0dMRqnBxrV8Nh5uIFwGYv80UA=">AAACEnicbVBNS8NAFNzU7/oV9ehlsQjtpSSi6FH04lHB2kITymb7oks3m7D7ItbQ3+DFv+LFgyJePXnz37itPWjrwMIw8x5vZ6JMCoOe9+WUZmbn5hcWl8rLK6tr6+7G5pVJc82hwVOZ6lbEDEihoIECJbQyDSyJJDSj3unQb96CNiJVl9jPIEzYtRKx4Ayt1HFrQcLwJoqL+0HHp4ERCQ0Q7hCxOAGt0lxKMah69YNax614dW8EOk38MamQMc477mfQTXmegEIumTFt38swLJhGwSUMykFuIGO8x66hbaliCZiwGEUa0F2rdGmcavsU0pH6e6NgiTH9JLKTwwBm0huK/3ntHOOjsBAqyxEU/zkU55JiSof90K7QwFH2LWFcC/tXym+YZhxti2Vbgj8ZeZpc7dV9r+5f7FeOT8Z1LJJtskOqxCeH5JickXPSIJw8kCfyQl6dR+fZeXPef0ZLznhni/yB8/EN3Gydiw==</latexit><latexit sha1_base64="cPsnknfUukZJvBVUP7ynPUzQ5RA=">AAACN3icjVC7SgNBFJ2N7/iKWtoMBiFpwq4oWgZtLBVMFLJhmZ3c1SGzs8vMXTEu+Qa/xsLGj7CzshGx9Q+cTVL4KjwwcDjnXu6cE6ZSGHTdZ6c0NT0zOze/UF5cWl5Zraytt02SaQ4tnshEX4TMgBQKWihQwkWqgcWhhPOwf1T459egjUjUGQ5S6MbsUolIcIZWCip1P2Z4FUb57TDwqG9ETH2EG0TMD0GrJJNSDGtuY68eVKpuwx2B/ibehFTJBP8bDypPfi/hWQwKuWTGdDw3xW7ONAouYVj2MwMp4312CR1LFYvBdPNR7iHdtkqPRom2TyEdqV83chYbM4hDO1mkND+9QvzL62QYHXRzodIMQfHxoSiTFBNalEh7QgNHObCEcS3sXym/YppxtFWXbXTvZ9DfpL3T8NyGd7pbbR5OOpsnm2SL1IhH9kmTHJMT0iKc3JF78khenQfnxXlz3sejJWeys0G+wfn4BHFfpQQ=</latexit><latexit sha1_base64="cPsnknfUukZJvBVUP7ynPUzQ5RA=">AAACN3icjVC7SgNBFJ2N7/iKWtoMBiFpwq4oWgZtLBVMFLJhmZ3c1SGzs8vMXTEu+Qa/xsLGj7CzshGx9Q+cTVL4KjwwcDjnXu6cE6ZSGHTdZ6c0NT0zOze/UF5cWl5Zraytt02SaQ4tnshEX4TMgBQKWihQwkWqgcWhhPOwf1T459egjUjUGQ5S6MbsUolIcIZWCip1P2Z4FUb57TDwqG9ETH2EG0TMD0GrJJNSDGtuY68eVKpuwx2B/ibehFTJBP8bDypPfi/hWQwKuWTGdDw3xW7ONAouYVj2MwMp4312CR1LFYvBdPNR7iHdtkqPRom2TyEdqV83chYbM4hDO1mkND+9QvzL62QYHXRzodIMQfHxoSiTFBNalEh7QgNHObCEcS3sXym/YppxtFWXbXTvZ9DfpL3T8NyGd7pbbR5OOpsnm2SL1IhH9kmTHJMT0iKc3JF78khenQfnxXlz3sejJWeys0G+wfn4BHFfpQQ=</latexit><latexit sha1_base64="cPsnknfUukZJvBVUP7ynPUzQ5RA=">AAACN3icjVC7SgNBFJ2N7/iKWtoMBiFpwq4oWgZtLBVMFLJhmZ3c1SGzs8vMXTEu+Qa/xsLGj7CzshGx9Q+cTVL4KjwwcDjnXu6cE6ZSGHTdZ6c0NT0zOze/UF5cWl5Zraytt02SaQ4tnshEX4TMgBQKWihQwkWqgcWhhPOwf1T459egjUjUGQ5S6MbsUolIcIZWCip1P2Z4FUb57TDwqG9ETH2EG0TMD0GrJJNSDGtuY68eVKpuwx2B/ibehFTJBP8bDypPfi/hWQwKuWTGdDw3xW7ONAouYVj2MwMp4312CR1LFYvBdPNR7iHdtkqPRom2TyEdqV83chYbM4hDO1mkND+9QvzL62QYHXRzodIMQfHxoSiTFBNalEh7QgNHObCEcS3sXym/YppxtFWXbXTvZ9DfpL3T8NyGd7pbbR5OOpsnm2SL1IhH9kmTHJMT0iKc3JF78khenQfnxXlz3sejJWeys0G+wfn4BHFfpQQ=</latexit>

z3 ⇠ Unif(0, 10)
<latexit sha1_base64="a6D7ibn8CkcwpfmYGv7fypggE8M=">AAACDnicbVDLSgMxFM3UV62vqks3wVKoIGVGBV0W3bisYB/QKSWTZtrQTGZI7oh16Be48VfcuFDErWt3/o2ZdhbaeiBwOOdccu/xIsE12Pa3lVtaXlldy68XNja3tneKu3tNHcaKsgYNRajaHtFMcMkawEGwdqQYCTzBWt7oKvVbd0xpHspbGEesG5CB5D6nBIzUK5bdgMDQ85OHSe8Uu5oH2AV2DwBJw+QmFfvYsY96xZJdtafAi8TJSAllqPeKX24/pHHAJFBBtO44dgTdhCjgVLBJwY01iwgdkQHrGCpJwHQ3mZ4zwWWj9LEfKvMk4Kn6eyIhgdbjwDPJdHk976Xif14nBv+im3AZxcAknX3kxwJDiNNucJ8rRkGMDSFUcbMrpkOiCAXTYMGU4MyfvEiaJ1XHrjo3Z6XaZVZHHh2gQ1RBDjpHNXSN6qiBKHpEz+gVvVlP1ov1bn3Mojkrm9lHf2B9/gAcLZt1</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit>

(River turns)
z2 ⇠ Normal(µ1,⌃1)

<latexit sha1_base64="MeVTzuZISQBzzUyNIeeZv+NSdAo="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit>

...

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

latent variables

z
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Many methods use a max likelihood objective, optimizing L w.r.t. ✓. To compute the
likelihood function, we need to compute p✓(x). One way to express this function is as the
marginal likelihood of x, marginalizing over all unobserved latent variables z:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.4)

The advantage of expressing p✓(x) in this way is that it reduces the modeling problem to
learning the conditional distribution p✓(X|z), which itself can be straightforwardly modeled
using g (again, assuming we know pz). For example, we could model p✓(X|z) = N (µ =
g(z), � = 1), i.e . just place a unit Gaussian distribution centered on g(z).

The integral in Eqn. 31.4 is expensive so most generative models either approximate the
integral or somehow sidestep the need to explicitly calculate it. We will examine a few such
strategies next.

31.3 Variational Autoencoders

31.3.1 The decoder of an autoencoder is a data generator

In Chapter 30 we learned about autoencoders. These are models that learn an embedding
that can be decoded to reconstruct the input data. You may already have noticed that the
decoder of an autoencoder looks just like a generator. It is a mapping from a representation
of the data, z, back to the data itself, x. Given a z, we can synthesize an image by passing
it through the decoder of the autoencoder:

Encoder Decoder
x
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<latexit sha1_base64="KgiSwXGkVcPbkiL3wocyH5M9oWw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXRbduKxgH9CEMplO2qGTBzM3xRL6J25cKOLWP3Hn3zhps9DWAwOHc+7lnjlBKoVGx/m21tY3Nre2KzvV3b39g0P76Litk0wx3mKJTFQ3oJpLEfMWCpS8mypOo0DyTjC+K/zOhCstkvgRpyn3IzqMRSgYRSP1bdsbUcy9iOIoCPOn2axv15y6MwdZJW5JalCi2be/vEHCsojHyCTVuuc6Kfo5VSiY5LOql2meUjamQ94zNKYR134+Tz4j50YZkDBR5sVI5urvjZxGWk+jwEwWEfWyV4j/eb0Mwxs/F3GaIY/Z4lCYSYIJKWogA6E4Qzk1hDIlTFbCRlRRhqasqinBXf7yKmlf1l2n7j5c1Rq3ZR0VOIUzuAAXrqEB99CEFjCYwDO8wpuVWy/Wu/WxGF2zyp0T+APr8wdWBZQa</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit><latexit sha1_base64="jaEVlR97XRH/bgn5qqoD74gu0y4=">AAACHnicjVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxqWCfUATymQ6aYdOJmFmUiwhf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zgkSzpR2nC+rsrK6tr5R3axtbe/s7tn7B20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOPrwu9MqFQsFvd6mlA/wkPBQkawNlLftr0R1pkXYT0Kwuwhz/t23Wk4M6Bl4pakDiX+N963P7xBTNKICk04VqrnOon2Myw1I5zmNS9VNMFkjIe0Z6jAEVV+NouXoxOjDFAYS/OERjP150aGI6WmUWAmixxq0SvEv7xeqsNLP2MiSTUVZH4oTDnSMSq6QgMmKdF8aggmkpm/IjLCEhNtGq2Z6O5i0GXSPmu4TsO9O683r8rOqnAEx3AKLlxAE27gFlpAYAKP8Ayv1pP1Yr1Z7/PRilXuHMIvWJ/frgqbkw==</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

Decoder

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit>

z ⇠ pz
<latexit sha1_base64="tZlDwX3BeDeQoBGap3F4kLP5j7I=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjcsK9gFNCJPppB06MwkzE6GGLN34K25cKOLWT3Dn3zhpA2rrgQuHc+7l3nvChFGlHefLqiwtr6yuVddrG5tb2zv27l5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8VfjdOyIVjcWtniTE52goaEQx0kYK7EOPIz0Ko+w+h56iHCZB9iPltcCuOw1nCrhI3JLUQYlWYH96gxinnAiNGVKq7zqJ9jMkNcWM5DUvVSRBeIyGpG+oQJwoP5s+ksNjowxgFEtTQsOp+nsiQ1ypCQ9NZ3GjmvcK8T+vn+rows+oSFJNBJ4tilIGdQyLVOCASoI1mxiCsKTmVohHSCKsTXZFCO78y4ukc9pwnYZ7c1ZvXpZxVMEBOAInwAXnoAmuQQu0AQYP4Am8gFfr0Xq23qz3WWvFKmf2wR9YH987zZoX</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit><latexit sha1_base64="+HQXdqYetK9jOQ7B9FG7GbnAmPU=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUlE0GXRjUsF+4AmhMl00g6dmYSZiVBDln6NCzd+ieBCEbf+hpM2oLYuPDBwOOdc7twTJowq7TivVmVhcWl5pbpaW1vf2Nyyt3faKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji8Lv3BKpaCxu9DghPkcDQSOKkTZSYO97HOlhGGV3OfQU5TAJsm8prwV23Wk4E8B54pakDkr8Lx7Yz14/xiknQmOGlOq5TqL9DElNMSN5zUsVSRAeoQHpGSoQJ8rPJtfm8NAofRjF0jyh4UT9OZEhrtSYhyZZHKJmvUL8y+ulOjrzMyqSVBOBp4uilEEdw6I62KeSYM3GhiAsqfkrxEMkEdam4KIpd/bQedI+brhOw70+qTfPy86qYA8cgCPgglPQBJfgCrQABvfgATyBN+vRerHerY9ptGKVM7vgF6zPL13voZA=</latexit>

�
<latexit sha1_base64="Bp+HT0LgZs2AVO34jjezU/cBhnM=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV0R9FjUg8cK9gPbpWTTbBuaTZYkaylL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jEo1ZXWqhNKtkBgmuGR1y61grUQzEoeCNcPhzdRvPjFtuJIPdpywICZ9ySNOiXXSY+dWjSTRWo26pbJX8WbAy8TPSRly1Lqlr05P0TRm0lJBjGn7XmKDjGjLqWCTYic1LCF0SPqs7agkMTNBNrt4gk+d0sOR0q6kxTP190RGYmPGceg6Y2IHZtGbiv957dRGV0HGZZJaJul8UZQKbBWevo97XDNqxdgRQjV3t2I6IJpQ60IquhD8xZeXSeO84nsV//6iXL3O4yjAMZzAGfhwCVW4gxrUgYKEZ3iFN2TQC3pHH/PWFZTPHMEfoM8fzYyQ/Q==</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit><latexit sha1_base64="2os7QNQGYFMLSl9UqNwiXOzX6Yg=">AAACFnicjVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LevCo4LbFdinZNNuGZpMlyVrK0n/hwYt/xYuIV/HmvzFt96CtBwcCw8w8Xt6ECWfauO6XU1haXlldK66XNja3tnfKu3t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxcTvzGA1WaSXFnRgkNYtwTLGIEGyvdt6/kUGCl5LBTrrhVdwq0SLycVCDH/+Kd8me7K0kaU2EIx1q3PDcxQYaVYYTTcamdappgMsA92rJU4JjqIJueNUZHVumiSCr7hEFT9edEhmOtR3FokzE2fT3vTcS/vFZqovMgYyJJDRVktihKOTISTTpCXaYoMXxkCSaK2b8i0scKE2ObLNnTvflDF0n9pOq5Ve/2tFK7yDsrwgEcwjF4cAY1uIYb8IGAgEd4hlfnyXlx3pz3WbTg5DP78AvOxze8yJh2</latexit>
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<latexit sha1_base64="UAIAfTF0aiawbLgD5Y6viKTrA/U=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK4Kkk3uqy6cVnBPqANZTK5aYdOZsLMjVBCP8ONC0Xc+jXu/BunbRbaemDgcM69zD0nTAU36HnfTmljc2t7p7xb2ds/ODyqHp90jMo0gzZTQuleSA0ILqGNHAX0Ug00CQV0w8nd3O8+gTZcyUecphAkdCR5zBlFK/VvMlQgmYpAD6s1r+4t4K4TvyA1UqA1rH4NIsWyBCQyQY3p+16KQU41ciZgVhlkBlLKJnQEfUslTcAE+eLkmXthlciNlbZPortQf2/kNDFmmoR2MqE4NqveXPzP62cYXwc5l2mGNtjyozgTLip3nt+NuAaGYmoJZZrbW102ppoytC1VbAn+auR10mnUfa/uPzRqzduijjI5I+fkkvjkijTJPWmRNmFEkWfySt4cdF6cd+djOVpyip1T8gfO5w9+sZFf</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit><latexit sha1_base64="NSZC29LpdF+vKN3rzXYH94bEGjY=">AAACF3icjVC7TsMwFL3hWcqrwMgSUSExVUkXGAssjCDRh5RGlePctlYdO7IdpCrqZzCw8CssCLHCxt/gthmgZeBIlo7OuVfX50QpZ9p43pezsrq2vrFZ2ipv7+zu7VcODltaZopik0ouVSciGjkT2DTMcOykCkkScWxHo+up335ApZkU92acYpiQgWB9RomxUnCZGYmCyhhVr1L1at4M7jLxC1KFAv8b71U+u7GkWYLCUE60DnwvNWFOlGGU46TczTSmhI7IAANLBUlQh/ks18Q9tUrs9qWyTxh3pv7cyEmi9TiJ7GRCzFAvelPxLy/ITP8izJlIM2PTzw/1M+4a6U5LcmOmkBo+toRQxexfXTokilBjqyzb6P5i0GXSqtd8r+bf1auNq6KzEhzDCZyBD+fQgBu4hSZQkPAIz/DqPDkvzpvzPh9dcYqdI/gF5+MbexSY2A==</latexit>
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<latexit sha1_base64="VbnVswXhWkF6r9GXgwRLTMp+oyU=">AAAB+XicbVC7SgNBFJ31GeNr1dJmMAhWYTeNlkELLSOYByRLmJ29SYbMY5mZDYQlf2JjoYitf2Ln3zhJttDEAxfOnHMvc++JU86MDYJvb2Nza3tnt7RX3j84PDr2T05bRmWaQpMqrnQnJgY4k9C0zHLopBqIiDm04/Hd3G9PQBum5JOdphAJMpRswCixTur7/j1I0O4xASxUArzvV4JqsABeJ2FBKqhAo+9/9RJFMwHSUk6M6YZBaqOcaMsoh1m5lxlICR2TIXQdlUSAifLF5jN86ZQED5R2JS1eqL8nciKMmYrYdQpiR2bVm4v/ed3MDm6inMk0syDp8qNBxrFVeB4DTpgGavnUEUI1c7tiOiKaUOvCKrsQwtWT10mrVg2DavhYq9RvizhK6BxdoCsUomtURw+ogZqIogl6Rq/ozcu9F+/d+1i2bnjFzBn6A+/zB3JOk4Q=</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit><latexit sha1_base64="NUiHIJKLxtD/EtnSeYfd5cYhmI8=">AAACHnicjVDLSgMxFM3UV62vUZdugkVwVWa60WXRhS4V7APaoWQyd9rQJDMkmUIZ+icu3PgrbkQEV/o3pu0stHXhgcDJOfeSnBOmnGnjeV9OaW19Y3OrvF3Z2d3bP3APj1o6yRSFJk14ojoh0cCZhKZhhkMnVUBEyKEdjq5nfnsMSrNEPphJCoEgA8liRomxUt91b0CCspcxYJFEwPtu1at5c+BV4hekigr8b7zvfvSihGYCpKGcaN31vdQEOVGGUQ7TSi/TkBI6IgPoWiqJAB3k83hTfGaVCMeJskcaPFd/buREaD0RoZ0UxAz1sjcT//K6mYkvg5zJNDMg6eKhOOPYJHjWFY6YAmr4xBJCFbN/xXRIFKHGNlqx0f3loKukVa/5Xs2/r1cbV0VnZXSCTtE58tEFaqBbdIeaiKIxekTP6NV5cl6cN+d9MVpyip1j9AvO5ze075r9</latexit>

...

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit>

But how do we get this z? One goal of generative modeling is to be able to make up
random images from scratch. So we need a distribution from which we can sample z’s from
scratch, i.e. we need pz. An autoencoder doesn’t directly give us this. You might ask, what
if, after training an autoencoder, you just sample a random z, say from a unit Gaussian, and
feed it through the decoder? The problem is that this sample might be very di↵erent from
what the decoder was trained on, and it therefore might not map to a natural looking image.
For example, maybe the encoder has learned to map all images to embeddings far from the
origin; then a unit Gaussian z would be far out of distribution and the decoder’s behavior
could be arbitrary for this out of distribution input.

In general, the embedding space of an autoencoder might be just as complicated to model
as the data space we started with:

Variational autoencoders (VAEs) are a way to turn an autoencoder into a proper
generative model, which can be sampled from and which maximizes data likelihood under
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Data
<latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit><latexit sha1_base64="P0EGFXOjMXAW98knwKSzO/IySeQ=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0l60WNRDx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5USaFQc/7dkobm1vbO+Vdd2//4PCocnzSMmmuGQ9YKlPdiajhUigeoEDJO5nmNIkkb0fj27nffuLaiFQ94iTjYUKHSsSCUbRS4N5RpP1K1at5C5B14hekCgWa/cpXb5CyPOEKmaTGdH0vw3BKNQom+czt5YZnlI3pkHctVTThJpwujp2RC6sMSJxqWwrJQv09MaWJMZMksp0JxZFZ9ebif143x/g6nAqV5cgVWy6Kc0kwJfPPyUBozlBOLKFMC3srYSOqKUObj2tD8FdfXietes33av5Dvdq4KeIowxmcwyX4cAUNuIcmBMBAwDO8wpujnBfn3flYtpacYuYU/sD5/AERvI4u</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

Objective
<latexit sha1_base64="c57iGHLvti0MXC7t5ZUgMsMgad8=">AAAB8XicbVA9TwJBFHyHX4hfqKXNRmJiRe5otCTa2ImJgBEuZG95Byt7e5fdPRJy4V/YWGiMrf/Gzn/jAlcoOMkmk5n3sm8mSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrF6CKhGwSU2DTcCHxKFNAoEtoPR9cxvj1FpHst7M0nQj+hA8pAzaqz0WLoNnpAZPsZeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/OIpObNKn4Sxsk8aMld/b2Q00noSBXYyomaol72Z+J/XSU146WdcJqlByRYfhakgJiaz+KTPlc0rJpZQpri9lbAhVZQZW1LJluAtR14lrVrVc6veXa1Sv8rrKMIJnMI5eHABdbiBBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDEKeQgQ==</latexit><latexit sha1_base64="c57iGHLvti0MXC7t5ZUgMsMgad8=">AAAB8XicbVA9TwJBFHyHX4hfqKXNRmJiRe5otCTa2ImJgBEuZG95Byt7e5fdPRJy4V/YWGiMrf/Gzn/jAlcoOMkmk5n3sm8mSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrF6CKhGwSU2DTcCHxKFNAoEtoPR9cxvj1FpHst7M0nQj+hA8pAzaqz0WLoNnpAZPsZeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/OIpObNKn4Sxsk8aMld/b2Q00noSBXYyomaol72Z+J/XSU146WdcJqlByRYfhakgJiaz+KTPlc0rJpZQpri9lbAhVZQZW1LJluAtR14lrVrVc6veXa1Sv8rrKMIJnMI5eHABdbiBBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDEKeQgQ==</latexit><latexit sha1_base64="c57iGHLvti0MXC7t5ZUgMsMgad8=">AAAB8XicbVA9TwJBFHyHX4hfqKXNRmJiRe5otCTa2ImJgBEuZG95Byt7e5fdPRJy4V/YWGiMrf/Gzn/jAlcoOMkmk5n3sm8mSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrF6CKhGwSU2DTcCHxKFNAoEtoPR9cxvj1FpHst7M0nQj+hA8pAzaqz0WLoNnpAZPsZeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/OIpObNKn4Sxsk8aMld/b2Q00noSBXYyomaol72Z+J/XSU146WdcJqlByRYfhakgJiaz+KTPlc0rJpZQpri9lbAhVZQZW1LJluAtR14lrVrVc6veXa1Sv8rrKMIJnMI5eHABdbiBBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDEKeQgQ==</latexit><latexit sha1_base64="c57iGHLvti0MXC7t5ZUgMsMgad8=">AAAB8XicbVA9TwJBFHyHX4hfqKXNRmJiRe5otCTa2ImJgBEuZG95Byt7e5fdPRJy4V/YWGiMrf/Gzn/jAlcoOMkmk5n3sm8mSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrF6CKhGwSU2DTcCHxKFNAoEtoPR9cxvj1FpHst7M0nQj+hA8pAzaqz0WLoNnpAZPsZeueJW3TnIKvFyUoEcjV75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdSyWNUPvZ/OIpObNKn4Sxsk8aMld/b2Q00noSBXYyomaol72Z+J/XSU146WdcJqlByRYfhakgJiaz+KTPlc0rJpZQpri9lbAhVZQZW1LJluAtR14lrVrVc6veXa1Sv8rrKMIJnMI5eHABdbiBBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDEKeQgQ==</latexit>

Hypothesis space
<latexit sha1_base64="eatzax9Lxw9aIubBm3H5Hpcs6SA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkveix66bGC/YA2lM122i7dbMLupBBC/4kXD4p49Z9489+4bXPQ1gcDj/dmdmdemEhh0PO+na3tnd29/dJB+fDo+OTUPTtvmzjVHFo8lrHuhsyAFApaKFBCN9HAolBCJ5w+LPzODLQRsXrCLIEgYmMlRoIztNLAdRtZEuMEjDDUJIzDwK14VW8Jukn8glRIgebA/eoPY55GoJBLZkzP9xIMcqZRcAnzcj81YB+esjH0LFUsAhPky83n9NoqQzqKtS2FdKn+nshZZEwWhbYzYjgx695C/M/rpTi6C3KhkhRB8dVHo1RSjOkiBjoUGjjKzBLGtbC7Uj5hmnG0YZVtCP76yZukXav6XtV/rFXq90UcJXJJrsgN8cktqZMGaZIW4WRGnskreXNy58V5dz5WrVtOMXNB/sD5/AGmPJOl</latexit><latexit sha1_base64="eatzax9Lxw9aIubBm3H5Hpcs6SA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkveix66bGC/YA2lM122i7dbMLupBBC/4kXD4p49Z9489+4bXPQ1gcDj/dmdmdemEhh0PO+na3tnd29/dJB+fDo+OTUPTtvmzjVHFo8lrHuhsyAFApaKFBCN9HAolBCJ5w+LPzODLQRsXrCLIEgYmMlRoIztNLAdRtZEuMEjDDUJIzDwK14VW8Jukn8glRIgebA/eoPY55GoJBLZkzP9xIMcqZRcAnzcj81YB+esjH0LFUsAhPky83n9NoqQzqKtS2FdKn+nshZZEwWhbYzYjgx695C/M/rpTi6C3KhkhRB8dVHo1RSjOkiBjoUGjjKzBLGtbC7Uj5hmnG0YZVtCP76yZukXav6XtV/rFXq90UcJXJJrsgN8cktqZMGaZIW4WRGnskreXNy58V5dz5WrVtOMXNB/sD5/AGmPJOl</latexit><latexit sha1_base64="eatzax9Lxw9aIubBm3H5Hpcs6SA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkveix66bGC/YA2lM122i7dbMLupBBC/4kXD4p49Z9489+4bXPQ1gcDj/dmdmdemEhh0PO+na3tnd29/dJB+fDo+OTUPTtvmzjVHFo8lrHuhsyAFApaKFBCN9HAolBCJ5w+LPzODLQRsXrCLIEgYmMlRoIztNLAdRtZEuMEjDDUJIzDwK14VW8Jukn8glRIgebA/eoPY55GoJBLZkzP9xIMcqZRcAnzcj81YB+esjH0LFUsAhPky83n9NoqQzqKtS2FdKn+nshZZEwWhbYzYjgx695C/M/rpTi6C3KhkhRB8dVHo1RSjOkiBjoUGjjKzBLGtbC7Uj5hmnG0YZVtCP76yZukXav6XtV/rFXq90UcJXJJrsgN8cktqZMGaZIW4WRGnskreXNy58V5dz5WrVtOMXNB/sD5/AGmPJOl</latexit><latexit sha1_base64="eatzax9Lxw9aIubBm3H5Hpcs6SA=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kkkveix66bGC/YA2lM122i7dbMLupBBC/4kXD4p49Z9489+4bXPQ1gcDj/dmdmdemEhh0PO+na3tnd29/dJB+fDo+OTUPTtvmzjVHFo8lrHuhsyAFApaKFBCN9HAolBCJ5w+LPzODLQRsXrCLIEgYmMlRoIztNLAdRtZEuMEjDDUJIzDwK14VW8Jukn8glRIgebA/eoPY55GoJBLZkzP9xIMcqZRcAnzcj81YB+esjH0LFUsAhPky83n9NoqQzqKtS2FdKn+nshZZEwWhbYzYjgx695C/M/rpTi6C3KhkhRB8dVHo1RSjOkiBjoUGjjKzBLGtbC7Uj5hmnG0YZVtCP76yZukXav6XtV/rFXq90UcJXJJrsgN8cktqZMGaZIW4WRGnskreXNy58V5dz5WrVtOMXNB/sD5/AGmPJOl</latexit>

Learner
<latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit>

Infinite GMM / VAE

Sampler
<latexit sha1_base64="68ezdCEGjxgg9rS78uDsmqZ7VYw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgbpfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDXuKPkg==</latexit><latexit sha1_base64="68ezdCEGjxgg9rS78uDsmqZ7VYw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgbpfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDXuKPkg==</latexit><latexit sha1_base64="68ezdCEGjxgg9rS78uDsmqZ7VYw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgbpfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDXuKPkg==</latexit><latexit sha1_base64="68ezdCEGjxgg9rS78uDsmqZ7VYw=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgbpfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDXuKPkg==</latexit>

Density
<latexit sha1_base64="mU2lqphbjLulSTZQB9SKMFB8aq8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ9lsN+3SzSbsToQQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6WNza3tnfJuZW//4PCoenzSMXGqGW+zWMa6F1DDpVC8jQIl7yWa0yiQvBtMb+d+94lrI2L1iFnC/YiOlQgFo2il7h1XRmA2rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0c6pRMMlnlUFqeELZlI5531JFI278fHHujFxYZUTCWNtSSBbq74mcRsZkUWA7I4oTs+rNxf+8forhtZ8LlaTIFVsuClNJMCbz38lIaM5QZpZQpoW9lbAJ1ZShTahiQ/BWX14nnUbdc+veQ6PWvCniKMMZnMMleHAFTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fcOKPng==</latexit><latexit sha1_base64="mU2lqphbjLulSTZQB9SKMFB8aq8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ9lsN+3SzSbsToQQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6WNza3tnfJuZW//4PCoenzSMXGqGW+zWMa6F1DDpVC8jQIl7yWa0yiQvBtMb+d+94lrI2L1iFnC/YiOlQgFo2il7h1XRmA2rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0c6pRMMlnlUFqeELZlI5531JFI278fHHujFxYZUTCWNtSSBbq74mcRsZkUWA7I4oTs+rNxf+8forhtZ8LlaTIFVsuClNJMCbz38lIaM5QZpZQpoW9lbAJ1ZShTahiQ/BWX14nnUbdc+veQ6PWvCniKMMZnMMleHAFTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fcOKPng==</latexit><latexit sha1_base64="mU2lqphbjLulSTZQB9SKMFB8aq8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ9lsN+3SzSbsToQQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6WNza3tnfJuZW//4PCoenzSMXGqGW+zWMa6F1DDpVC8jQIl7yWa0yiQvBtMb+d+94lrI2L1iFnC/YiOlQgFo2il7h1XRmA2rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0c6pRMMlnlUFqeELZlI5531JFI278fHHujFxYZUTCWNtSSBbq74mcRsZkUWA7I4oTs+rNxf+8forhtZ8LlaTIFVsuClNJMCbz38lIaM5QZpZQpoW9lbAJ1ZShTahiQ/BWX14nnUbdc+veQ6PWvCniKMMZnMMleHAFTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fcOKPng==</latexit><latexit sha1_base64="mU2lqphbjLulSTZQB9SKMFB8aq8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ9lsN+3SzSbsToQQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6WNza3tnfJuZW//4PCoenzSMXGqGW+zWMa6F1DDpVC8jQIl7yWa0yiQvBtMb+d+94lrI2L1iFnC/YiOlQgFo2il7h1XRmA2rNbcursAWSdeQWpQoDWsfg1GMUsjrpBJakzfcxP0c6pRMMlnlUFqeELZlI5531JFI278fHHujFxYZUTCWNtSSBbq74mcRsZkUWA7I4oTs+rNxf+8forhtZ8LlaTIFVsuClNJMCbz38lIaM5QZpZQpoW9lbAJ1ZShTahiQ/BWX14nnUbdc+veQ6PWvCniKMMZnMMleHAFTbiHFrSBwRSe4RXenMR5cd6dj2VrySlmTuEPnM8fcOKPng==</latexit>
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density as a weighted sum of Gaussian distributions:

p✓(x) =
kX

i=1

wiN (x; µi, ⌃i) / mixture of Gaussians (1.5)

where the parameters are ✓ = {µi, ⌃i}k
i=1, that is, the mean and variance of all Gaussians

in the mixture. Unlike classical Gaussian mixture models, VAEs use an infinite mixture of
Gaussians, that is, k ! 1.

But wait, how can we parameterize an infinite mixture? We can’t learn an infinite set
of means and variances. The trick we will use is to make the mean and variance be
functions of an underlying continuous variable. You can think of a

function as the infinite set
of values a variable takes
on over some domain.

The function the VAE uses is g✓. For nota-
tional convenience, we decompose this function into gµ

✓ and g⌃
✓ to separately model the

means and variances of the Gaussians in the infinite mixture. Next we need a continuous
domain to integrate our mixture over, and as a simple choice, we will use the unit Gaussian
distribution. Then our infinite mixture can be described as:

p✓(x) =
Z

z
N (x; gµ

✓ (z), g⌃
✓ (z))

| {z }
p✓(x | z)

N (z; 0, I)| {z }
pz(z)

dz / VAE hypothesis space (1.6)

Notice that this equation—an infinite mixture of Gaussians parameterized by a function
g✓—has exactly the same form as the marginal likelihood in equation (1.4). What we have
done is model an infinite mixture as an integral that marginalizes over a continuous latent
variable.

You can think about this as transforming a base distribution pz to a modeled distribution
p✓ by applying a deterministic mapping g✓ and then putting a blip of Gaussian probability
around each point in the range of this mapping. If you sample a few of the Gaussians in this
infinite mixture, they might look like this (figure 1.5):

Finite mixture of Gaussians Infinite mixture of Gaussians (VAE)

µ1
<latexit sha1_base64="lv1xbCMa7G70RvIfI53avW8D+8k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4r2Ad0xpJJM21okhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnK/+0iVZrG8N9OEBgKPJIsYwcZKD77AZhxGmS/S2cAbVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm6eeoTOrDFEUK/ukQXP190aGhdZTEdrJPKVe9nLxP6+fmugqyJhMUkMlWRyKUo5MjPIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv+8irpXNQ9t+7dXdaa10UdZTiBUzgHDxrQhFtoQRsIKHiGV3hznpwX5935WIyWnGLnGP7A+fwBqoaSmg==</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit>

⌃1
<latexit sha1_base64="jA4RYdCei8/Uk/i9ZyqF0slbLUw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnRPqAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBH3epJSP8ZDwSJGsDZSYNe8GOtRGOXeHRvGeBq4gV13Gs4MaJm4JalDiVZgf3mDhGQxFZpwrFTfdVLt51hqRjidVr1M0RSTMR7SvqECx1T5+Sz6FJ0YZYCiRJonNJqpvzdyHCs1iUMzWQRVi14h/uf1Mx1d+jkTaaapIPNDUcaRTlDRAxowSYnmE0MwkcxkRWSEJSbatFU1JbiLX14mnbOG6zTc2/N686qsowJHcAyn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79TEfXbHKnUP4A+vzBz3Tk/g=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit>

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ
✓ (z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓ (z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓ (z), g⌃
✓ (z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

Parameters: {wi, µi,⌃i}k
i=1

<latexit sha1_base64="VqkCmTPFmLdj1JjpaMdf6vpCx1I=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6EohuXFe0Dmhgm00k7dCYJMxOlhPyHG3/FjQtFXAku/BsnbRa29cDAmXPu5d57/JhRqSzrxygtLa+srpXXKxubW9s75u5eW0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr+6Cr3Ow9ESBqFd2ocE5ejQUgDipHSkmfWnfTRoyfQ4UgN/SB1eJLN/G/pgCMtOZmX0gs7ux95ZtWqWRPARWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk9syeKSVPgwioV+o4ET925EiLuWY+7oyX1nOe7n4n9dLVHDupjSME0VCPB0UJAyqCOZBwT4VBCs21gRhQfWuEA+RQFjpOCs6BHv+5EXSrtdsq2bfnFYbl0UcZXAADsExsMEZaIBr0AQtgMETeAFv4N14Nl6ND+NzWloyip59MAPj+xecbaHE</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit>

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit>

Parameters:

p✓(x) =
kX

i=1

wiN (x; µi,⌃i)
<latexit sha1_base64="JPuLhvyUaG6oupPh1JPD8eiwBD0="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit>

Figure 1.5: From a finite
mixture of Gaussians to
an infinite mixture.

While we have chosen Gaussians for p✓(x | z) and pz(z) in this example, VAEs can also
be constructed using other base distributions, even complicated ones. For example, we
could make an infinite mixture of the autoregressive distributions we saw in chapter ??.

x = gµ✓ (z) + g�✓ (z)✏
<latexit sha1_base64="heS7nLe9p7ncopCdvv2s67AypNo=">AAACNHicbVDLSgMxFM34tr6qLt0Ei6AIZUYE3QhFN4IbBatCp5ZMeqcNJpkhuSPWYT7KjR/iRgQXirj1G0xrF74OBA7nnEvuPVEqhUXff/JGRsfGJyanpkszs3PzC+XFpTObZIZDnScyMRcRsyCFhjoKlHCRGmAqknAeXR30/fNrMFYk+hR7KTQV62gRC87QSa3y0Q3do53LPFRZ0cpD7AKyYj1UDLtRnN8WG3RzYFvRUez/RAipFTLRtFWu+FV/APqXBENSIUMct8oPYTvhmQKNXDJrG4GfYjNnBgWXUJTCzELK+BXrQMNRzRTYZj44uqBrTmnTODHuaaQD9ftEzpS1PRW5ZH9X+9vri/95jQzj3WYudJohaP71UZxJigntN0jbwgBH2XOEcSPcrpR3mWEcXc8lV0Lw++S/5GyrGvjV4GS7Utsf1jFFVsgqWScB2SE1ckiOSZ1wckceyQt59e69Z+/Ne/+KjnjDmWXyA97HJwKErEg=</latexit><latexit sha1_base64="8JiQLBDZz0HBHNO+Dg9VCbcoXh4=">AAACWXicjVHLSgMxFM2Mr1pfVZdugkVQhDIjgm6EohvBjYJVoVNLJr3TBpPMkNwR6zAf5a+4EXHjp5jWLnwtPBA4nHMuyT2JMyksBsGr509Nz8zOVearC4tLyyu11bUrm+aGQ4unMjU3MbMghYYWCpRwkxlgKpZwHd+djPzrezBWpPoShxl0FOtrkQjO0End2tkDPaL92yJSedktIhwAsnI7UgwHcVI8ljt0d2xb0Vfs70QEmRUy1bRbqweNYAz6m4QTUicT/C/erT1HvZTnCjRyyaxth0GGnYIZFFxCWY1yCxnjd6wPbUc1U2A7xbiZkm45pUeT1LijkY7VrxMFU9YOVeySo4XsT28k/uW1c0wOO4XQWY6g+edFSS4ppnRUM+0JAxzl0BHGjXBvpXzADOPoPqPqVg9/LvqbXO01wqARXuzXm8eTzipkg2ySbRKSA9Ikp+SctAgnT+SFvHuz3pvv+RW/+hn1vcnMOvkGf/0D+iauxg==</latexit><latexit sha1_base64="8JiQLBDZz0HBHNO+Dg9VCbcoXh4=">AAACWXicjVHLSgMxFM2Mr1pfVZdugkVQhDIjgm6EohvBjYJVoVNLJr3TBpPMkNwR6zAf5a+4EXHjp5jWLnwtPBA4nHMuyT2JMyksBsGr509Nz8zOVearC4tLyyu11bUrm+aGQ4unMjU3MbMghYYWCpRwkxlgKpZwHd+djPzrezBWpPoShxl0FOtrkQjO0End2tkDPaL92yJSedktIhwAsnI7UgwHcVI8ljt0d2xb0Vfs70QEmRUy1bRbqweNYAz6m4QTUicT/C/erT1HvZTnCjRyyaxth0GGnYIZFFxCWY1yCxnjd6wPbUc1U2A7xbiZkm45pUeT1LijkY7VrxMFU9YOVeySo4XsT28k/uW1c0wOO4XQWY6g+edFSS4ppnRUM+0JAxzl0BHGjXBvpXzADOPoPqPqVg9/LvqbXO01wqARXuzXm8eTzipkg2ySbRKSA9Ikp+SctAgnT+SFvHuz3pvv+RW/+hn1vcnMOvkGf/0D+iauxg==</latexit><latexit sha1_base64="8JiQLBDZz0HBHNO+Dg9VCbcoXh4=">AAACWXicjVHLSgMxFM2Mr1pfVZdugkVQhDIjgm6EohvBjYJVoVNLJr3TBpPMkNwR6zAf5a+4EXHjp5jWLnwtPBA4nHMuyT2JMyksBsGr509Nz8zOVearC4tLyyu11bUrm+aGQ4unMjU3MbMghYYWCpRwkxlgKpZwHd+djPzrezBWpPoShxl0FOtrkQjO0End2tkDPaL92yJSedktIhwAsnI7UgwHcVI8ljt0d2xb0Vfs70QEmRUy1bRbqweNYAz6m4QTUicT/C/erT1HvZTnCjRyyaxth0GGnYIZFFxCWY1yCxnjd6wPbUc1U2A7xbiZkm45pUeT1LijkY7VrxMFU9YOVeySo4XsT28k/uW1c0wOO4XQWY6g+edFSS4ppnRUM+0JAxzl0BHGjXBvpXzADOPoPqPqVg9/LvqbXO01wqARXuzXm8eTzipkg2ySbRKSA9Ikp+SctAgnT+SFvHuz3pvv+RW/+hn1vcnMOvkGf/0D+iauxg==</latexit>

g✓ : Z ! X
<latexit sha1_base64="WJDDolYfZGghZbOzAgd8XQM6eB0=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgKe6KoHgKevEYwTwwG0LvZJIMmX0w06uEZT/Di7/ixYMiXnPzb5xNAmpiQUNR1U13lxdJodG2v6zc0vLK6lp+vbCxubW9U9zdq+swVozXWChD1fRAcykCXkOBkjcjxcH3JG94w+vMbzxwpUUY3OEo4m0f+oHoCQZopE7xpN9JXBxwhPSSuj7ggIFM7lPqKtEfICgVPv7ozbRTLNllewK6SJwZKZEZqp3i2O2GLPZ5gEyC1i3HjrCdgELBJE8Lbqx5BGwIfd4yNACf63YyeSylR0bp0l6oTAVIJ+rviQR8rUe+ZzqzE/W8l4n/ea0YexftRARRjDxg00W9WFIMaZYS7QrFGcqRIcCUMLdSNgAFDE2WBROCM//yIqmflh277NyelSpXszjy5IAckmPikHNSITekSmqEkSfyQt7Iu/VsvVof1ue0NWfNZvbJH1jjbwIJoP4=</latexit><latexit sha1_base64="DWra+XZSMujAfvYy1vINLIWda48=">AAACPXicjVC7SgNBFJ2NrxhfUUubwSBYxV0RFKugjaWCeWA2hLuTSTJk9sHMXSUs+xl+jYWNX2DnB9iI2No6SRbUxMIDA4dz7uXOOV4khUbbfrFyc/MLi0v55cLK6tr6RnFzq6bDWDFeZaEMVcMDzaUIeBUFSt6IFAffk7zuDc5Hfv2WKy3C4BqHEW/50AtEVzBAI7WLB7124mKfI6Sn1PUB+wxkcpNSV4leH0Gp8O5bb6TtYsku22PQWeJkpEQy/G+8XXx2OyGLfR4gk6B107EjbCWgUDDJ04Ibax4BG0CPNw0NwOe6lYzTp3TPKB3aDZV5AdKx+nMjAV/roe+ZyVEOPe2NxL+8Zozdk1YigihGHrDJoW4sKYZ0VCXtCMUZyqEhwJQwf6WsDwoYmsILJrozHXSW1A7Ljl12ro5KlbOsszzZIbtknzjkmFTIBbkkVcLIPXkgT+TNerRerXfrYzKas7KdbfIL1ucXDs2odw==</latexit><latexit sha1_base64="DWra+XZSMujAfvYy1vINLIWda48=">AAACPXicjVC7SgNBFJ2NrxhfUUubwSBYxV0RFKugjaWCeWA2hLuTSTJk9sHMXSUs+xl+jYWNX2DnB9iI2No6SRbUxMIDA4dz7uXOOV4khUbbfrFyc/MLi0v55cLK6tr6RnFzq6bDWDFeZaEMVcMDzaUIeBUFSt6IFAffk7zuDc5Hfv2WKy3C4BqHEW/50AtEVzBAI7WLB7124mKfI6Sn1PUB+wxkcpNSV4leH0Gp8O5bb6TtYsku22PQWeJkpEQy/G+8XXx2OyGLfR4gk6B107EjbCWgUDDJ04Ibax4BG0CPNw0NwOe6lYzTp3TPKB3aDZV5AdKx+nMjAV/roe+ZyVEOPe2NxL+8Zozdk1YigihGHrDJoW4sKYZ0VCXtCMUZyqEhwJQwf6WsDwoYmsILJrozHXSW1A7Ljl12ro5KlbOsszzZIbtknzjkmFTIBbkkVcLIPXkgT+TNerRerXfrYzKas7KdbfIL1ucXDs2odw==</latexit><latexit sha1_base64="DWra+XZSMujAfvYy1vINLIWda48=">AAACPXicjVC7SgNBFJ2NrxhfUUubwSBYxV0RFKugjaWCeWA2hLuTSTJk9sHMXSUs+xl+jYWNX2DnB9iI2No6SRbUxMIDA4dz7uXOOV4khUbbfrFyc/MLi0v55cLK6tr6RnFzq6bDWDFeZaEMVcMDzaUIeBUFSt6IFAffk7zuDc5Hfv2WKy3C4BqHEW/50AtEVzBAI7WLB7124mKfI6Sn1PUB+wxkcpNSV4leH0Gp8O5bb6TtYsku22PQWeJkpEQy/G+8XXx2OyGLfR4gk6B107EjbCWgUDDJ04Ibax4BG0CPNw0NwOe6lYzTp3TPKB3aDZV5AdKx+nMjAV/roe+ZyVEOPe2NxL+8Zozdk1YigihGHrDJoW4sKYZ0VCXtCMUZyqEhwJQwf6WsDwoYmsILJrozHXSW1A7Ljl12ro5KlbOsszzZIbtknzjkmFTIBbkkVcLIPXkgT+TNerRerXfrYzKas7KdbfIL1ucXDs2odw==</latexit>

max
✓

Ex⇠pdata [log p✓(x)]
<latexit sha1_base64="t5vNYCibwdn0HZR0Bv6T/GgWbvs="></latexit><latexit sha1_base64="pV/6yxyrK9ZfjtIo1viHQ1f3ym8="></latexit><latexit sha1_base64="pV/6yxyrK9ZfjtIo1viHQ1f3ym8="></latexit><latexit sha1_base64="pV/6yxyrK9ZfjtIo1viHQ1f3ym8="></latexit> !
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In this sense, mixture models are metamodels, and their components can themselves be any
of the density models we have learned about in this book, including other mixture models.

1.4.3 Optimizing VAEs
With the objective and hypothesis given previously, we can now fully define the VAE
learning problem:

Wait, a whole section on
optimization? Didn’t this

book say that
general-purpose
optimizers (like

backpropagation) are
sufficient in the deep

learning era? Yes. But
only if you can actually

compute the objective and
its gradient. The issue
here is that the VAE’s

objective is intractable. Its
exact computation

requires integrating over
an infinite set of deep net

forward passes. The
difficulty of optimizing

VAEs lies in the difficulty
of approximating this
intractable objective.

Once we derive our
approximation,

optimization again will be
easy: just apply

backpropagation on this
approximate loss.

✓⇤ = arg max
✓

L({x(i)}N
i=1, ✓) (1.7)

= arg max
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NX

i=1

log
Z

z

p✓(x(i) | z)z }| {
N (x(i); gµ

✓ (z), g⌃
✓ (z))

pz(z)z }| {
N (z; 0, I) dz

| {z }
p✓(x(i))

(1.8)

1.4.3.1 Trick 1: Approximating the Objective via Sampling The integral for p✓(x(i))
does not necessarily have a closed form since g✓ may be an arbitrarily complex function.
Therefore, we need to approximate this integral numerically. The first trick we will use is a
Monte Carlo estimate of this integral:

p✓(x) =
Z

z
p✓(x | z)pz(z)dz (1.9)

= Ez⇠pz(z)[p✓(x | z)] (1.10)

⇡ 1
M
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i=1

p✓(x | z(j)), z(j) ⇠ pz (1.11)

We could stop here, as the learning problem is now written in a closed differentiable form:
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log
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j=1

p✓(x(i) | zj)z }| {
N (x(i); gµ
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✓ (z(j))) (1.12)

As long as g✓ is a differentiable neural net, we can proceed with optimization via back-
propagation. In practice, on each iteration of backpropagation, we would collect a batch
of random samples {x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents
{z(j)}B2

j=1 ⇠ pz from the unit Gaussian distribution (with B1 and B2 being batch sizes).
Then we would pass each of the z samples through our net g✓, which yields a Gaussian
under which we can evaluate each x sample. After evaluating and summing up the log
probabilities, we would run a backward pass to update the parameters ✓.

In figure 1.6 we show what this process looks like at three checkpoints during training.
Here we use an isotropic Gaussian model, that is, we parameterize the covariance as ⌃ = �I,
where � = g�

✓ (z) is a scalar.

1.4.3.2 Trick 2: Efficient Approximation via Importance Sampling The previous
trick works decently for modeling low-dimensional distributions. Unfortunately, this
approach does not scale well to high-dimensions. The reason is that in order for our Monte
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Trick #1: Estimate the integral via sampling (Monte Carlo)

31.3. VARIATIONAL AUTOENCODERS 415

Finite mixture of Gaussians Infinite mixture of Gaussians (VAE)
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pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ

✓
(z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓
(z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓
(z), g⌃

✓
(z))dz
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Parameters: {wi, µi,⌃i}k
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Parameters:

p✓(x) =
kX

i=1

wiN (x; µi,⌃i)
<latexit sha1_base64="JPuLhvyUaG6oupPh1JPD8eiwBD0="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit>

While we have chosen Gaussians for p✓(x|z) and pz(z) in this example, VAEs can also be
constructed using other base distributions, even complicated ones. For example, we could
make an infinite mixture of the autoregressive distributions we saw in Chapter 29. In this
sense, mixture models are meta-models, and their components can themselves be any of the
density models we have learned about in this book, including other mixture models.

31.3.3 Optimizing VAEs

With the objective and hypothesis given above, we can now fully define the VAE learning
problem:

Wait, a whole section on
optimization? Didn’t this
book say that
general-purpose
optimizers (like backprop)
are su�cient in the deep
learning era? Yes. But
only if you can actually
compute the objective and
its gradient. The issue
here is that the VAE’s
objective is intractable.
Its exact computation
requires integrating over
an infinite set of deep net
forward passes. The
di�culty of optimizing
VAEs lies in the di�culty
of approximating this
intractable objective.
Once we derive our
approximation,
optimization again will be
easy: just apply backprop
on this approximate loss.

✓⇤ = arg min
✓

L({x(i)}N

i=1, ✓) (31.7)

= arg min
✓

NX

i=1

log

Z

z

p✓(x(i)|z)z }| {
N (x(i); gµ

✓
(z), g⌃

✓
(z))

pz(z)z }| {
N (z;0, I) dz

| {z }
p✓(x(i))

(31.8)

Trick #1: Approximating the objective via sampling The integral for p✓(x(i)) does
not necessarily have a closed form since g✓ may be an arbitrarily complex function. Therefore,
we need to approximate this integral numerically. The first trick we will use is a Monte Carlo
estimate of this integral:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.9)

= Ez⇠pz(z)[p✓(x|z)] (31.10)

⇡ 1

M

MX

i=1

p✓(x|z(j)), z(j) ⇠ pz (31.11)

We could stop here, as the learning problem is now written in a closed di↵erentiable form:

✓⇤ = arg min
✓

1

M

NX

i=1

log
MX

j=1

p✓(x(i)|zj))z }| {
N (x(i); gµ

✓
(z(j)), g⌃

✓
(z(j))) (31.12)

As long as g✓ is a di↵erentiable neural net, we can proceed with optimization via backprop.
In practice, on each iteration of backprop, we would collect a batch of random samples
{x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2
j=1 ⇠ pz from

the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each
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µ1
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<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ

✓
(z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓
(z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓
(z), g⌃

✓
(z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

Parameters: {wi, µi,⌃i}k

i=1
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Parameters:

p✓(x) =
kX

i=1

wiN (x; µi,⌃i)
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While we have chosen Gaussians for p✓(x|z) and pz(z) in this example, VAEs can also be
constructed using other base distributions, even complicated ones. For example, we could
make an infinite mixture of the autoregressive distributions we saw in Chapter 29. In this
sense, mixture models are meta-models, and their components can themselves be any of the
density models we have learned about in this book, including other mixture models.

31.3.3 Optimizing VAEs

With the objective and hypothesis given above, we can now fully define the VAE learning
problem:

Wait, a whole section on
optimization? Didn’t this
book say that
general-purpose
optimizers (like backprop)
are su�cient in the deep
learning era? Yes. But
only if you can actually
compute the objective and
its gradient. The issue
here is that the VAE’s
objective is intractable.
Its exact computation
requires integrating over
an infinite set of deep net
forward passes. The
di�culty of optimizing
VAEs lies in the di�culty
of approximating this
intractable objective.
Once we derive our
approximation,
optimization again will be
easy: just apply backprop
on this approximate loss.

✓⇤ = arg min
✓

L({x(i)}N

i=1, ✓) (31.7)

= arg min
✓

NX

i=1

log

Z

z

p✓(x(i)|z)z }| {
N (x(i); gµ

✓
(z), g⌃

✓
(z))

pz(z)z }| {
N (z;0, I) dz

| {z }
p✓(x(i))

(31.8)

Trick #1: Approximating the objective via sampling The integral for p✓(x(i)) does
not necessarily have a closed form since g✓ may be an arbitrarily complex function. Therefore,
we need to approximate this integral numerically. The first trick we will use is a Monte Carlo
estimate of this integral:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.9)

= Ez⇠pz(z)[p✓(x|z)] (31.10)

⇡ 1

M

MX

i=1

p✓(x|z(j)), z(j) ⇠ pz (31.11)

We could stop here, as the learning problem is now written in a closed di↵erentiable form:

✓⇤ = arg min
✓

1

M

NX

i=1

log
MX

j=1

p✓(x(i)|zj))z }| {
N (x(i); gµ

✓
(z(j)), g⌃

✓
(z(j))) (31.12)

As long as g✓ is a di↵erentiable neural net, we can proceed with optimization via backprop.
In practice, on each iteration of backprop, we would collect a batch of random samples
{x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2
j=1 ⇠ pz from

the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each
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g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ

✓
(z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓
(z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓
(z), g⌃

✓
(z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

Parameters: {wi, µi,⌃i}k

i=1
<latexit sha1_base64="VqkCmTPFmLdj1JjpaMdf6vpCx1I=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6EohuXFe0Dmhgm00k7dCYJMxOlhPyHG3/FjQtFXAku/BsnbRa29cDAmXPu5d57/JhRqSzrxygtLa+srpXXKxubW9s75u5eW0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr+6Cr3Ow9ESBqFd2ocE5ejQUgDipHSkmfWnfTRoyfQ4UgN/SB1eJLN/G/pgCMtOZmX0gs7ux95ZtWqWRPARWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk9syeKSVPgwioV+o4ET925EiLuWY+7oyX1nOe7n4n9dLVHDupjSME0VCPB0UJAyqCOZBwT4VBCs21gRhQfWuEA+RQFjpOCs6BHv+5EXSrtdsq2bfnFYbl0UcZXAADsExsMEZaIBr0AQtgMETeAFv4N14Nl6ND+NzWloyip59MAPj+xecbaHE</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit>
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Parameters:

p✓(x) =
kX

i=1

wiN (x; µi,⌃i)
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While we have chosen Gaussians for p✓(x|z) and pz(z) in this example, VAEs can also be
constructed using other base distributions, even complicated ones. For example, we could
make an infinite mixture of the autoregressive distributions we saw in Chapter 29. In this
sense, mixture models are meta-models, and their components can themselves be any of the
density models we have learned about in this book, including other mixture models.

31.3.3 Optimizing VAEs

With the objective and hypothesis given above, we can now fully define the VAE learning
problem:

Wait, a whole section on
optimization? Didn’t this
book say that
general-purpose
optimizers (like backprop)
are su�cient in the deep
learning era? Yes. But
only if you can actually
compute the objective and
its gradient. The issue
here is that the VAE’s
objective is intractable.
Its exact computation
requires integrating over
an infinite set of deep net
forward passes. The
di�culty of optimizing
VAEs lies in the di�culty
of approximating this
intractable objective.
Once we derive our
approximation,
optimization again will be
easy: just apply backprop
on this approximate loss.

✓⇤ = arg min
✓

L({x(i)}N

i=1, ✓) (31.7)

= arg min
✓

NX

i=1

log

Z

z

p✓(x(i)|z)z }| {
N (x(i); gµ

✓
(z), g⌃

✓
(z))

pz(z)z }| {
N (z;0, I) dz

| {z }
p✓(x(i))

(31.8)

Trick #1: Approximating the objective via sampling The integral for p✓(x(i)) does
not necessarily have a closed form since g✓ may be an arbitrarily complex function. Therefore,
we need to approximate this integral numerically. The first trick we will use is a Monte Carlo
estimate of this integral:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.9)

= Ez⇠pz(z)[p✓(x|z)] (31.10)

⇡ 1

M

MX

i=1

p✓(x|z(j)), z(j) ⇠ pz (31.11)

We could stop here, as the learning problem is now written in a closed di↵erentiable form:

✓⇤ = arg min
✓

1

M

NX

i=1

log
MX

j=1

p✓(x(i)|zj))z }| {
N (x(i); gµ

✓
(z(j)), g⌃

✓
(z(j))) (31.12)

As long as g✓ is a di↵erentiable neural net, we can proceed with optimization via backprop.
In practice, on each iteration of backprop, we would collect a batch of random samples
{x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2
j=1 ⇠ pz from

the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each
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In this sense, mixture models are metamodels, and their components can themselves be any
of the density models we have learned about in this book, including other mixture models.

1.4.3 Optimizing VAEs
With the objective and hypothesis given previously, we can now fully define the VAE
learning problem:

Wait, a whole section on
optimization? Didn’t this

book say that
general-purpose
optimizers (like

backpropagation) are
often sufficient in the deep

learning era? Yes. But
only if you can actually

compute the objective and
its gradient. The issue
here is that the VAE’s

objective is intractable. Its
exact computation

requires integrating over
an infinite set of deep net

forward passes. The
difficulty of optimizing

VAEs lies in the difficulty
of approximating this
intractable objective.

Once we derive our
approximation,

optimization again will be
easy: just apply

backpropagation on this
approximate loss.

✓⇤ = arg max
✓

L({x(i)}N
i=1, ✓) (1.7)

= arg max
✓

NX

i=1

log
Z

z

p✓(x(i) | z)z }| {
N (x(i); gµ

✓ (z), g⌃
✓ (z))

pz(z)z }| {
N (z; 0, I) dz

| {z }
p✓(x(i))

(1.8)

1.4.3.1 Trick 1: Approximating the objective via sampling The integral for p✓(x(i))
does not necessarily have a closed form since g✓ may be an arbitrarily complex function.
Therefore, we need to approximate this integral numerically. The first trick we will use is a
Monte Carlo estimate of this integral:

p✓(x) =
Z

z
p✓(x | z)pz(z)dz (1.9)

= Ez⇠pz(z)[p✓(x | z)] (1.10)

⇡ 1
M

MX

j=1

p✓(x | z(j)), z(j) ⇠ pz (1.11)

We could stop here, as the learning problem is now written in a closed differentiable form:

✓⇤ = arg max
✓

NX

i=1

log
1
M

MX

j=1

p✓(x(i) | z(j))z }| {
N (x(i); gµ

✓ (z(j)), g⌃
✓ (z(j))) (1.12)

As long as g✓ is a differentiable neural net, we can proceed with optimization via back-
propagation. In practice, on each iteration of backpropagation, we would collect a batch
of random samples {x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents
{z(j)}B2

j=1 ⇠ pz from the unit Gaussian distribution (with B1 and B2 being batch sizes).
Then we would pass each of the z samples through our net g✓, which yields a Gaussian
under which we can evaluate each x sample. After evaluating and summing up the log
probabilities, we would run a backward pass to update the parameters ✓.

In figure 1.6 we show what this process looks like at three checkpoints during training.
Here we use an isotropic Gaussian model, that is, we parameterize the covariance as ⌃ = �I,
where � = g�

✓ (z) is a scalar.

1.4.3.2 Trick 2: Efficient approximation via importance sampling The previous trick
works decently for modeling low-dimensional distributions. Unfortunately, this approach
does not scale well to high-dimensions. The reason is that in order for our Monte Carlo
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z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Random sampling

31.3. VARIATIONAL AUTOENCODERS 415

Finite mixture of Gaussians Infinite mixture of Gaussians (VAE)

µ1
<latexit sha1_base64="lv1xbCMa7G70RvIfI53avW8D+8k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4r2Ad0xpJJM21okhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnK/+0iVZrG8N9OEBgKPJIsYwcZKD77AZhxGmS/S2cAbVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm6eeoTOrDFEUK/ukQXP190aGhdZTEdrJPKVe9nLxP6+fmugqyJhMUkMlWRyKUo5MjPIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv+8irpXNQ9t+7dXdaa10UdZTiBUzgHDxrQhFtoQRsIKHiGV3hznpwX5935WIyWnGLnGP7A+fwBqoaSmg==</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit>

⌃1
<latexit sha1_base64="jA4RYdCei8/Uk/i9ZyqF0slbLUw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnRPqAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBH3epJSP8ZDwSJGsDZSYNe8GOtRGOXeHRvGeBq4gV13Gs4MaJm4JalDiVZgf3mDhGQxFZpwrFTfdVLt51hqRjidVr1M0RSTMR7SvqECx1T5+Sz6FJ0YZYCiRJonNJqpvzdyHCs1iUMzWQRVi14h/uf1Mx1d+jkTaaapIPNDUcaRTlDRAxowSYnmE0MwkcxkRWSEJSbatFU1JbiLX14mnbOG6zTc2/N686qsowJHcAyn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79TEfXbHKnUP4A+vzBz3Tk/g=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit>

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ

✓
(z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓
(z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓
(z), g⌃

✓
(z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

Parameters: {wi, µi,⌃i}k

i=1
<latexit sha1_base64="VqkCmTPFmLdj1JjpaMdf6vpCx1I=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpgm6EohuXFe0Dmhgm00k7dCYJMxOlhPyHG3/FjQtFXAku/BsnbRa29cDAmXPu5d57/JhRqSzrxygtLa+srpXXKxubW9s75u5eW0aJwKSFIxaJro8kYTQkLUUVI91YEMR9Rjr+6Cr3Ow9ESBqFd2ocE5ejQUgDipHSkmfWnfTRoyfQ4UgN/SB1eJLN/G/pgCMtOZmX0gs7ux95ZtWqWRPARWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk9syeKSVPgwioV+o4ET925EiLuWY+7oyX1nOe7n4n9dLVHDupjSME0VCPB0UJAyqCOZBwT4VBCs21gRhQfWuEA+RQFjpOCs6BHv+5EXSrtdsq2bfnFYbl0UcZXAADsExsMEZaIBr0AQtgMETeAFv4N14Nl6ND+NzWloyip59MAPj+xecbaHE</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit><latexit sha1_base64="sBmOxuMCzsUMj/j76QOCbfh9dAc=">AAACQHicjVA7T8MwGHTKq5RXgJHFokJiQFVSIcGCVMHCCII+pCZEjuu0Vu0ksh1QFeV/8GsYWNjZ+AcsCLEy4bQZaMvASZbOd98n+86PGZXKst6M0sLi0vJKebWytr6xuWVu77RklAhMmjhikej4SBJGQ9JUVDHSiQVB3Gek7Q8vcr99T4SkUXirRjFxOeqHNKAYKS15Zt1JHzx6BB2O1MAPUocn2dT9hvY50pKTeSk9s7O7oWdWrZo1BpwndkGqoMD/xj3z1elFOOEkVJghKbu2FSs3RUJRzEhWcRJJYoSHqE+6moaIE+mm4wIyeKCVHgwioU+o4Fj9vZEiLuWI+3oyzyVnvVz8y+smKjh1UxrGiSIhnjwUJAyqCOZtwh4VBCs20gRhQfVfIR4ggbDSnVd0dHs26Dxp1Wu2VbOvj6uN86KzMtgD++AQ2OAENMAluAJNgMEjeAIv4MN4Nt6NT+NrMloyip1dMAXj+wfB6Kk9</latexit>

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit><latexit sha1_base64="uxESLMiYAPGWpfODytsf17jL2uM=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAUkIs5O7yZjZBzN3hbDkHyxs/BUbEVsrO//GSbKFJhYeGDiccy537vETJQ257peztLyyurZe2Chubm3v7Jb29usmTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD68mfuMBtZFxdEejBDsh70cykIKTleptGiDxbqnsVtwp2CLxclKGHP+Ld0uf7V4s0hAjEoob0/LchDoZ1ySFwnGxnRpMuBjyPrYsjXiIppNNTxqzY6v0WBBr+yJiU/XnRMZDY0ahb5Mhp4GZ9ybiX14rpeCik8koSQkjMVsUpIpRzCb9sJ7UKEiNLOFCS/tXJgZcc0G2xaI93Zs/dJHUTyueW/Fuz8rVy7yzAhzCEZyAB+dQhWu4gRoIuIdHeIZX58l5cd6c91l0yclnDuAXnI9vVJ6WoQ==</latexit>

Parameters:

p✓(x) =
kX

i=1

wiN (x; µi,⌃i)
<latexit sha1_base64="JPuLhvyUaG6oupPh1JPD8eiwBD0="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit><latexit sha1_base64="WRWGjqBXrrkQB4aadORNn+Hbv/A="></latexit>

While we have chosen Gaussians for p✓(x|z) and pz(z) in this example, VAEs can also be
constructed using other base distributions, even complicated ones. For example, we could
make an infinite mixture of the autoregressive distributions we saw in Chapter 29. In this
sense, mixture models are meta-models, and their components can themselves be any of the
density models we have learned about in this book, including other mixture models.

31.3.3 Optimizing VAEs

With the objective and hypothesis given above, we can now fully define the VAE learning
problem:

Wait, a whole section on
optimization? Didn’t this
book say that
general-purpose
optimizers (like backprop)
are su�cient in the deep
learning era? Yes. But
only if you can actually
compute the objective and
its gradient. The issue
here is that the VAE’s
objective is intractable.
Its exact computation
requires integrating over
an infinite set of deep net
forward passes. The
di�culty of optimizing
VAEs lies in the di�culty
of approximating this
intractable objective.
Once we derive our
approximation,
optimization again will be
easy: just apply backprop
on this approximate loss.

✓⇤ = arg min
✓

L({x(i)}N

i=1, ✓) (31.7)

= arg min
✓

NX

i=1

log

Z

z

p✓(x(i)|z)z }| {
N (x(i); gµ

✓
(z), g⌃

✓
(z))

pz(z)z }| {
N (z;0, I) dz

| {z }
p✓(x(i))

(31.8)

Trick #1: Approximating the objective via sampling The integral for p✓(x(i)) does
not necessarily have a closed form since g✓ may be an arbitrarily complex function. Therefore,
we need to approximate this integral numerically. The first trick we will use is a Monte Carlo
estimate of this integral:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.9)

= Ez⇠pz(z)[p✓(x|z)] (31.10)

⇡ 1

M

MX

i=1

p✓(x|z(j)), z(j) ⇠ pz (31.11)

We could stop here, as the learning problem is now written in a closed di↵erentiable form:

✓⇤ = arg min
✓

1

M

NX

i=1

log
MX

j=1

p✓(x(i)|zj))z }| {
N (x(i); gµ

✓
(z(j)), g⌃

✓
(z(j))) (31.12)

As long as g✓ is a di↵erentiable neural net, we can proceed with optimization via backprop.
In practice, on each iteration of backprop, we would collect a batch of random samples
{x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2
j=1 ⇠ pz from

the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each

p✓(x) = Ez⇠pz

⇥
p✓(x|z)

⇤
<latexit sha1_base64="PiUezdwgX0RLsenBirpw38qs2BY="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit>
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Trick #2: Importance sampling

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

7 samples

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Random sampling

31.3. VARIATIONAL AUTOENCODERS 415

Finite mixture of Gaussians Infinite mixture of Gaussians (VAE)

µ1
<latexit sha1_base64="lv1xbCMa7G70RvIfI53avW8D+8k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4r2Ad0xpJJM21okhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnK/+0iVZrG8N9OEBgKPJIsYwcZKD77AZhxGmS/S2cAbVGtu3Z0DrRKvIDUo0BpUv/xhTFJBpSEca9333MQEGVaGEU5nFT/VNMFkgke0b6nEguogm6eeoTOrDFEUK/ukQXP190aGhdZTEdrJPKVe9nLxP6+fmugqyJhMUkMlWRyKUo5MjPIK0JApSgyfWoKJYjYrImOsMDG2qIotwVv+8irpXNQ9t+7dXdaa10UdZTiBUzgHDxrQhFtoQRsIKHiGV3hznpwX5935WIyWnGLnGP7A+fwBqoaSmg==</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit><latexit sha1_base64="HteIL3G/eQvIAimtCAs7umHK7iQ=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIUJdFNy4V7AM6Y8mkmTY0yQxJRihD/8OFG3/FjYg7cePfmGlnoa0LDwQO59zLzTlhwpk2rvvllFZW19Y3ypuVre2d3b3q/kFbx6kitEViHqtuiDXlTNKWYYbTbqIoFiGnnXB8lfudB6o0i+WdmSQ0EHgoWcQINla69wU2ozDKfJFO+16/WnPr7gxomXgFqUGB/433qx/+ICapoNIQjrXueW5iggwrwwin04qfappgMsZD2rNUYkF1kM2iTdGJVQYoipV90qCZ+nMjw0LriQjtZB5FL3q5+JfXS010EWRMJqmhkswPRSlHJkZ5T2jAFCWGTyzBRDH7V0RGWGFibJsVG91bDLpM2md1z617t+e15mXRWRmO4BhOwYMGNOEabqAFBBQ8wjO8Ok/Oi/PmvM9HS06xcwi/4Hx+A9A/mhM=</latexit>

⌃1
<latexit sha1_base64="jA4RYdCei8/Uk/i9ZyqF0slbLUw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIuiy6cVnRPqAJYTKdtEMnkzAzUUrsp7hxoYhbv8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tbK6tr6xWdmqbu/s7u3btYOOSjJJaJskPJG9ECvKmaBtzTSnvVRSHIecdsPxdeF3H6hULBH3epJSP8ZDwSJGsDZSYNe8GOtRGOXeHRvGeBq4gV13Gs4MaJm4JalDiVZgf3mDhGQxFZpwrFTfdVLt51hqRjidVr1M0RSTMR7SvqECx1T5+Sz6FJ0YZYCiRJonNJqpvzdyHCs1iUMzWQRVi14h/uf1Mx1d+jkTaaapIPNDUcaRTlDRAxowSYnmE0MwkcxkRWSEJSbatFU1JbiLX14mnbOG6zTc2/N686qsowJHcAyn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79TEfXbHKnUP4A+vzBz3Tk/g=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit><latexit sha1_base64="Nl6UeX5LRjJ+w2m4DLdMAdypvaY=">AAACH3icjVBNS8NAFHypX7V+pXr0EiyCp5KIoMeiF4+KthWaEDbbTbt0dxN2N0oJ/SkevPhXvIiIt/4bN20O2npwYGGYeY+3M1HKqNKuO7UqK6tr6xvVzdrW9s7unl3f76gkk5i0ccIS+RAhRRgVpK2pZuQhlQTxiJFuNLoq/O4jkYom4l6PUxJwNBA0phhpI4V23edID6M49+/ogKNJ6IV2w226MzjLxCtJA0r8bzy0v/x+gjNOhMYMKdXz3FQHOZKaYkYmNT9TJEV4hAakZ6hAnKggn+WbOMdG6TtxIs0T2pmpPzdyxJUa88hMFmnUoleIf3m9TMcXQU5Fmmki8PxQnDFHJ05RltOnkmDNxoYgLKn5q4OHSCKsTaU1E91bDLpMOqdNz216t2eN1mXZWRUO4QhOwINzaME13EAbMDzBM7zCu/VivVkf1ud8tGKVOwfwC9b0G4+hm3E=</latexit>

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

gµ

✓
(z1)

<latexit sha1_base64="Z2BOdrn6uRnZkOTK8p5iSP20MTc=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoigh6LXjxWsB/Q1LDZbtqlu0nYnQg15ObFv+LFgyJe/Qve/Ddu2hy09cHA470ZZub5MWcKbPvbKC0tr6yuldcrG5tb2zvm7l5bRYkktEUiHsmujxXlLKQtYMBpN5YUC5/Tjj++yv3OPZWKReEtTGLaF3gYsoARDFryzMPhXeqKJPNSF0YUcFZzBYaRH6QPmeeceGbVrttTWIvEKUgVFWh65pc7iEgiaAiEY6V6jh1DP8USGOE0q7iJojEmYzykPU1DLKjqp9M/MutYKwMriKSuEKyp+nsixUKpifB1Z36kmvdy8T+vl0Bw0U9ZGCdAQzJbFCTcgsjKQ7EGTFICfKIJJpLpWy0ywhIT0NFVdAjO/MuLpH1ad+y6c3NWbVwWcZTRATpCNeSgc9RA16iJWoigR/SMXtGb8WS8GO/Gx6y1ZBQz++gPjM8fliuZvA==</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit><latexit sha1_base64="4xoRn6AKonUe+t7SEtWxG/2aYYs=">AAACLHicjVDLSsNAFJ3UV62vqEtBgkWom5KIoMuiG5cK9gFNDZPppB06mYSZG6GG7PwaF278E3FTxK3f4aTNQlsXHhg4nHMvd87xY84U2PbEKC0tr6yuldcrG5tb2zvm7l5LRYkktEkiHsmOjxXlTNAmMOC0E0uKQ5/Ttj+6yv32A5WKReIOxjHthXggWMAIBi155uHgPnXDJPNSF4YUcFZzQwxDP0gfM8858cyqXbensBaJU5AqKvC/cc98c/sRSUIqgHCsVNexY+ilWAIjnGYVN1E0xmSEB7SrqcAhVb10GjazjrXSt4JI6ifAmqo/N1IcKjUOfT2ZJ1HzXi7+5XUTCC56KRNxAlSQ2aEg4RZEVt6c1WeSEuBjTTCRTP/VIkMsMQHdb0VHd+aDLpLWad2x687tWbVxWXRWRgfoCNWQg85RA12jG9REBD2hZ/SKJsaL8W58GJ+z0ZJR7OyjXzC+vgGsc6E1</latexit>

g⌃
✓
(z1)

<latexit sha1_base64="GV9IG+6jmon+NBjsm2I3uUmpU9Q=">AAACCnicbVC7TsNAEDzzDOFloKQxREihiWyEBGUEDWUQ5CHFxjpfzs4p54fu1kjBck3Dr9BQgBAtX0DH33BOXEDCSCuNZna1u+MlnEkwzW9tYXFpeWW1slZd39jc2tZ3djsyTgWhbRLzWPQ8LClnEW0DA057iaA49DjteqPLwu/eUyFZHN3COKFOiIOI+YxgUJKrHwRuZsOQAs7vMvuGBSHO63aIYej52UPuWseuXjMb5gTGPLFKUkMlWq7+ZQ9ikoY0AsKxlH3LTMDJsABGOM2rdippgskIB7SvaIRDKp1s8kpuHCllYPixUBWBMVF/T2Q4lHIceqqzOFLOeoX4n9dPwT93MhYlKdCITBf5KTcgNopcjAETlAAfK4KJYOpWgwyxwARUelUVgjX78jzpnDQss2Fdn9aaF2UcFbSPDlEdWegMNdEVaqE2IugRPaNX9KY9aS/au/YxbV3Qypk99Afa5w/DqZrp</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit><latexit sha1_base64="/gwywkhhv9buvLmBVyeB5qCTy8w=">AAACL3icjVDLSsNAFJ34rPUVdekmWoS6KYkIuiy6caloH9DEMJlO0qGTBzM3Qg1Z+zUu3PghbkQQcetfOGmz0NaFBwYO59zLnXO8hDMJpvmmzc0vLC4tV1aqq2vrG5v61nZbxqkgtEViHouuhyXlLKItYMBpNxEUhx6nHW94XvidOyoki6MbGCXUCXEQMZ8RDEpy9b3AzWwYUMD5bWZfsyDEed0OMQw8P7vPXevQ1WtmwxzDmCVWSWqoxP/GXf3F7sckDWkEhGMpe5aZgJNhAYxwmlftVNIEkyEOaE/RCIdUOtk4b24cKKVv+LFQLwJjrP7cyHAo5Sj01GSRRE57hfiX10vBP3UyFiUp0IhMDvkpNyA2ivKMPhOUAB8pgolg6q8GGWCBCaiKqyq6NR10lrSPGpbZsK6Oa82zsrMK2kX7qI4sdIKa6AJdohYi6AE9omf0rj1pr9qH9jkZndPKnR30C9rXNwGaomI=</latexit>

z1
<latexit sha1_base64="f6U6IoA1frszOw7vQfaNvW8RnLQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVBDf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ay1ukcI=</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit><latexit sha1_base64="FifGq+TUwzy0s9yNghRedxZVl4U=">AAACGHicjVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48KthXaUDbbTbt0swm7L0IN/RsevPhXvIh47c1/46bNQVsPDiwMM+/xdiZIpDDoul9OaWV1bX2jvFnZ2t7Z3avuH7RMnGrGmyyWsX4IqOFSKN5EgZI/JJrTKJC8HYyuc7/9yLURsbrHccL9iA6UCAWjaKVuN6I4DMLsadLzetWaW3dnIMvEK0gNCvxvvFeddvsxSyOukElqTMdzE/QzqlEwySeVbmp4QtmIDnjHUkUjbvxsFmxCTqzSJ2Gs7VNIZurPjYxGxoyjwE7mQcyil4t/eZ0Uw0s/EypJkSs2PxSmkmBM8pZIX2jOUI4toUwL+1fChlRThrbLio3uLQZdJq2zuufWvbvzWuOq6KwMR3AMp+DBBTTgBm6hCQwSeIZXeHdenDfnw/mcj5acYucQfsGZfgM2iZk7</latexit>

p✓(x) =

Z

z
pz(z)N (x; gµ

✓
(z), g⌃

✓
(z))dz

<latexit sha1_base64="yZOiI5XVXEML04639BpXo1WU2xI="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit><latexit sha1_base64="WPb8gvFRCHkkIZJBXsm6VgZmByA="></latexit>

Parameters: {wi, µi,⌃i}k

i=1
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While we have chosen Gaussians for p✓(x|z) and pz(z) in this example, VAEs can also be
constructed using other base distributions, even complicated ones. For example, we could
make an infinite mixture of the autoregressive distributions we saw in Chapter 29. In this
sense, mixture models are meta-models, and their components can themselves be any of the
density models we have learned about in this book, including other mixture models.

31.3.3 Optimizing VAEs

With the objective and hypothesis given above, we can now fully define the VAE learning
problem:

Wait, a whole section on
optimization? Didn’t this
book say that
general-purpose
optimizers (like backprop)
are su�cient in the deep
learning era? Yes. But
only if you can actually
compute the objective and
its gradient. The issue
here is that the VAE’s
objective is intractable.
Its exact computation
requires integrating over
an infinite set of deep net
forward passes. The
di�culty of optimizing
VAEs lies in the di�culty
of approximating this
intractable objective.
Once we derive our
approximation,
optimization again will be
easy: just apply backprop
on this approximate loss.

✓⇤ = arg min
✓

L({x(i)}N

i=1, ✓) (31.7)

= arg min
✓

NX

i=1

log

Z

z

p✓(x(i)|z)z }| {
N (x(i); gµ

✓
(z), g⌃

✓
(z))

pz(z)z }| {
N (z;0, I) dz

| {z }
p✓(x(i))

(31.8)

Trick #1: Approximating the objective via sampling The integral for p✓(x(i)) does
not necessarily have a closed form since g✓ may be an arbitrarily complex function. Therefore,
we need to approximate this integral numerically. The first trick we will use is a Monte Carlo
estimate of this integral:

p✓(x) =

Z

z
p✓(x|z)pz(z)dz (31.9)

= Ez⇠pz(z)[p✓(x|z)] (31.10)

⇡ 1

M

MX

i=1

p✓(x|z(j)), z(j) ⇠ pz (31.11)

We could stop here, as the learning problem is now written in a closed di↵erentiable form:

✓⇤ = arg min
✓

1

M

NX

i=1

log
MX

j=1

p✓(x(i)|zj))z }| {
N (x(i); gµ

✓
(z(j)), g⌃

✓
(z(j))) (31.12)

As long as g✓ is a di↵erentiable neural net, we can proceed with optimization via backprop.
In practice, on each iteration of backprop, we would collect a batch of random samples
{x(i)}B1

i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2
j=1 ⇠ pz from

the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each
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{x(i)}B1
i=1 ⇠ pdata from the training set and a batch of random latents {z(j)}B2

j=1 ⇠ pz from
the unit Gaussian distribution (with B1 and B2 being batch sizes). Then we would pass each
of the z samples through our net g✓, which yields a Gaussian under which we can evaluate
each x sample. After evaluating and summing up the log probabilities, we would run a
backwards pass to update the parameters ✓.

Below we show what this process looks like at three checkpoints during training. Here
we use an isotropic Gaussian model, i.e. we parameterize the covariance as ⌃ = �I, where
� = g�

✓ (z) is a scalar.
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Figure 1.2: Fitting an infinite mixture of Gaussians whose means and variances are param-
eterized by a generator function g✓.

Trick #2: E�cient approximation via importance sampling The above works de-
cently for modeling low-dimensional distributions. Unfortunately, this approach does not
scale well to high-dimensions. The reason is that in order for our Monte Carlo estimate
of the integral to be accurate, we may need many samples from pz, and the higher the
dimensionality of z, the more samples we will typically need.

Can we come up with a more e�cient way of approximating the integral in Eqn. 1.9?
Let’s start by writing out the sum from Eqn. 1.11 more explicitly:

p✓(x) ⇡ 1

M
(p✓(x|z(1)) + p✓(x|z(2)) + p✓(x|z(3)) + . . .) (1.13)

In general, some of the terms p✓(x|z(j)) will be larger than others. In fact, in our example in
Figure ??, most of these terms are near zero. This is because, to maximize likelihood, the
model spread out the Gaussians so that each places high density on a di↵erent part of the
data distribution. A datapoint x will only have substantial probability under the Gaussians
whose means are near x. Consider the example below, where we are trying to esimate the
probability of the point x (blue circle):
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<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

z
(1)

<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z
(2)

<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z
(3)

<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

The mixture components are shaded according to the probability they assign to x. Almost
all are so far from x that we have:

p✓(x) ⇡ 1

M
(0 + p✓(x|z(2)) + 0 + . . .) (1.14)

If we had only sampled z
(2), we would have had almost as good an estimate!

This brings us to the second trick of VAE’s: when approximating the likelihood integral for
p✓(x), try to only sample z’s that place high probability on x, i.e. those z

0s for which p✓(x|z)
is large. Then, a few samples will su�ce to well approximate the entire expectation. This
trick is called importance sampling. It is a general trick for approximating expectations.
Rather than sampling z

(i) ⇠ pz, we sample from some other density z
(i) ⇠ qz, and multiply

by a correction factor pz(z)
qz(z)

to account for the fact that we are sampling from a biased
distribution:

p✓(x) = Ez⇠pz

h
p✓(x|z)

i
=

Z

z
pz(z)p✓(x|z)dz =

Z

z
qz(z)

pz(z)

qz(z)
p✓(x|z)dz (1.15)

= Ez⇠qz

hpz(z)

qz(z)
p✓(x|z)

i
(1.16)

Using the intuition we developed above, the distribution q we would really like to sample
from is the one whose samples maximize p✓(x|z). It turns out that the optimal distribution
is q⇤ = p✓(Z|x). This distribution minimizes the expected error between a Monte Carlo
estimate of the expectation and its true value (i.e. minimizes the variance of our Monte
Carlo estimator).

See [Owen 2013], Chapter
9.1 for a proof that
q⇤(z) / |p✓(x|z)|pz(z),
from which it then follows
that
q⇤(z) / p✓(x|z)pz(z) =
p✓(x, z) / p✓(z|x),
yielding our result

The intuition is that p✓(Z|x) is precisely a prediction of which z’s are
most likely to have generated the observed x. The optimal importance sampling way to
estimate the likelihood of a datapoint will therefore look like this:

p✓(x) ⇡ 1

M

MX

j=1

pz(z(j))

p✓(z(j)|x)
p✓(x|z(j)) / Optimal importance sampling (1.17)

z
(j) ⇠ p✓(Z|x)

Visually, rather than sampling from all over pz and wasting samples on regions that places
nearly zero likelihood on the data, we focus our sampling to just the region that places high
likelihood on the data, and can get then away with far fewer samples to well approximate
the data likelihood:

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Importance sampling

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

z
(1)

<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z
(2)

<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z
(3)

<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>
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Figure 1.7: To estimate
p✓(x) we only need to
consider the Gaussian
components (gray cir-

cles) that place significant
probability on x.

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

values for which p✓(x | z) is large. Then, a few samples will suffice to well approximate
the entire expectation. This trick is called importance sampling. It is a general trick for
approximating expectations. Rather than sampling z(i) ⇠ pz, we sample from some other
density z(i) ⇠ qz, and multiply by a correction factor pz(z)

qz(z) to account for the fact that we are
sampling from a biased distribution:

p✓(x) = Ez⇠pz

h
p✓(x | z)

i
=

Z

z
pz(z)p✓(x | z)dz =

Z

z
qz(z)

pz(z)
qz(z)

p✓(x | z)dz (1.15)

= Ez⇠qz

hpz(z)
qz(z)

p✓(x | z)
i

(1.16)

Using the intuition we developed previously, the distribution q we would really like to
sample from is the one whose samples maximize p✓(xgivenz). It turns out that the opti-
mal distribution is q⇤ = p✓(Z | x). This distribution minimizes the expected error between
a Monte Carlo estimate of the expectation and its true value (i.e., minimizes the variance
of our Monte Carlo estimator).

See chapter 9, setion 1 of
[3] for a proof that

q⇤(z)/ |p✓(x | z)|pz(z),
from which it then follows

that
q⇤(z)/ p✓(x | z)pz(z) =

p✓(x, z)/ p✓(z |x),
yielding our result.

The intuition is that p✓(Z | x) is precisely a prediction of
which z values are most likely to have generated the observed x. The optimal importance
sampling way to estimate the likelihood of a datapoint will therefore look like this:

p✓(x) ⇡ 1
M

MX

j=1

pz(z(j))
p✓(z(j) | x)

p✓(x | z(j)) / Optimal importance sampling (1.17)

z(j) ⇠ p✓(Z | x)

Visually, rather than sampling from all over pz and wasting samples on regions that places
nearly zero likelihood on the data, we focus our sampling to just the region that places high
likelihood on the data, and we can get then away with far fewer samples to well approximate
the data likelihood, as indicated figure 1.8.

Figure 1.8: Optimal
importance sampling esti-

mates p✓(x) by drawing
samples from p✓(Z |x).pz
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z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>

Trick #2: Importance sampling
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Figure 1.7: To estimate
p✓(x) we only need to
consider the Gaussian
components (gray cir-

cles) that place significant
probability on x.

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

values for which p✓(x | z) is large. Then, a few samples will suffice to well approximate
the entire expectation. This trick is called importance sampling. It is a general trick for
approximating expectations. Rather than sampling z(i) ⇠ pz, we sample from some other
density z(i) ⇠ qz, and multiply by a correction factor pz(z)

qz(z) to account for the fact that we are
sampling from a biased distribution:

p✓(x) = Ez⇠pz

h
p✓(x | z)

i
=

Z

z
pz(z)p✓(x | z)dz =

Z

z
qz(z)

pz(z)
qz(z)

p✓(x | z)dz (1.15)

= Ez⇠qz

hpz(z)
qz(z)

p✓(x | z)
i

(1.16)

Using the intuition we developed previously, the distribution q we would really like to
sample from is the one whose samples maximize p✓(xgivenz). It turns out that the opti-
mal distribution is q⇤ = p✓(Z | x). This distribution minimizes the expected error between
a Monte Carlo estimate of the expectation and its true value (i.e., minimizes the variance
of our Monte Carlo estimator).

See chapter 9, setion 1 of
[3] for a proof that

q⇤(z)/ |p✓(x | z)|pz(z),
from which it then follows

that
q⇤(z)/ p✓(x | z)pz(z) =

p✓(x, z)/ p✓(z |x),
yielding our result.

The intuition is that p✓(Z | x) is precisely a prediction of
which z values are most likely to have generated the observed x. The optimal importance
sampling way to estimate the likelihood of a datapoint will therefore look like this:

p✓(x) ⇡ 1
M

MX

j=1

pz(z(j))
p✓(z(j) | x)

p✓(x | z(j)) / Optimal importance sampling (1.17)

z(j) ⇠ p✓(Z | x)

Visually, rather than sampling from all over pz and wasting samples on regions that places
nearly zero likelihood on the data, we focus our sampling to just the region that places high
likelihood on the data, and we can get then away with far fewer samples to well approximate
the data likelihood, as indicated figure 1.8.

Figure 1.8: Optimal
importance sampling esti-

mates p✓(x) by drawing
samples from p✓(Z |x).pz
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<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>
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Figure 1.7: To estimate
p✓(x) we only need to
consider the Gaussian
components (gray cir-

cles) that place significant
probability on x.

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
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values for which p✓(x | z) is large. Then, a few samples will suffice to well approximate
the entire expectation. This trick is called importance sampling. It is a general trick for
approximating expectations. Rather than sampling z(i) ⇠ pz, we sample from some other
density z(i) ⇠ qz, and multiply by a correction factor pz(z)

qz(z) to account for the fact that we are
sampling from a biased distribution:

p✓(x) = Ez⇠pz

h
p✓(x | z)

i
=

Z

z
pz(z)p✓(x | z)dz =

Z

z
qz(z)

pz(z)
qz(z)

p✓(x | z)dz (1.15)

= Ez⇠qz

hpz(z)
qz(z)

p✓(x | z)
i

(1.16)

Using the intuition we developed previously, the distribution q we would really like to
sample from is the one whose samples maximize p✓(xgivenz). It turns out that the opti-
mal distribution is q⇤ = p✓(Z | x). This distribution minimizes the expected error between
a Monte Carlo estimate of the expectation and its true value (i.e., minimizes the variance
of our Monte Carlo estimator).

See chapter 9, setion 1 of
[3] for a proof that

q⇤(z)/ |p✓(x | z)|pz(z),
from which it then follows

that
q⇤(z)/ p✓(x | z)pz(z) =

p✓(x, z)/ p✓(z |x),
yielding our result.

The intuition is that p✓(Z | x) is precisely a prediction of
which z values are most likely to have generated the observed x. The optimal importance
sampling way to estimate the likelihood of a datapoint will therefore look like this:

p✓(x) ⇡ 1
M

MX

j=1

pz(z(j))
p✓(z(j) | x)

p✓(x | z(j)) / Optimal importance sampling (1.17)

z(j) ⇠ p✓(Z | x)

Visually, rather than sampling from all over pz and wasting samples on regions that places
nearly zero likelihood on the data, we focus our sampling to just the region that places high
likelihood on the data, and we can get then away with far fewer samples to well approximate
the data likelihood, as indicated figure 1.8.

Figure 1.8: Optimal
importance sampling esti-

mates p✓(x) by drawing
samples from p✓(Z |x).pz

<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Importance sampling

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>x

<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>
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Figure 1.7: To estimate
p✓(x) we only need to
consider the Gaussian
components (gray cir-

cles) that place significant
probability on x.

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>
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<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>
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<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

values for which p✓(x | z) is large. Then, a few samples will suffice to well approximate
the entire expectation. This trick is called importance sampling. It is a general trick for
approximating expectations. Rather than sampling z(i) ⇠ pz, we sample from some other
density z(i) ⇠ qz, and multiply by a correction factor pz(z)

qz(z) to account for the fact that we are
sampling from a biased distribution:

p✓(x) = Ez⇠pz

h
p✓(x | z)

i
=

Z

z
pz(z)p✓(x | z)dz =

Z

z
qz(z)

pz(z)
qz(z)

p✓(x | z)dz (1.15)

= Ez⇠qz

hpz(z)
qz(z)

p✓(x | z)
i

(1.16)

Using the intuition we developed previously, the distribution q we would really like to
sample from is the one whose samples maximize p✓(xgivenz). It turns out that the opti-
mal distribution is q⇤ = p✓(Z | x). This distribution minimizes the expected error between
a Monte Carlo estimate of the expectation and its true value (i.e., minimizes the variance
of our Monte Carlo estimator).

See chapter 9, setion 1 of
[3] for a proof that

q⇤(z)/ |p✓(x | z)|pz(z),
from which it then follows

that
q⇤(z)/ p✓(x | z)pz(z) =

p✓(x, z)/ p✓(z |x),
yielding our result.

The intuition is that p✓(Z | x) is precisely a prediction of
which z values are most likely to have generated the observed x. The optimal importance
sampling way to estimate the likelihood of a datapoint will therefore look like this:

p✓(x) ⇡ 1
M

MX

j=1

pz(z(j))
p✓(z(j) | x)

p✓(x | z(j)) / Optimal importance sampling (1.17)

z(j) ⇠ p✓(Z | x)

Visually, rather than sampling from all over pz and wasting samples on regions that places
nearly zero likelihood on the data, we focus our sampling to just the region that places high
likelihood on the data, and we can get then away with far fewer samples to well approximate
the data likelihood, as indicated figure 1.8.

Figure 1.8: Optimal
importance sampling esti-

mates p✓(x) by drawing
samples from p✓(Z |x).pz
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g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Importance sampling

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>x

<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>

qz = p✓(Z|x)
<latexit sha1_base64="u+ISJTOrP7zuy45KyEMCMJchbHQ=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSBEhLArgl6EoBePEcwDk7DMTmaTIbMPZ3rFuO5HePFXvHhQxKsHb/6Ns0kETSxoKKq66e5yI8EVWNaXMTM7N7+wmFvKL6+srq2bG5s1FcaSsioNRSgbLlFM8IBVgYNgjUgy4ruC1d3+WebXb5hUPAwuYRCxtk+6Afc4JaAlx9y/dpKWT6DnesldmuITHGkBegxIWrzC9/jHvE33HLNglawh8DSxx6SAxqg45merE9LYZwFQQZRq2lYE7YRI4FSwNN+KFYsI7ZMua2oaEJ+pdjJ8KsW7WulgL5S6AsBD9fdEQnylBr6rO7MT1aSXif95zRi843bCgygGFtDRIi8WGEKcJYQ7XDIKYqAJoZLrWzHtEUko6BzzOgR78uVpUjso2VbJvjgslE/HceTQNtpBRWSjI1RG56iCqoiiB/SEXtCr8Wg8G2/G+6h1xhjPbKE/MD6+AfZknrw=</latexit><latexit sha1_base64="99t91iuau7RfALm7ylewmkMTJXI=">AAACOXicjVDLSsNAFJ34rPVVdelmsAgVoSQi6EYounGpYB/YhjCZTtqhk4czN2KN+Qi/xoUbv8GdSzcibv0Bp20EbV14YOBwzr3cOceNBFdgmi/G1PTM7Nx8biG/uLS8slpYW6+pMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7vZOBn79mknFw+AC+hGzfdIJuMcpAS05hd0rJ2n5BLqul9ymKT7CkRagy4CkpUt8h7/Nm3THKRTNsjkEniRWRooow//GncJzqx3S2GcBUEGUalpmBHZCJHAqWJpvxYpFhPZIhzU1DYjPlJ0Mk6d4Wytt7IVSvwDwUP25kRBfqb7v6slBDjXuDcS/vGYM3qGd8CCKgQV0dMiLBYYQD2rEbS4ZBdHXhFDJ9V8x7RJJKOiy8zq6NR50ktT2ypZZts73i5XjrLMc2kRbqIQsdIAq6BSdoSqi6B49oCf0Zjwar8a78TEanTKynQ30C8bnF7TSpjU=</latexit><latexit sha1_base64="99t91iuau7RfALm7ylewmkMTJXI=">AAACOXicjVDLSsNAFJ34rPVVdelmsAgVoSQi6EYounGpYB/YhjCZTtqhk4czN2KN+Qi/xoUbv8GdSzcibv0Bp20EbV14YOBwzr3cOceNBFdgmi/G1PTM7Nx8biG/uLS8slpYW6+pMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7vZOBn79mknFw+AC+hGzfdIJuMcpAS05hd0rJ2n5BLqul9ymKT7CkRagy4CkpUt8h7/Nm3THKRTNsjkEniRWRooow//GncJzqx3S2GcBUEGUalpmBHZCJHAqWJpvxYpFhPZIhzU1DYjPlJ0Mk6d4Wytt7IVSvwDwUP25kRBfqb7v6slBDjXuDcS/vGYM3qGd8CCKgQV0dMiLBYYQD2rEbS4ZBdHXhFDJ9V8x7RJJKOiy8zq6NR50ktT2ypZZts73i5XjrLMc2kRbqIQsdIAq6BSdoSqi6B49oCf0Zjwar8a78TEanTKynQ30C8bnF7TSpjU=</latexit><latexit sha1_base64="99t91iuau7RfALm7ylewmkMTJXI=">AAACOXicjVDLSsNAFJ34rPVVdelmsAgVoSQi6EYounGpYB/YhjCZTtqhk4czN2KN+Qi/xoUbv8GdSzcibv0Bp20EbV14YOBwzr3cOceNBFdgmi/G1PTM7Nx8biG/uLS8slpYW6+pMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7vZOBn79mknFw+AC+hGzfdIJuMcpAS05hd0rJ2n5BLqul9ymKT7CkRagy4CkpUt8h7/Nm3THKRTNsjkEniRWRooow//GncJzqx3S2GcBUEGUalpmBHZCJHAqWJpvxYpFhPZIhzU1DYjPlJ0Mk6d4Wytt7IVSvwDwUP25kRBfqb7v6slBDjXuDcS/vGYM3qGd8CCKgQV0dMiLBYYQD2rEbS4ZBdHXhFDJ9V8x7RJJKOiy8zq6NR50ktT2ypZZts73i5XjrLMc2kRbqIQsdIAq6BSdoSqi6B49oCf0Zjwar8a78TEanTKynQ30C8bnF7TSpjU=</latexit>

Set
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Trick #2: Importance sampling

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

1 sample

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

Importance sampling z(j) ⇠ p✓(Z|x)
<latexit sha1_base64="cJYvUqO2ngz3PtHgvkRKxna/9Tk="></latexit><latexit sha1_base64="ZvOxSX/mHh8Q0XHDjqLVdwiOgFQ="></latexit><latexit sha1_base64="ZvOxSX/mHh8Q0XHDjqLVdwiOgFQ="></latexit><latexit sha1_base64="ZvOxSX/mHh8Q0XHDjqLVdwiOgFQ="></latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit> g✓

<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

p✓(x) = Ez⇠p✓(Z|x)

h pz(z)

p✓(z|x)
p✓(x|z)

i

<latexit sha1_base64="lOaA+idf+J8E9h+MWlJZbaJZQ48="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit>

p✓(x) = Ez⇠pz

⇥
p✓(x|z)

⇤
<latexit sha1_base64="PiUezdwgX0RLsenBirpw38qs2BY="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit>
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Trick #2: Importance sampling

pz
<latexit sha1_base64="v6C7OMy5S8qrdCPD/O7yQwVvJ10=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuayYQko9Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTSM60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4UoS0S81h1A6wpZ4K2DDOcdqWiOAo47QST69zvPFClWSzuzFRSP8IjwUJGsLHSvRyk/QibcRCmT1k2qNbcujsDWiZeQWpQoDmofvWHMUkiKgzhWOue50rjp1gZRjjNKv1EU4nJBI9oz1KBI6r9dJY6QydWGaIwVvYJg2bq740UR1pPo8BO5hH1opeL/3m9xISXfsqETAwVZH4oTDgyMcorQEOmKDF8agkmitmsiIyxwsTYoiq2BG/xy8ukfVb33Lp3e15rXBV1lOEIjuEUPLiABtxAE1pAQMEzvMKb8+i8OO/Ox3y05BQ7h/AHzucPWayTDQ==</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit><latexit sha1_base64="vgFMGiEvtaV2T21eMerCrexRksc=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg3NZEKSEeow/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pxAcqaN6345paXlldW18nplY3Nre6e6u9fScaIIbZKYx6oTYE05E7RpmOG0IxXFUcBpOxhf5n77nirNYnFrJpL6ER4KFjKCjZXuZD/tRdiMgjB9yLJ+tebW3SnQIvEKUoMC/xvvVz96g5gkERWGcKx113Ol8VOsDCOcZpVeoqnEZIyHtGupwBHVfjqNlqEjqwxQGCv7hEFT9edGiiOtJ1FgJ/Mcet7Lxb+8bmLCcz9lQiaGCjI7FCYcmRjlPaEBU5QYPrEEE8XsXxEZYYWJsW1WbHRvPugiaZ3UPbfu3ZzWGhdFZ2U4gEM4Bg/OoAFXcA1NIKDgEZ7h1XlyXpw35302WnKKnX34BefzG5AEmoY=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

Random sampling Importance sampling
7 samples 1 sample

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

z(1)
<latexit sha1_base64="eO5k6OPBa7v2Qwx3/Y64tM2HG28=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFNy4r2Ae0sUymk3boZBJmJoUa8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/CoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nSmVikXiQc9i6oV4JFjACNZGGth2P8R67AfpU/aY1tzzbGBXnbozB1olbkGqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeek8eYbOjDJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcqqmBLc5S+vkvZF3XXq7v1ltXFT1FGGEziFGrhwBQ24gya0gMAUnuEV3qzUerHerY/FaMkqdo7hD6zPHz/pk2M=</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit><latexit sha1_base64="Id/NYL/1Q8gdkhjmwzQGDdcFSBs=">AAACHnicjVDLSsNAFL3xWesr6tLNYBHqpiQi6LLoxqWCfUAby2Q6aYdOJmFmUqghf+LCjb/iRkRwpX/jpM1CWxceGDiccy93zvFjzpR2nC9raXlldW29tFHe3Nre2bX39psqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud8aU6lYJO70JKZeiAeCBYxgbaSebXdDrId+kD5k92nVPcl6dsWpOVOgReIWpAIF/jfesz+6/YgkIRWacKxUx3Vi7aVYakY4zcrdRNEYkxEe0I6hAodUeek0XoaOjdJHQSTNExpN1Z8bKQ6VmoS+mczDqHkvF//yOokOLryUiTjRVJDZoSDhSEco7wr1maRE84khmEhm/orIEEtMtGm0bKK780EXSfO05jo19/asUr8sOivBIRxBFVw4hzpcww00gMAYHuEZXq0n68V6s95no0tWsXMAv2B9fgN9e5rc</latexit>

z(2)
<latexit sha1_base64="YMJkt2B3tjb6wK5Qx7sodssRc4M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRF0GXRjcsK9gFtLJPppB06mYSZSaGG/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uc39zpRKxSLxoGcx9UI8EixgBGsjDWy7H2I99oP0KXtMq/WLbGBXnJozB1olbkEqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zcr9RNEYkwke0Z6hAodUeek8eYbOjTJEQSTNExrN1d8bKQ6VmoW+mcxzqmUvF//zeokOrr2UiTjRVJDFoSDhSEcorwENmaRE85khmEhmsiIyxhITbcoqmxLc5S+vkna95jo19/6y0rgp6ijBKZxBFVy4ggbcQRNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPH0Fvk2Q=</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit><latexit sha1_base64="jMXv680Im3zekTsymjDVkDZFoJE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyUpgi6Lblwq2Ae0tUymk3boZBJmJoUa8icu3PgrbkQEV/o3TtostHXhgYHDOfdy5xwv4kxpx/myCiura+sbxc3S1vbO7p69f9BUYSwJbZCQh7LtYUU5E7Shmea0HUmKA4/Tlje+yvzWhErFQnGnpxHtBXgomM8I1kbq23Y3wHrk+clDep9Uaqdp3y47VWcGtEzcnJQhx//G+/ZHdxCSOKBCE46V6rhOpHsJlpoRTtNSN1Y0wmSMh7RjqMABVb1kFi9FJ0YZID+U5gmNZurPjQQHSk0Dz0xmYdSil4l/eZ1Y+xe9hIko1lSQ+SE/5kiHKOsKDZikRPOpIZhIZv6KyAhLTLRptGSiu4tBl0mzVnWdqnt7Vq5f5p0V4QiOoQIunEMdruEGGkBgAo/wDK/Wk/VivVnv89GCle8cwi9Yn99/Jprd</latexit>

z(3)
<latexit sha1_base64="3vFeMwbobRlobNMxcppat6sUCjo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6LLoxmUF+4A2lsl00g6dTMLMpFBD/sSNC0Xc+ifu/BsnbRbaemDgcM693DPHjzlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsf3+Z+e0KlYpF40NOYeiEeChYwgrWR+rbdC7Ee+UH6lD2m1YuzrG9XnJozA1ombkEqUKDRt796g4gkIRWacKxU13Vi7aVYakY4zcq9RNEYkzEe0q6hAodUeekseYZOjTJAQSTNExrN1N8bKQ6Vmoa+mcxzqkUvF//zuokOrr2UiTjRVJD5oSDhSEcorwENmKRE86khmEhmsiIywhITbcoqmxLcxS8vk9Z5zXVq7v1lpX5T1FGCYziBKrhwBXW4gwY0gcAEnuEV3qzUerHerY/56IpV7BzBH1ifP0L1k2U=</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit><latexit sha1_base64="+uDOr4nnQGckRSHhZJ19yG3E8XE=">AAACHnicjVDLSsNAFL2pr1pfUZduBotQNyVRQZdFNy4V7APaWibTSTt0Mgkzk0IN+RMXbvwVNyKCK/0bJ20W2rrwwMDhnHu5c44Xcaa043xZhaXlldW14nppY3Nre8fe3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtdZX5zTKViobjTk4h2AzwQzGcEayP1bLsTYD30/OQhvU8qp8dpzy47VWcKtEjcnJQhx//Ge/ZHpx+SOKBCE46VartOpLsJlpoRTtNSJ1Y0wmSEB7RtqMABVd1kGi9FR0bpIz+U5gmNpurPjQQHSk0Cz0xmYdS8l4l/ee1Y+xfdhIko1lSQ2SE/5kiHKOsK9ZmkRPOJIZhIZv6KyBBLTLRptGSiu/NBF0njpOo6Vff2rFy7zDsrwgEcQgVcOIcaXMMN1IHAGB7hGV6tJ+vFerPeZ6MFK9/Zh1+wPr8BgNGa3g==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>

p✓(x) = Ez⇠pz

⇥
p✓(x|z)

⇤
<latexit sha1_base64="PiUezdwgX0RLsenBirpw38qs2BY="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit><latexit sha1_base64="5XUEGMdOBdmyFBO7/uyyfCYGE0s="></latexit>

p✓(x) = Ez⇠p✓(Z|x)

h pz(z)

p✓(z|x)
p✓(x|z)

i

<latexit sha1_base64="lOaA+idf+J8E9h+MWlJZbaJZQ48="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit><latexit sha1_base64="K/KCqqdIfQT/Hl4kNbrRI7jW764="></latexit>
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x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>

Trick #3: Predict the optimal sampling distribution for each given datapoint
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p✓(Z|x)
<latexit sha1_base64="5bPww7M98Smhp1zPCsHVbHqCrjE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjcsK9oFtCJPppB06eTBzI5YYcOOvuHGhiFt/wp1/46TNQlsPXDiccy/33uPFgiuwrG9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6PL3G/fMal4FN7AOGZOQAYh9zkloCXX3I/dtAdDBiSr3uIH3AsIDD0/vc+OXbNi1awJ8DyxC1JBBRqu+dXrRzQJWAhUEKW6thWDkxIJnAqWlXuJYjGhIzJgXU1DEjDlpJMfMnyklT72I6krBDxRf0+kJFBqHHi6Mz9RzXq5+J/XTcA/d1IexgmwkE4X+YnAEOE8ENznklEQY00IlVzfiumQSEJBx1bWIdizL8+T1knNtmr29WmlflHEUUIH6BBVkY3OUB1doQZqIooe0TN6RW/Gk/FivBsf09YFo5jZQ39gfP4AuHKXjQ==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit><latexit sha1_base64="RCxHapLz5mISk2M3aawzi7L9els=">AAACKHicjVDLSsNAFJ34rPUVdaebwSLUTUlE0GXRjUsF+8A2hMl00g6dPJi5EUsM+DUu3PgrIoh065c4abPQ1oUHBg7n3Mudc7xYcAWWNTYWFpeWV1ZLa+X1jc2tbXNnt6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7zM/dY9k4pH4S2MYuYEpB9yn1MCWnLN/dhNuzBgQLLqHX7E3YDAwPPTh+zYNStWzZoAzxO7IBVU4H/jrvne7UU0CVgIVBClOrYVg5MSCZwKlpW7iWIxoUPSZx1NQxIw5aSToBk+0koP+5HULwQ8UX9upCRQahR4ejLPoWa9XPzL6yTgnzspD+MEWEinh/xEYIhw3hrucckoiJEmhEqu/4rpgEhCQXdb1tHt2aDzpHlSs62afXNaqV8UnZXQATpEVWSjM1RHV+gaNRBFT+gZvaIP48V4Mz6N8XR0wSh29tAvGF/fgyOfBg==</latexit>

Trick #3: Predict the optimal sampling distribution for each given datapoint

Encoder

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>
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Trick #3: Predict the optimal sampling distribution for each given datapoint

Encoder

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>f⌃

 (x)
<latexit sha1_base64="vdZku2h1UsS0KergAGkbqovUt2E=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFsYi6ENqQuW4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BqfNAC1HutLROffq3nuCmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Mvc790QqGolbPYmJz9FQ0JBipI3UtythP/ViRbM774YOOap5HOlREKYP2XHfrjp1Zwq4SNyCVEGBZt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSKDR0YZwDCSpoSGU/X3RIq4UhMemM78RDXv5eJ/Xi/R4bmfUhEnmgg8WxQmDOoI5onAAZUEazYxBGFJza0Qj5BEWJvcyiYEd/7lRdI+qbtO3b0+rTYuijhKoAIOQQ244Aw0wBVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwB9bnDxFTmFg=</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit>

fµ
 (x)

<latexit sha1_base64="sYupUvzVNYry7nW5oT3oWoMY/hI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MZlBfuAJpbJdNIOnZmEmYlYQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc790QqGolbPYmJz9FQ0JBipI3Utw/CfurFimZ3Hk9qHkd6FITpQ3bSt6tO3ZkCLhK3IFVQoNm3v7xBhBNOhMYMKdVznVj7KZKaYkayipcoEiM8RkPSM1QgTpSfTj/I4LFRBjCMpCmh4VT9PZEirtSEB6YzP1HNe7n4n9dLdHjhp1TEiSYCzxaFCYM6gnkccEAlwZpNDEFYUnMrxCMkEdYmtIoJwZ1/eZG0T+uuU3dvzqqNyyKOMjgER6AGXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QPqa5cr</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

q (Z|x) = N (fµ
 (x), f

⌃
 (x))

<latexit sha1_base64="tJuuARgCkD8UHvABZqknow30p00="></latexit><latexit sha1_base64="QXR39N4lXjvnwEcvwy8N+yt31qw="></latexit><latexit sha1_base64="QXR39N4lXjvnwEcvwy8N+yt31qw="></latexit><latexit sha1_base64="QXR39N4lXjvnwEcvwy8N+yt31qw="></latexit>
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Trick #3: Predict the optimal sampling distribution for each given datapoint

to model thisWe are fitting this

Our learning problem for q:

i
i

i
i

i
i

i
i

500 Chapter 33

parameters, so we can drop that term, yielding:

 
⇤ = arg max

 

1
N

NX

i=1

Jq(x(i), ) (33.22)

= arg max
 

1
N

NX

i=1

E
z⇠q (Z |x(i))[– log q (z | x(i)) + log p✓(x(i) | z) + log pz(z)]

| {z }
J

(33.23)

Here we have defined a new cost function, J (the term inside the sum in equation (33.23)),
whose maximizer with respect to  is the same as the maximizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log
likelihood. Using importance sampling to estimate data likelihood (equation [33.16]), and
using q as our sampling distribution, we have that the objective for p✓ is to maximize the
following objective Jp with respect to ✓:

Jp(x, ✓) = log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.24)

✓
⇤ = arg max

✓

1
N

NX

i=1

Jp(x(i), ✓) (33.25)

We now have a differentiable objective for both  and ✓; the objective for  is expressed as
an expectation and can be optimized by taking a Monte Carlo sample from that expectation.
We could also try using Monte Carlo to approximate the objective for ✓, but this would
yield a biased estimator of ✓, since equation (33.24) has the log outside the expectation.The expression

log 1
N

P
i xi is not an

unbiased estimator of
log E[x], hence a Monte
Carlo estimate is not the
best choice for equation

(33.24).

That might be okay (as the number of samples N goes to infinity, the bias goes to zero), but
we can do better. To get around this issue, VAEs adopt the following strategy: rather than
maximizing Jp with respect to p✓, they maximize a lower-bound to Jp, which is expressed
purely as an expectation and yields unbiased Monte Carlo estimates. The particular lower-
bound used is in fact J: the same objective we used for optimizing  in equation (33.23)!

The fact that J is a lower-bound on Jp follows from Jensen’s inequality:

Jp = log p✓(x) (33.26)

= log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.27)

� E
z⇠q (Z |x)

h
log

� pz(z)
q (z | x)

p✓(x | z)
�i

/ Jensen’s inequality (33.28)

= E
z⇠q (Z |x)

h
– log q (z | x) + log p✓(x | z) + log pz(z)

i
(33.29)

= J / VAE objective (33.30)

) J  Jp (33.31)
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33.4.3.3 Trick 3: Variational inference to approximate the sampling distribution
Now we know what distribution we should be sampling z from: p✓(Z | x). The only remain-
ing problem is that this distribution may be complicated and hard to sample from.

Remember, we have
defined simple forms for
only p✓(X | z) and pz (both
are Gaussians), but this
does not mean p✓(Z |x)
has a simple form.

Sampling
from arbitrary distributions is a standard topic in statistics, and many algorithms have been
proposed, including the Markov chain Monte Carlo methods we encountered in previous
chapters. VAEs use a strategy called variational inference.

The name variational
comes from the “calculus
of variations,” which
studies functionals
(functions of functions).
Integrals of probability
densities are functionals.
Variational inference is
commonly (but not
always) used to
approximate densities
expressed as the integral
of some other densities,
hence functionals, hence
the name variational.

The idea of variational inference is to approximate an intractable density p by finding the
nearest density in a tractable family q , parameterized by  . In VAEs, we approximate our
ideal importance density p✓(Z | x) with a q in a family we can efficiently sample from; the
most common choice is to again use a Gaussian, conditioned on x: q = N (f µ

 (x), f ⌃
 (x)).

The f is a function that maps from x to parameters of a distribution over z; in other words,
f is a probabilistic encoder! This function is shown next in figure 33.9:

Encoder

pdata
<latexit sha1_base64="gXmKTRZKwpHynAnPmd9+wUiDvV4=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04rGC/YA2hM1m0y7dbMLuRC0xP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3btYOOTjJFWZsmIlG9gGgmuGRt4CBYL1WMxIFg3WB8PfW790xpnsg7mKTMi8lQ8ohTAkby7Vrq5wNgjwCQhwRIUfh23Wk4M+Bl4pakjkq0fPtrECY0i5kEKojWfddJwcuJAk4FK6qDTLOU0DEZsr6hksRMe/ns9AKfGCXEUaJMScAz9fdETmKtJ3FgOmMCI73oTcX/vH4G0aWXc5lmwCSdL4oygSHB0xxwyBWjICaGEKq4uRXTEVGEgkmrakJwF19eJp2zhus03NvzevOqjKOCjtAxOkUuukBNdINaqI0oekDP6BW9WU/Wi/VufcxbV6xy5hD9gfX5A2MZlLc=</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit>

f
⌃
 (x)

<latexit sha1_base64="vdZku2h1UsS0KergAGkbqovUt2E=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFsYi6ENqQuW4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BqfNAC1HutLROffq3nuCmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Mvc790QqGolbPYmJz9FQ0JBipI3UtythP/ViRbM774YOOap5HOlREKYP2XHfrjp1Zwq4SNyCVEGBZt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSKDR0YZwDCSpoSGU/X3RIq4UhMemM78RDXv5eJ/Xi/R4bmfUhEnmgg8WxQmDOoI5onAAZUEazYxBGFJza0Qj5BEWJvcyiYEd/7lRdI+qbtO3b0+rTYuijhKoAIOQQ244Aw0wBVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwB9bnDxFTmFg=</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit>

f
µ
 (x)
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Figure 33.9: A VAE’s
encoder, f , models
p(Z |x) as a Gaussian
parameterized by f (x).

It will turn out that f indeed plays the role of the encoder in the VAE, while g plays the
role of the decoder.

We want q to be the best approximation of p✓(Z | x), so our goal will be to choose the
q that minimizes the Kullback-Leibler (KL) divergence between these two distributions.
We could have chosen other divergences or notions of approximation, but we will see that
using the KL divergence yields some nice properties. We will call the objective for q as
Jq, which we will define as the negative KL-divergence, so our goal is to maximize this
quantity. Using the definition of KL-divergence, we can expand this objective as follows:

Jq(x, ) = –KL(q (Z | x) k p✓(Z | x)) (33.18)

= –E
z⇠q (Z |x)[log q (z | x) – log p✓(z | x)] (33.19)

= –E
z⇠q (Z |x)[log q (z | x) – log p✓(x | z) – log pz(z) + log p✓(x)] (33.20)

= E
z⇠q (Z |x)[– log q (z | x) + log p✓(x | z) + log pz(z)] – log p✓(x) (33.21)

The last line follows from the fact that log p✓(x) is a constant with respect to the distribution
we are taking expectation over.

The learning problem for q is to maximize Jq, over all images in our dataset, {x(i)}N
i=1,

with respect to parameters  . Notice that the term log p✓(x) is constant with respect to these
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33.4.3.3 Trick 3: Variational inference to approximate the sampling distribution
Now we know what distribution we should be sampling z from: p✓(Z | x). The only remain-
ing problem is that this distribution may be complicated and hard to sample from.

Remember, we have
defined simple forms for
only p✓(X | z) and pz (both
are Gaussians), but this
does not mean p✓(Z |x)
has a simple form.

Sampling
from arbitrary distributions is a standard topic in statistics, and many algorithms have been
proposed, including the Markov chain Monte Carlo methods we encountered in previous
chapters. VAEs use a strategy called variational inference.

The name variational
comes from the “calculus
of variations,” which
studies functionals
(functions of functions).
Integrals of probability
densities are functionals.
Variational inference is
commonly (but not
always) used to
approximate densities
expressed as the integral
of some other densities,
hence functionals, hence
the name variational.

The idea of variational inference is to approximate an intractable density p by finding the
nearest density in a tractable family q , parameterized by  . In VAEs, we approximate our
ideal importance density p✓(Z | x) with a q in a family we can efficiently sample from; the
most common choice is to again use a Gaussian, conditioned on x: q = N (f µ

 (x), f ⌃
 (x)).

The f is a function that maps from x to parameters of a distribution over z; in other words,
f is a probabilistic encoder! This function is shown next in figure 33.9:

Encoder

pdata
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f
µ
 (x)

<latexit sha1_base64="sYupUvzVNYry7nW5oT3oWoMY/hI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MZlBfuAJpbJdNIOnZmEmYlYQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc790QqGolbPYmJz9FQ0JBipI3Utw/CfurFimZ3Hk9qHkd6FITpQ3bSt6tO3ZkCLhK3IFVQoNm3v7xBhBNOhMYMKdVznVj7KZKaYkayipcoEiM8RkPSM1QgTpSfTj/I4LFRBjCMpCmh4VT9PZEirtSEB6YzP1HNe7n4n9dLdHjhp1TEiSYCzxaFCYM6gnkccEAlwZpNDEFYUnMrxCMkEdYmtIoJwZ1/eZG0T+uuU3dvzqqNyyKOMjgER6AGXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QPqa5cr</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

Figure 33.9: A VAE’s
encoder, f , models
p(Z |x) as a Gaussian
parameterized by f (x).

It will turn out that f indeed plays the role of the encoder in the VAE, while g plays the
role of the decoder.

We want q to be the best approximation of p✓(Z | x), so our goal will be to choose the
q that minimizes the Kullback-Leibler (KL) divergence between these two distributions.
We could have chosen other divergences or notions of approximation, but we will see that
using the KL divergence yields some nice properties. We will call the objective for q as
Jq, which we will define as the negative KL-divergence, so our goal is to maximize this
quantity. Using the definition of KL-divergence, we can expand this objective as follows:

Jq(x, ) = –KL(q (Z | x) k p✓(Z | x)) (33.18)

= –E
z⇠q (Z |x)[log q (z | x) – log p✓(z | x)] (33.19)

= –E
z⇠q (Z |x)[log q (z | x) – log p✓(x | z) – log pz(z) + log p✓(x)] (33.20)

= E
z⇠q (Z |x)[– log q (z | x) + log p✓(x | z) + log pz(z)] – log p✓(x) (33.21)

The last line follows from the fact that log p✓(x) is a constant with respect to the distribution
we are taking expectation over.

The learning problem for q is to maximize Jq, over all images in our dataset, {x(i)}N
i=1,

with respect to parameters  . Notice that the term log p✓(x) is constant with respect to these
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Putting everything together

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>f⌃

 (x)
<latexit sha1_base64="vdZku2h1UsS0KergAGkbqovUt2E=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFsYi6ENqQuW4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BqfNAC1HutLROffq3nuCmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Mvc790QqGolbPYmJz9FQ0JBipI3UtythP/ViRbM774YOOap5HOlREKYP2XHfrjp1Zwq4SNyCVEGBZt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSKDR0YZwDCSpoSGU/X3RIq4UhMemM78RDXv5eJ/Xi/R4bmfUhEnmgg8WxQmDOoI5onAAZUEazYxBGFJza0Qj5BEWJvcyiYEd/7lRdI+qbtO3b0+rTYuijhKoAIOQQ244Aw0wBVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwB9bnDxFTmFg=</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit>
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<latexit sha1_base64="sYupUvzVNYry7nW5oT3oWoMY/hI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MZlBfuAJpbJdNIOnZmEmYlYQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc790QqGolbPYmJz9FQ0JBipI3Utw/CfurFimZ3Hk9qHkd6FITpQ3bSt6tO3ZkCLhK3IFVQoNm3v7xBhBNOhMYMKdVznVj7KZKaYkayipcoEiM8RkPSM1QgTpSfTj/I4LFRBjCMpCmh4VT9PZEirtSEB6YzP1HNe7n4n9dLdHjhp1TEiSYCzxaFCYM6gnkccEAlwZpNDEFYUnMrxCMkEdYmtIoJwZ1/eZG0T+uuU3dvzqqNyyKOMjgER6AGXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QPqa5cr</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit>

Our learning problem for p:
x

<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>
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parameters, so we can drop that term, yielding:

 
⇤ = arg max

 

1
N

NX

i=1

Jq(x(i), ) (33.22)

= arg max
 

1
N

NX

i=1

E
z⇠q (Z |x(i))[– log q (z | x(i)) + log p✓(x(i) | z) + log pz(z)]

| {z }
J

(33.23)

Here we have defined a new cost function, J (the term inside the sum in equation (33.23)),
whose maximizer with respect to  is the same as the maximizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log
likelihood. Using importance sampling to estimate data likelihood (equation [33.16]), and
using q as our sampling distribution, we have that the objective for p✓ is to maximize the
following objective Jp with respect to ✓:

Jp(x, ✓) = log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.24)

✓
⇤ = arg max

✓

1
N

NX

i=1

Jp(x(i), ✓) (33.25)

We now have a differentiable objective for both  and ✓; the objective for  is expressed as
an expectation and can be optimized by taking a Monte Carlo sample from that expectation.
We could also try using Monte Carlo to approximate the objective for ✓, but this would
yield a biased estimator of ✓, since equation (33.24) has the log outside the expectation.The expression

log 1
N

P
i xi is not an

unbiased estimator of
log E[x], hence a Monte
Carlo estimate is not the
best choice for equation

(33.24).

That might be okay (as the number of samples N goes to infinity, the bias goes to zero), but
we can do better. To get around this issue, VAEs adopt the following strategy: rather than
maximizing Jp with respect to p✓, they maximize a lower-bound to Jp, which is expressed
purely as an expectation and yields unbiased Monte Carlo estimates. The particular lower-
bound used is in fact J: the same objective we used for optimizing  in equation (33.23)!

The fact that J is a lower-bound on Jp follows from Jensen’s inequality:

Jp = log p✓(x) (33.26)

= log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.27)

� E
z⇠q (Z |x)

h
log

� pz(z)
q (z | x)

p✓(x | z)
�i

/ Jensen’s inequality (33.28)

= E
z⇠q (Z |x)

h
– log q (z | x) + log p✓(x | z) + log pz(z)

i
(33.29)

= J / VAE objective (33.30)

) J  Jp (33.31)

Our learning problem for q:
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bound used is in fact J: the same objective we used for optimizing  in equation (33.23)!

The fact that J is a lower-bound on Jp follows from Jensen’s inequality:

Jp = log p✓(x) (33.26)

= log E
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Improving our learning problem for p:
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parameters, so we can drop that term, yielding:

 
⇤ = arg max

 

1
N

NX

i=1

Jq(x(i), ) (33.22)

= arg max
 

1
N

NX

i=1

E
z⇠q (Z |x(i))[– log q (z | x(i)) + log p✓(x(i) | z) + log pz(z)]

| {z }
J

(33.23)

Here we have defined a new cost function, J (the term inside the sum in equation (33.23)),
whose maximizer with respect to  is the same as the maximizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log
likelihood. Using importance sampling to estimate data likelihood (equation [33.16]), and
using q as our sampling distribution, we have that the objective for p✓ is to maximize the
following objective Jp with respect to ✓:

Jp(x, ✓) = log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.24)

✓
⇤ = arg max

✓

1
N

NX

i=1

Jp(x(i), ✓) (33.25)

We now have a differentiable objective for both  and ✓; the objective for  is expressed as
an expectation and can be optimized by taking a Monte Carlo sample from that expectation.
We could also try using Monte Carlo to approximate the objective for ✓, but this would
yield a biased estimator of ✓, since equation (33.24) has the log outside the expectation.The expression

log 1
N

P
i xi is not an

unbiased estimator of
log E[x], hence a Monte
Carlo estimate is not the
best choice for equation

(33.24).

That might be okay (as the number of samples N goes to infinity, the bias goes to zero), but
we can do better. To get around this issue, VAEs adopt the following strategy: rather than
maximizing Jp with respect to p✓, they maximize a lower-bound to Jp, which is expressed
purely as an expectation and yields unbiased Monte Carlo estimates. The particular lower-
bound used is in fact J: the same objective we used for optimizing  in equation (33.23)!

The fact that J is a lower-bound on Jp follows from Jensen’s inequality:

Jp = log p✓(x) (33.26)

= log E
z⇠q (Z |x)

h pz(z)
q (z | x)

p✓(x | z)
i

(33.27)
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log

� pz(z)
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p✓(x | z)
�i

/ Jensen’s inequality (33.28)

= E
z⇠q (Z |x)

h
– log q (z | x) + log p✓(x | z) + log pz(z)

i
(33.29)

= J / VAE objective (33.30)

) J  Jp (33.31)

Putting everything together

Now, p and q share the same exact objective!
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This way our learning problem for both ✓ and  share the same objective (which also
saves computation) and can be stated simply as:

✓
⇤, ⇤ = arg max

✓,�

1
N

NX

i=1

J(x(i), ✓,�) (33.32)

The VAE objective, J, is often called the Evidence Lower Bound or ELBO, because it
is a lower-bound on the data log-likelihood (i.e. Jp, which equals log p✓(x)).

log p✓(x) is sometimes
referred to as the evidence
for x.Using the definition of KL-divergence, we can also rewrite J as follows:

J = E
z⇠q (Z |x)

h
log p✓(x | z)

i
– KL(q (Z | x) k pz) / VAE objective (33.33)

In this form, the VAE objective is presented as the sum of two terms. The first term
measures the data log likelihood when the latent variables are sampled from q and the
second term measures the gap between q and the distribution of latent variables, pz, which
we actually should have been sampling from to obtain the correct estimate of p✓(x).

33.4.4 Connection to Autoencoders
You may have noticed that in the previous sections we made use of both an encoder f 
(which parameterizes q (Z | x)) and a decoder g✓ (which parameterizes p✓(X | z)); it looks
like we are using the two pieces of an autoencoder but what’s the exact connection?

We will derive the connection for a simple VAE on one-dimensional (1D) data with 1D
latent space, that is, x 2 R, z 2 R. First let us define shorthand notation for the means and
variances of the Gaussians parameterized by the encoder and decoder:

µz = f µ
 (x), �

2
z = f ⌃

 (x) (33.34)

µx = gµ
✓ (z), �

2
x = g⌃

✓ (z) (33.35)

Then the distributions involved in the VAE are as follows:

pz = N (0, 1) (33.36)

q (Z | x) = N (µz,�2
z ) (33.37)

p✓(X | z) = N (µx,�2
x ) (33.38)

As shown in equation (33.33), the VAE learning problem seeks to maximize the
following objective:

1
N

NX

i=1

⇣
Ez⇠q (Z | x(i))

h
log p✓(x(i) | z)

i

| {z }
likelihood term

– KL(q (Z | x(i)) k pz)| {z }
KL term

⌘
(33.39)

On each step of optimization, we compute this objective over a batch of datapoints, and
then apply backpropagation to update the parameters to increase the objective.

For each datapoint x, the KL term can be computed in closed form since it is between
two normal distributions (see the appendix of [261] for a derivation):

KL(q (Z | x) k pz) = KL(N (µz,�2
z ) k N (0, 1)) (33.40)

J = Evidence Lower-Bound 
(ELBO)

i
i

i
i

i
i

i
i

500 Chapter 33
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Here we have defined a new cost function, J (the term inside the sum in equation (33.23)),
whose maximizer with respect to  is the same as the maximizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log
likelihood. Using importance sampling to estimate data likelihood (equation [33.16]), and
using q as our sampling distribution, we have that the objective for p✓ is to maximize the
following objective Jp with respect to ✓:
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We now have a differentiable objective for both  and ✓; the objective for  is expressed as
an expectation and can be optimized by taking a Monte Carlo sample from that expectation.
We could also try using Monte Carlo to approximate the objective for ✓, but this would
yield a biased estimator of ✓, since equation (33.24) has the log outside the expectation.The expression
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log E[x], hence a Monte
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That might be okay (as the number of samples N goes to infinity, the bias goes to zero), but
we can do better. To get around this issue, VAEs adopt the following strategy: rather than
maximizing Jp with respect to p✓, they maximize a lower-bound to Jp, which is expressed
purely as an expectation and yields unbiased Monte Carlo estimates. The particular lower-
bound used is in fact J: the same objective we used for optimizing  in equation (33.23)!

The fact that J is a lower-bound on Jp follows from Jensen’s inequality:

Jp = log p✓(x) (33.26)
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This way our learning problem for both ✓ and  share the same objective (which also
saves computation) and can be stated simply as:
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The VAE objective, J, is often called the Evidence Lower Bound or ELBO, because it
is a lower-bound on the data log-likelihood (i.e. Jp, which equals log p✓(x)).

log p✓(x) is sometimes
referred to as the evidence
for x.Using the definition of KL-divergence, we can also rewrite J as follows:

J = E
z⇠q (Z |x)
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log p✓(x | z)

i
– KL(q (Z | x) k pz) / VAE objective (33.33)

In this form, the VAE objective is presented as the sum of two terms. The first term
measures the data log likelihood when the latent variables are sampled from q and the
second term measures the gap between q and the distribution of latent variables, pz, which
we actually should have been sampling from to obtain the correct estimate of p✓(x).

33.4.4 Connection to Autoencoders
You may have noticed that in the previous sections we made use of both an encoder f 
(which parameterizes q (Z | x)) and a decoder g✓ (which parameterizes p✓(X | z)); it looks
like we are using the two pieces of an autoencoder but what’s the exact connection?

We will derive the connection for a simple VAE on one-dimensional (1D) data with 1D
latent space, that is, x 2 R, z 2 R. First let us define shorthand notation for the means and
variances of the Gaussians parameterized by the encoder and decoder:

µz = f µ
 (x), �

2
z = f ⌃

 (x) (33.34)

µx = gµ
✓ (z), �

2
x = g⌃

✓ (z) (33.35)

Then the distributions involved in the VAE are as follows:

pz = N (0, 1) (33.36)

q (Z | x) = N (µz,�2
z ) (33.37)

p✓(X | z) = N (µx,�2
x ) (33.38)

As shown in equation (33.33), the VAE learning problem seeks to maximize the
following objective:
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⇣
Ez⇠q (Z | x(i))

h
log p✓(x(i) | z)
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likelihood term

– KL(q (Z | x(i)) k pz)| {z }
KL term
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(33.39)

On each step of optimization, we compute this objective over a batch of datapoints, and
then apply backpropagation to update the parameters to increase the objective.

For each datapoint x, the KL term can be computed in closed form since it is between
two normal distributions (see the appendix of [261] for a derivation):

KL(q (Z | x) k pz) = KL(N (µz,�2
z ) k N (0, 1)) (33.40)
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Trick #3: Predict the optimal sampling distribution for each given datapoint

p✓(x) ⇡ Ez⇠qz

hpz(z)
qz(z)

N (x; gµ✓ (z), g
⌃
✓ (z))

i
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Trick #3: Variational inference to approximate the sampling distribution Now
we know what distribution we should be sampling z’s from: p✓(Z|x). The only remaining
problem is that this distribution may be complicated and hard to sample from.

Remember, we have
defined simple forms for

only p✓(X|z) and pz –
both are Gaussians – but

this does not mean
p✓(Z|x) has a simple

form.

Sampling
from arbitrary distributions is a standard topic in statistics, and many algorithms have been
proposed, including the MCMC methods we encountered in previous chapters. VAE’s use a
strategy called variational inference.

The name “variational”
comes from the “calculus

of variations”, which
studies functionals

(functions of functions).
Integrals of probability

densities are functionals.
Variational inference is

commonly (but not
always) used to

approximate densities
expressed as the integral
of some other densities,
hence functionals, hence
the name “variational”.

The idea of variational inference is to approximate an intractable density p by finding the
nearest density in a tractable family q , parameterized by  . In VAE’s, we approximate our
ideal importance density p✓(Z|x) with a q in a family we can e�ciently sample from – the
most common choice is to again use a Gaussian, conditioned on x: q = N (fµ

 
(x), f⌃

 
(x)).

f is a function that maps from x to parameters of a distribution over z – in other words,
f is a probabilistic encoder!

Encoder

pdata
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It will turn out that f indeed plays the role of the encoder in the VAE, while g plays the
role of the decoder.

We want q to be the best approximation of p✓(Z|x), so our goal will be to choose the
q that minimizes the KL-divergence between these two distributions (we could have chosen
other divergences or notions of approximation, but we will see that using KL yields some
nice properties). We will call the objective for q as Jq and will rewrite it as follows:

Jq = KL(q (Z|x) k p✓(Z|x)) (31.18)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(z|x)] (31.19)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z) � log p✓(x)] (31.20)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z)] � log p✓(x) (31.21)

The last line follows from the fact that log p✓(x) is a constant w.r.t. the distribution we are
taking expectation over.

The learning problem for q is to optimize Jq w.r.t. parameters  . Notice that log p✓(x)
is constant w.r.t. these parameters, so we have that:

 ⇤ = arg min
 

Jq( ) (31.22)

= arg min
 

Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z)]| {z }
J

(31.23)

Here we have defined a new cost function, J , whose minimizer w.r.t. � is the same as the
minimizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log like-
lihood. Using importance sampling to estimate data likelihood (Eqn. 31.16), and using q 
as our sampling distribution, we have that the objective for p✓ is to minimize the following
cost Jp w.r.t. ✓:

Jp = � log Ez⇠q (Z|x)

h pz(z)

q (z|x)
p✓(x|z)

i
(31.24)

✓⇤ = arg min
✓

Jp(✓) (31.25)

Encoder

f 
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Trick #3: Predict the optimal sampling distribution for each given datapoint

p✓(x) ⇡ Ez⇠qz

hpz(z)
qz(z)

N (x; gµ✓ (z), g
⌃
✓ (z))

i
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Trick #3: Variational inference to approximate the sampling distribution Now
we know what distribution we should be sampling z’s from: p✓(Z|x). The only remaining
problem is that this distribution may be complicated and hard to sample from.

Remember, we have
defined simple forms for

only p✓(X|z) and pz –
both are Gaussians – but

this does not mean
p✓(Z|x) has a simple

form.

Sampling
from arbitrary distributions is a standard topic in statistics, and many algorithms have been
proposed, including the MCMC methods we encountered in previous chapters. VAE’s use a
strategy called variational inference.

The name “variational”
comes from the “calculus

of variations”, which
studies functionals

(functions of functions).
Integrals of probability

densities are functionals.
Variational inference is

commonly (but not
always) used to

approximate densities
expressed as the integral
of some other densities,
hence functionals, hence
the name “variational”.

The idea of variational inference is to approximate an intractable density p by finding the
nearest density in a tractable family q , parameterized by  . In VAE’s, we approximate our
ideal importance density p✓(Z|x) with a q in a family we can e�ciently sample from – the
most common choice is to again use a Gaussian, conditioned on x: q = N (fµ

 
(x), f⌃

 
(x)).

f is a function that maps from x to parameters of a distribution over z – in other words,
f is a probabilistic encoder!

Encoder

pdata
<latexit sha1_base64="gXmKTRZKwpHynAnPmd9+wUiDvV4=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04rGC/YA2hM1m0y7dbMLuRC0xP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3btYOOTjJFWZsmIlG9gGgmuGRt4CBYL1WMxIFg3WB8PfW790xpnsg7mKTMi8lQ8ohTAkby7Vrq5wNgjwCQhwRIUfh23Wk4M+Bl4pakjkq0fPtrECY0i5kEKojWfddJwcuJAk4FK6qDTLOU0DEZsr6hksRMe/ns9AKfGCXEUaJMScAz9fdETmKtJ3FgOmMCI73oTcX/vH4G0aWXc5lmwCSdL4oygSHB0xxwyBWjICaGEKq4uRXTEVGEgkmrakJwF19eJp2zhus03NvzevOqjKOCjtAxOkUuukBNdINaqI0oekDP6BW9WU/Wi/VufcxbV6xy5hD9gfX5A2MZlLc=</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit><latexit sha1_base64="Yj6mbwkBToVjEYDK9eaNvC06Nxw=">AAACH3icjVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduFSwD2hDmEwm7dDJJMzcqCXkU1y48VfciIi7/o3TNgttXXhg4HDOudy5J0gF1+A4E2tldW19Y7OyVd3e2d3bt2sHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6Hrqdx6Y0jyR9zBOmReTgeQRpwSM5Nu11M/7wJ4AIA8JkKLw7brTcGbAy8QtSR2V+F/ct7/6YUKzmEmggmjdc50UvJwo4FSwotrPNEsJHZEB6xkqScy0l8/uK/CJUUIcJco8CXim/pzISaz1OA5MMiYw1IveVPzL62UQXXo5l2kGTNL5oigTGBI8LQuHXDEKYmwIoYqbv2I6JIpQMJVWzenu4qHLpH3WcJ2Ge3deb16VnVXQETpGp8hFF6iJbtAtaiGKHtEzekXv1ov1Zn1Yn/PoilXOHKJfsCbf0IKcMA==</latexit>

f⌃
 

(x)
<latexit sha1_base64="vdZku2h1UsS0KergAGkbqovUt2E=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFsYi6ENqQuW4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BqfNAC1HutLROffq3nuCmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Mvc790QqGolbPYmJz9FQ0JBipI3UtythP/ViRbM774YOOap5HOlREKYP2XHfrjp1Zwq4SNyCVEGBZt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSKDR0YZwDCSpoSGU/X3RIq4UhMemM78RDXv5eJ/Xi/R4bmfUhEnmgg8WxQmDOoI5onAAZUEazYxBGFJza0Qj5BEWJvcyiYEd/7lRdI+qbtO3b0+rTYuijhKoAIOQQ244Aw0wBVoghbA4BE8g1fwZj1ZL9a79TFrXbKKmQPwB9bnDxFTmFg=</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit><latexit sha1_base64="ENUaKTSP4KeEZ98dVAIzThGtdOY=">AAACKXicjVC7TsMwFHV4lvIKMHaxqJDKUiUICcYKFkYQ9CE1IXJcp7VqO5HtIKqoA1/DwMKvwICAlR/BaTNAy8CRLB2dc6+uzwkTRpV2nA9rYXFpeWW1tFZe39jc2rZ3dlsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8Pz3G/fEaloLG70KCE+R31BI4qRNlJgV6Ig8xJFx7feNe1zVPM40oMwyu7Hh4FdderOBHCeuAWpggL/Gw/sV68X45QToTFDSnVdJ9F+hqSmmJFx2UsVSRAeoj7pGioQJ8rPJknH8MAoPRjF0jyh4UT9uZEhrtSIh2Yyz6FmvVz8y+umOjr1MyqSVBOBp4eilEEdw7w22KOSYM1GhiAsqfkrxAMkEdam3LKJ7s4GnSeto7rr1N2r42rjrOisBCpgH9SAC05AA1yAS9AEGDyAR/AM3qwn68V6tz6nowtWsbMHfsH6+gb3/5/R</latexit>

fµ

 
(x)

<latexit sha1_base64="sYupUvzVNYry7nW5oT3oWoMY/hI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MZlBfuAJpbJdNIOnZmEmYlYQtz4K25cKOLWv3Dn3zhps9DWAxcO59zLvfcEMaNKO863VVpaXlldK69XNja3tnfs3b22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Kvc790QqGolbPYmJz9FQ0JBipI3Utw/CfurFimZ3Hk9qHkd6FITpQ3bSt6tO3ZkCLhK3IFVQoNm3v7xBhBNOhMYMKdVznVj7KZKaYkayipcoEiM8RkPSM1QgTpSfTj/I4LFRBjCMpCmh4VT9PZEirtSEB6YzP1HNe7n4n9dLdHjhp1TEiSYCzxaFCYM6gnkccEAlwZpNDEFYUnMrxCMkEdYmtIoJwZ1/eZG0T+uuU3dvzqqNyyKOMjgER6AGXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QPqa5cr</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit><latexit sha1_base64="YxQQXACDCIHl6aBthGJWk62pPDE=">AAACJnicjVDLSgMxFM3UV62vUTeCm2AR6qbMiKDLohuXCvYBnXHIpJk2NMkMSUYsw/g1Ltz4Ky4UEXd+imk7C21deCBwOOdebs4JE0aVdpxPq7SwuLS8Ul6trK1vbG7Z2zstFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMPhxdhv3xGpaCxu9CghPkd9QSOKkTZSYO9FQeYliua3Hk9rHkd6EEbZfX4U2FWn7kwA54lbkCoo8L/xwH71ejFOOREaM6RU13US7WdIaooZySteqkiC8BD1SddQgThRfjaJmcNDo/RgFEvzhIYT9edGhrhSIx6ayXEONeuNxb+8bqqjMz+jIkk1EXh6KEoZ1DEcdwZ7VBKs2cgQhCU1f4V4gCTC2jRbMdHd2aDzpHVcd526e31SbZwXnZXBPjgANeCCU9AAl+AKNAEGD+ARPIM368l6sd6tj+loySp2dsEvWF/fqYyepA==</latexit>

x
<latexit sha1_base64="P/78WoKPqTPMAmrnJ7K8sbyWLsQ=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X8QS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz/9OZEc</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit><latexit sha1_base64="tzs9AXFSRySi39T27O1IL8rVYnw=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs2JY8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvDwmJU=</latexit>

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

It will turn out that f indeed plays the role of the encoder in the VAE, while g plays the
role of the decoder.

We want q to be the best approximation of p✓(Z|x), so our goal will be to choose the
q that minimizes the KL-divergence between these two distributions (we could have chosen
other divergences or notions of approximation, but we will see that using KL yields some
nice properties). We will call the objective for q as Jq and will rewrite it as follows:

Jq = KL(q (Z|x) k p✓(Z|x)) (31.18)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(z|x)] (31.19)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z) � log p✓(x)] (31.20)

= Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z)] � log p✓(x) (31.21)

The last line follows from the fact that log p✓(x) is a constant w.r.t. the distribution we are
taking expectation over.

The learning problem for q is to optimize Jq w.r.t. parameters  . Notice that log p✓(x)
is constant w.r.t. these parameters, so we have that:

 ⇤ = arg min
 

Jq( ) (31.22)

= arg min
 

Ez⇠q (Z|x)[log q (z|x) � log p✓(x|z) + log pz(z)]| {z }
J

(31.23)

Here we have defined a new cost function, J , whose minimizer w.r.t. � is the same as the
minimizer for Jq.

Now, let us now recall our learning problem for p✓, which is to maximize data log like-
lihood. Using importance sampling to estimate data likelihood (Eqn. 31.16), and using q 
as our sampling distribution, we have that the objective for p✓ is to minimize the following
cost Jp w.r.t. ✓:

Jp = � log Ez⇠q (Z|x)

h pz(z)

q (z|x)
p✓(x|z)

i
(31.24)

✓⇤ = arg min
✓

Jp(✓) (31.25)

x
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Looks like an autoencoder!
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This way our learning problem for both ✓ and  share the same objective (which also
saves computation) and can be stated simply as:

✓
⇤, ⇤ = arg max

✓,�

1
N

NX

i=1

J(x(i), ✓,�) (33.32)

The VAE objective, J, is often called the Evidence Lower Bound or ELBO, because it
is a lower-bound on the data log-likelihood (i.e. Jp, which equals log p✓(x)).

log p✓(x) is sometimes
referred to as the evidence
for x.Using the definition of KL-divergence, we can also rewrite J as follows:

J = E
z⇠q (Z |x)

h
log p✓(x | z)

i
– KL(q (Z | x) k pz) / VAE objective (33.33)

In this form, the VAE objective is presented as the sum of two terms. The first term
measures the data log likelihood when the latent variables are sampled from q and the
second term measures the gap between q and the distribution of latent variables, pz, which
we actually should have been sampling from to obtain the correct estimate of p✓(x).

33.4.4 Connection to Autoencoders
You may have noticed that in the previous sections we made use of both an encoder f 
(which parameterizes q (Z | x)) and a decoder g✓ (which parameterizes p✓(X | z)); it looks
like we are using the two pieces of an autoencoder but what’s the exact connection?

We will derive the connection for a simple VAE on one-dimensional (1D) data with 1D
latent space, that is, x 2 R, z 2 R. First let us define shorthand notation for the means and
variances of the Gaussians parameterized by the encoder and decoder:

µz = f µ
 (x), �

2
z = f ⌃

 (x) (33.34)

µx = gµ
✓ (z), �

2
x = g⌃

✓ (z) (33.35)

Then the distributions involved in the VAE are as follows:

pz = N (0, 1) (33.36)

q (Z | x) = N (µz,�2
z ) (33.37)

p✓(X | z) = N (µx,�2
x ) (33.38)

As shown in equation (33.33), the VAE learning problem seeks to maximize the
following objective:

1
N

NX

i=1

⇣
Ez⇠q (Z | x(i))

h
log p✓(x(i) | z)

i

| {z }
likelihood term

– KL(q (Z | x(i)) k pz)| {z }
KL term

⌘
(33.39)

On each step of optimization, we compute this objective over a batch of datapoints, and
then apply backpropagation to update the parameters to increase the objective.

For each datapoint x, the KL term can be computed in closed form since it is between
two normal distributions (see the appendix of [261] for a derivation):

KL(q (Z | x) k pz) = KL(N (µz,�2
z ) k N (0, 1)) (33.40)

data likelihood under 1 importance sample

log
1

�x

p
2⇡

�

reconstruction errorz }| {
(x� µx)

2

2�2
x
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(eqns for 1D x and z)
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This step is known as the reparameterization trick, as it reparameterizes a stochastic
function (sampling from a Gaussian parameterized by a neural net) to be a deterministic
transformation of a fixed noise source (the unit Gaussian). To optimize the parameters for
the encoder, we only need to backprogate through µz and �z, which are deterministic func-
tions of x, and therefore we have sidestepped the need to handle backpropagation through
a stochastic function.

Putting all the terms together, the objective we are maximizing can now be written as:
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(33.49)

x(i) is the i-th datapoint in
our training set and z(i) is
its encoding.

The KL term encourages the encodings z(i) to be near a unit Gaussian distribution. To get
an intuition for the effect of this term, consider the case where we fix �z(i) to be 1; this is still
a valid model for q (Z|x), just with lower capacity because it has fewer free parameters. In
this simple case, the KL term reduces to 1

2 (µ2
z(i) – 1) / µ

2
z(i) . The effect of this term is therefore

to encourage the encodings µz(i) to be as close to zero as possible. In other words, the
KL term squashes the distribution of latents (q (Z)) to be near the origin. Minimizing the
reconstruction error, on the other hand, requires that the latents do not collapse to the origin;
this term wants them to be as spread out as possible so as to preserve information about the
inputs x(i) that they encode. The tension between these two terms is what causes the VAE to
work. While a standard autoencoder may produce an arbitrary latent distribution, with gaps
and tendrils of density (as we saw in figure 33.4), a VAE produces a tightly packed latent
space which can be densely sampled from.

These effects can be seen in figure 33.11, where we show three checkpoints of optimiz-
ing a VAE. As in the infinite mixture of Gaussians example shown previously, we again
assume an isotropic Gaussian model for the decoder, and here also assume that model for
the encoder.

33.5 Do VAEs Learn Good Representations?
One perspective on VAEs is that they are a way to train a generative model p✓. From this
perspective, the encoder is just scaffolding for learning a decoder. However, the encoder can
also be useful as an end in itself, and we might instead think of the decoder as scaffolding
for training an encoder. This was the perspective presented by autoencoders, after all, and
the VAE encoder comes with the same useful properties: it maps data to a low-dimensional
latent code that preserves information about the input. In fact, from a representation learning
perspective, VAEs even go beyond autoencoders. Not only do VAEs learn a compressed
embedding, the embeddings may also have other desirable properties depending on the
prior pz. For example, if pz = N (0, 1), as is common, then the loss encourages that the
dimensions of the embedding are independent, a property called disentanglement.

Disentanglement means that we can vary one dimension of the embedding at time, and
just one independent factor of variation in the generated images will change. For example,
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<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit>

g
<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit>

Autoencoder

• Encodes and decodes the data 
• Low-dimensional bottleneck
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<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit><latexit sha1_base64="6Ti+/2yet3GYo8fKSUbiWGmAzwM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqhP1yxa26c5BV4uWkAjn+F++XP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfza+ZkjOrDEgYK/ukIXP150RGI60nUWCTETUjvezNxL+8bmrCKz/jMkkNSrZYFKaCmJjMqiEDrpAZMbGEMsXtXwkbUUWZsQWW7One8qGrpHVR9dyq17is1K/zzopwAqdwDh7UoA63cAdNYIDwCM/w6jw5L86b876IFpx85hh+wfn4Bi8jlGM=</latexit>
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<latexit sha1_base64="EiJK/E3trRLz9TAmnUyajZ6CuPw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AzHWM6w==</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit><latexit sha1_base64="h+gMwNGZpoFBJZsuaxyztCcYiPM=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsixDJoY2nAPCBZwuzkbjJkdnaZmRXCki+wsPFXbERs7e38GyfJFppYeGDgcM653LknSATXxnW/nMLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbD6g0j+W9mSToR3QoecgZNVZqDPvlilt15yCrxMtJBXL8L94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m18zJWdWGZAwVvZJQ+bqz4mMRlpPosAmI2pGetmbiX953dSEV37GZZIalGyxKEwFMTGZVUMGXCEzYmIJZYrbvxI2oooyYwss2dO95UNXSeui6rlVr3FZqV/nnRXhBE7hHDyoQR1u4Q6awADhEZ7h1XlyXpw3530RLTj5zDH8gvPxDTDMlGQ=</latexit>

Variational Autoencoder

• Encodes and decodes the data 
• Low-dimensional bottleneck 
• Gaussian bottleneck (can sample; disentangled)
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• Trick #1: approximate an infinite mixture with samples 

• Trick #2: sample efficiently via importance sampling 

• Trick #3: predict the optimal sampling distribution for each datapoint

VAE — three tricks
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420CHAPTER 31. GENERATIVEMODELINGMEETS REPRESENTATION LEARNING

To train a VAE we normally are not just fitting a single x but maximizing the likelihood
of a dataset {x(i)}N

i=1, so the cost we optimize is
P

i
J(x(i), ✓,�). Optimization of VAE

proceeds as follows:

• Sample one or more x ⇠ {x(i)}N

i=1

• Encode the data with a forward pass through f 

• For each datapoint, create one or more noisy latent codes using the distribution pa-
rameterized by the encoder

• Decode the data by passing the noisy latent codes through the g✓

• Compute the losses and backprop to update ✓ and  

In most implementations of VAEs, only a single sample from the latent distribution is used
for each datapoint on each iteration of backprop.

VAE’s are usually
presented as maximizing

a lower-bound (the
ELBO: �J). But, when

only a single latent
sample is used to

compute the gradient
update, then there is no

di↵erence between the
form of the gradient

update for the
lower-bound objective �J

and the update for the
exact objective �Jp. If
you prefer to consider

VAE’s as approximately
maximizing data

likelihood, rather than
approximately
maximizing a

lower-bound on data
likelihood, then that is

perfectly consistent with
practical implementations

(but deviates from the
formalisms in most

literature on the subject).

Three checkpoints of optimizing a VAE are shown below. As in the infinite mixture of
Gaussians example above, we again assume an isotropic Gaussian model for the decoder, and
here also assume that model for the encoder:

Tr
ai

ni
ng

 it
er

s

Iter 0

Iter 2500

Iter 8000

q (z) = Ex⇠pdata
[N (z; fµ

 
(x), f⌃

 
(x))]

<latexit sha1_base64="krJZ41x/HHDMxkjhVANCgJMO3/s="></latexit><latexit sha1_base64="I0Lnc6oSlT9KrLdxLVeOC0gecj4="></latexit><latexit sha1_base64="I0Lnc6oSlT9KrLdxLVeOC0gecj4="></latexit><latexit sha1_base64="I0Lnc6oSlT9KrLdxLVeOC0gecj4="></latexit>

p✓(x) = Ez⇠pz [N (x; gµ

✓
(z), g⌃

✓
(z))]

<latexit sha1_base64="YiNEWUuqvFJ/Z47cnDor4nB6tOE="></latexit><latexit sha1_base64="ZJE21hAMVyKN6C5hIvKuua5+2+s="></latexit><latexit sha1_base64="ZJE21hAMVyKN6C5hIvKuua5+2+s="></latexit><latexit sha1_base64="ZJE21hAMVyKN6C5hIvKuua5+2+s="></latexit>

( <latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>g✓
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p✓(x) = Ez⇠pz [N (x; gµ
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31.3.4 Do VAEs learn good representations?

One perspective on VAEs is that they are a way to train a generative model p✓. From this
perspective, the encoder is just sca↵olding for learning a decoder. However, the encoder can
also be useful as an end in itself, and we might instead think of the decoder as sca↵olding for
training an encoder. This was the perspective presented by autoencoders, after all, and the
VAE encoder comes with the same useful properties: it maps data to a low-dimensional latent
code that preserves information about the input. In fact, from a representation learning
perspective, VAE’s even go beyond autoencoders. Not only do VAE’s learn compressed
embedding, the embeddings may also have other desirable properties depending on the prior
pz. For example, if pz = N (0, 1), as is common, then the loss encourages that the dimensions
of the embedding are independent, a property called disentanglement.

Training a VAE — Step by step
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z3 ⇠ Unif(0, 10)
<latexit sha1_base64="a6D7ibn8CkcwpfmYGv7fypggE8M=">AAACDnicbVDLSgMxFM3UV62vqks3wVKoIGVGBV0W3bisYB/QKSWTZtrQTGZI7oh16Be48VfcuFDErWt3/o2ZdhbaeiBwOOdccu/xIsE12Pa3lVtaXlldy68XNja3tneKu3tNHcaKsgYNRajaHtFMcMkawEGwdqQYCTzBWt7oKvVbd0xpHspbGEesG5CB5D6nBIzUK5bdgMDQ85OHSe8Uu5oH2AV2DwBJw+QmFfvYsY96xZJdtafAi8TJSAllqPeKX24/pHHAJFBBtO44dgTdhCjgVLBJwY01iwgdkQHrGCpJwHQ3mZ4zwWWj9LEfKvMk4Kn6eyIhgdbjwDPJdHk976Xif14nBv+im3AZxcAknX3kxwJDiNNucJ8rRkGMDSFUcbMrpkOiCAXTYMGU4MyfvEiaJ1XHrjo3Z6XaZVZHHh2gQ1RBDjpHNXSN6qiBKHpEz+gVvVlP1ov1bn3Mojkrm9lHf2B9/gAcLZt1</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit><latexit sha1_base64="Bpp5MZORvjCmB3NgvWV/mE01lZw=">AAACM3icjVDLSsNAFJ3UV62vqEs3g6VQQUqigi6LblwqmLbQhDKZTtqhkwczN2IN+QK/xoUbP8OduBFx6z84fSy0deGBgcO553LnHD8RXIFlvRqFhcWl5ZXiamltfWNzy9zeaag4lZQ5NBaxbPlEMcEj5gAHwVqJZCT0BWv6g4vRvHnLpOJxdAPDhHkh6UU84JSAljpmxQ0J9P0gu887x9hVPMQusDsAyBzty6vWoW0ddMyyVbPGwPPEnpIymuJ/9o754nZjmoYsAiqIUm3bSsDLiAROBctLbqpYQuiA9Fhb04iETHnZOHOOK1rp4iCW+kWAx+rPjYyESg1DXztHCdXsbCT+NWunEJx5GY+SFFhEJ4eCVGCI8ahA3OWSURBDTQiVXP8V0z6RhIKuuaSj27NB50njqGZbNfv6pFw/n3ZWRHtoH1WRjU5RHV2iK+Qgih7QI3pG78aT8WZ8GJ8Ta8GY7uyiXzC+vgFpF6Lu</latexit>

(River turns)

z2 ⇠ Normal(µ1,⌃1)
<latexit sha1_base64="MeVTzuZISQBzzUyNIeeZv+NSdAo="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit><latexit sha1_base64="P4g4u03Z3HquuCvqsjcWwnhQs9s="></latexit>

...

<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit><latexit sha1_base64="r/OrVOkQNTfGfJvsgnBs8qT9skg=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZmdnkzGzO8vMXSEs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCVAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2mUZlmvMGUVLodUMOlSHgDBUreTjWncSB5KxheTfzWA9dGqOQORyn3Y9pPRCQYRSs1uzJUaHqVqltzpyCLxCtIFQr8L96rfHZDxbKYJ8gkNabjuSn6OdUomOTjcjczPKVsSPu8Y2lCY278fHrSmBxbJSSR0vYlSKbqz4mcxsaM4sAmY4oDM+9NxL+8TobRhZ+LJM2QJ2y2KMokQUUm/ZBQaM5QjiyhTAv7V8IGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb28WlrE=</latexit>

35



!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

Learner
<latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit>

T
ra
in
in
g

<latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit>

Data
<latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit><latexit sha1_base64="3/OWiD301SHwhO604bDP4nISd+o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WNRDx4r2A9oQ5lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkobm1vbO+Xdyt7+weFR9fikY6JEU9amkYh0L0DDBFesbbkVrBdrhjIQrBtMb3O/+8S04ZF6tLOY+RLHioecos2lO7Q4rNbcursAWSdeQWpQoDWsfg1GEU0kU5YKNKbvubH1U9SWU8HmlUFiWIx0imPWz6hCyYyfLm6dk4tMGZEw0lkpSxbq74kUpTEzGWSdEu3ErHq5+J/XT2x47adcxYllii4XhYkgNiL542TENaNWzDKCVPPsVkInqJHaLJ5KFoK3+vI66TTqnlv3Hhq15k0RRxnO4BwuwYMraMI9tKANFCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AN1zjho=</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>

f 
<latexit sha1_base64="tzaWwzeLLUOc7cYPNjIM+6Y0YWw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecJLyIKZDJSLBKFqpE/XzXmrEtF+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn83ik5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRtdBLlSaIVdssSjKJMGEzJ4nA6E5QzmxhDIt7K2EjaimDG1EFRuCt/zyKmld1D237t1f1ho3RRxlOIFTOAcPrqABd9AEHxhIeIZXeHMenRfn3flYtJacYuYY/sD5/AFjp5Av</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit><latexit sha1_base64="TA39M0ZlrrEyEPh8jb9Bxuk5fd0=">AAACFHicjVA9SwNBFHwXv2L8ilraLAbBKtyJoGXQxlLBSwLJEfY275Ile3vH7p4QjvwJCxv/io2IrYWd/8ZNcoUmFg4sDDPzePsmTAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxxdT/3WAyrNE3lvxikGMR1IHnFGjZXaUS/vpppPetWaW3dnIMvEK0gNCvwv3qt+dvsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTUhJ1bpkyhR9klDZurPiZzGWo/j0CZjaoZ60ZuKf3mdzESXQc5lmhmUbL4oygQxCZk2RPpcITNibAllitu/EjakijJje6zY073FQ5dJ86zuuXXv7rzWuCo6K8MRHMMpeHABDbiBW/CBgYBHeIZX58l5cd6c93m05BQzh/ALzsc3N7eXqA==</latexit>

,
<latexit sha1_base64="axFzcoBaHbWATKajATY6NWO1CV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjYt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fcwmMsA==</latexit><latexit sha1_base64="47VtfNN2lS3hTi+7C8LSj+cRdB8=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwkLArgpZBG0sD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekCleSzvzThBP6IDyUPOqLFS/axXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOVnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPq55b9eoXldp13lkRjuAYTsGDS6jBLdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgHOypQp</latexit><latexit sha1_base64="47VtfNN2lS3hTi+7C8LSj+cRdB8=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwkLArgpZBG0sD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekCleSzvzThBP6IDyUPOqLFS/axXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOVnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPq55b9eoXldp13lkRjuAYTsGDS6jBLdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgHOypQp</latexit><latexit sha1_base64="47VtfNN2lS3hTi+7C8LSj+cRdB8=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwkLArgpZBG0sD5gHJEmYnd5Mhs7PLzKwQlnyBhY2/YiNia2/n3zhJttDEwgMDh3PO5c49QSK4Nq775RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekCleSzvzThBP6IDyUPOqLFS/axXrrhVdwayTLycVCDH/+K98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9k1E3JilT4JY2WfNGSm/pzIaKT1OApsMqJmqBe9qfiX10lNeOVnXCapQcnmi8JUEBOTaTWkzxUyI8aWUKa4/SthQ6ooM7bAkj3dWzx0mTTPq55b9eoXldp13lkRjuAYTsGDS6jBLdxBAxggPMIzvDpPzovz5rzPowUnnzmEX3A+vgHOypQp</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

S
am

p
li
n
g

<latexit sha1_base64="njAQj444Og2vP6pxJWF5hHmGmMk=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvsJUt2987dOSGE/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tF3aKu3v7B4elo+OmTTLDeIMlMjHtiFouheYNFCh5OzWcqkjyVjS6mfmtJ26sSPQDjlMeKjrQIhaMopPa91S5LXrQK5X9ij8HWSVBTsqQo94rfXX7CcsU18gktbYT+CmGE2pQMMmnxW5meUrZiA54x1FNFbfhZH7vlJw7pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4KpwInWbINVssijNJMCGz50lfGM5Qjh2hzAh3K2FDaihDF1HRhRAsv7xKmtVK4FeCu2q5dp3HUYBTOIMLCOASanALdWgAAwnP8Apv3qP34r17H4vWNS+fOYE/8D5/ACLVkAM=</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit>

Samples
<latexit sha1_base64="wSVC4q4VP7DHwCNZV+LBgXJo4No=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZvVt294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUoeIxNy63AjtJIZSSwHU1u5377CbXhSfxopwpDSUcxH3JGrZPaD1QqgaZfrvhVfwGyToKcVCBHo1/+6g0SlkqMLRPUmG7gKxtmVFvOBM5KvdSgomxCR9h1NKYSTZgtzp2RC6cMyDDRrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcPrMOOxSi3GbLlomApiEzL/nQy4RmbF1BHKNHe3EjammjLrEiq5EILVl9dJq1YN/GpwX6vUb/I4inAG53AJAVxBHe6gAU1gMIFneIU3T3kv3rv3sWwtePnMKfyB9/kDYGaPkw==</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit><latexit sha1_base64="OKI79BdQPRKUdXJ13SCGByup+Ts=">AAACE3icjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJs5O7yZCZ2WVmVgghH2Fh46/YiNja2Pk3TpItNLHwwMDhnHO5c0+UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkwzrLNEJLoVUYOCK6xbbgW2Uo1URgKb0fBq6jcfUBueqHs7SjGUtK94zBm1TmreUZkKNN1S2a/4M5BlEuSkDDn+F++WPju9hGUSlWWCGtMO/NSGY6otZwInxU5mMKVsSPvYdlRRiSYcz26akFOn9EicaPeUJTP158SYSmNGMnJJSe3ALHpT8S+vndn4IhxzlWYWFZsvijNBbEKmBZEe18isGDlCmebur4QNqKbMuhqL7vRg8dBl0qhWAr8S3FbLtcu8swIcwwmcQQDnUINruIE6MBjCIzzDq/fkvXhv3vs8uuLlM0fwC97HNx+Blww=</latexit>

z
<latexit sha1_base64="Gu1NCMCzoTTCsy+PqCg18gApkoI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbCu2oWy2m3bpZhN2X4Qa+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrG+D6jhUijeQoGS3yea0yiQvBOMr3O/88i1EbG6w0nC/YgOlQgFo2ilh15EcRSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5yboZ1SjYJJPK73U8ISyMR3yrqWKRtz42SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//O6KYaXfiZUkiJXbP5RmEqCMcnPJwOhOUM5sYQyLWxWwkZUU4a2pIotwVs8eZm0z+qeW/duz2uNq6KOMhzBMZyCBxfQgBtoQgsYKHiGV3hzjPPivDsf89GSU+wcwh84nz8AUpEe</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit><latexit sha1_base64="yhdDcMRDr6cShZArX9tRe3viC8A=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3cTYbMzi4zs0Jc8hcWNv6KjYit2Pk3ziZbaGLhgYHDOfdy5xw/Flwb1/1yCkvLK6trxfXSxubW9k55d6+ho0QxrLNIRKrlU42CS6wbbgS2YoU09AU2/dFl5jfvUWkeyVszjrEb0oHkAWfUWOmuE1Iz9IP0YdIrV9yqOwVZJF5OKpDjf+O98menH7EkRGmYoFq3PTc23ZQqw5nASamTaIwpG9EBti2VNETdTaexJuTIKn0SRMo+achU/bmR0lDrcejbySyGnvcy8S+vnZjgvJtyGScGJZsdChJBTESyjkifK2RGjC2hTHH7V8KGVFFmbJMlG92bD7pIGidVz616N6eV2kXeWREO4BCOwYMzqMEVXEMdGEh4hGd4dZ6cF+fNeZ+NFpx8Zx9+wfn4BvREmJc=</latexit> !

<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

g✓
<latexit sha1_base64="WxLPXO2YUQzVsGGHMYss0Hwf5vM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKJvttF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJlIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbITMohcIGCZLYTjSyKJTYCse3M7/1hNqIWD3QJMEgYkMlBoIzstLjsJd1aYTEpr1yxat6c7irxM9JBXLUe+Wvbj/maYSKuGTGdHwvoSBjmgSXOC11U4MJ42M2xI6likVogmx+8dQ9s0rfHcTaliJ3rv6eyFhkzCQKbWfEaGSWvZn4n9dJaXAdZEIlKaHii0WDVLoUu7P33b7QyElOLGFcC3ury0dMM042pJINwV9+eZU0L6q+V/XvLyu1mzyOIpzAKZyDD1dQgzuoQwM4KHiGV3hzjPPivDsfi9aCk88cwx84nz/oRpEO</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit><latexit sha1_base64="QrEAf6H/nB/tCXMgEOW7tDybUj0=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgckSZic3yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMmUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDdDZlAKhTUSJLGZaGRRKLERDq8mfuMBtRGxuqNRgkHE+kr0BGdkpft+J2vTAImNO6WyV/GmcBeJn5My5PhfvFP6bHdjnkaoiEtmTMv3EgoypklwieNiOzWYMD5kfWxZqliEJsimZ43dY6t03V6s7VPkTtWfExmLjBlFoU1GjAZm3puIf3mtlHoXQSZUkhIqPlvUS6VLsTvpyO0KjZzkyBLGtbB/dfmAacbJNlm0p/vzhy6S+mnF9yr+7Vm5epl3VoBDOIIT8OEcqnANN1ADDgoe4RlenSfnxXlz3mfRJSefOYBfcD6+Adn3mIc=</latexit>
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Latent variables 
(controls)

u
<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

u
<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

v
<latexit sha1_base64="hHmc8DnL8weBQ5oJmgGYEz1+IwA=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9iGMplO2qGTSZi5KZTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4PxXe63J1wbEatHnCbcj+hQiVAwilZ66kUUR0GYTWb9StWtuXOQVeIVpAoFGv3KV28QszTiCpmkxnQ9N0E/oxoFk3xW7qWGJ5SN6ZB3LVU04sbP5oln5NwqAxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dNMbzxM6GSFLlii4/CVBKMSX4+GQjNGcqpJZRpYbMSNqKaMrQllW0J3vLJq6R1WfPcmvdwVa3fFnWU4BTO4AI8uIY63EMDmsBAwTO8wptjnBfn3flYjK45xc4J/IHz+QP6L5Ea</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit>

Synthesized Images

“River curvature”
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Latent variables 
(controls)

u
<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

u
<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

v
<latexit sha1_base64="hHmc8DnL8weBQ5oJmgGYEz1+IwA=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9iGMplO2qGTSZi5KZTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4PxXe63J1wbEatHnCbcj+hQiVAwilZ66kUUR0GYTWb9StWtuXOQVeIVpAoFGv3KV28QszTiCpmkxnQ9N0E/oxoFk3xW7qWGJ5SN6ZB3LVU04sbP5oln5NwqAxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dNMbzxM6GSFLlii4/CVBKMSX4+GQjNGcqpJZRpYbMSNqKaMrQllW0J3vLJq6R1WfPcmvdwVa3fFnWU4BTO4AI8uIY63EMDmsBAwTO8wptjnBfn3flYjK45xc4J/IHz+QP6L5Ea</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit>

Synthesized Images

“River curvature”
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<latexit sha1_base64="hHmc8DnL8weBQ5oJmgGYEz1+IwA=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9iGMplO2qGTSZi5KZTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4PxXe63J1wbEatHnCbcj+hQiVAwilZ66kUUR0GYTWb9StWtuXOQVeIVpAoFGv3KV28QszTiCpmkxnQ9N0E/oxoFk3xW7qWGJ5SN6ZB3LVU04sbP5oln5NwqAxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dNMbzxM6GSFLlii4/CVBKMSX4+GQjNGcqpJZRpYbMSNqKaMrQllW0J3vLJq6R1WfPcmvdwVa3fFnWU4BTO4AI8uIY63EMDmsBAwTO8wptjnBfn3flYjK45xc4J/IHz+QP6L5Ea</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit>
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Latent variables 
(controls)

u
<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

“Bird orientation”
u

<latexit sha1_base64="T1uA6W5+3xwxDKD7YaxKkPtWlg0=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhls4G1Zpbd+cgq8QrSA0KNAfVr/4wZmnEFTJJjel5boJ+RjUKJvms0k8NTyib0BHvWapoxI2fzRPPyJlVhiSMtX0KyVz9vZHRyJhpFNjJPKFZ9nLxP6+XYnjtZ0IlKXLFFh+FqSQYk/x8MhSaM5RTSyjTwmYlbEw1ZWhLqtgSvOWTV0n7ou65de/+sta4Keoowwmcwjl4cAUNuIMmtICBgmd4hTfHOC/Ou/OxGC05xc4x/IHz+QP4qpEZ</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit><latexit sha1_base64="tlN4Ez1bU3dWV3i8wd7BRqSmmCw=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmgckSZid3kyGzs8vMrBCW/IWFjb9iI2Irdv6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+cpeWV1bX10kZ5c2t7Z7eyt9/UcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwegq91sPqDSP5Z0ZJ+hHdCB5yBk1VrrvRtQMgzBLJ71K1a25U5BF4hWkCgX+N96rfHb7MUsjlIYJqnXHcxPjZ1QZzgROyt1UY0LZiA6wY6mkEWo/m8aakGOr9EkYK/ukIVP150ZGI63HUWAn8xh63svFv7xOasILP+MySQ1KNjsUpoKYmOQdkT5XyIwYW0KZ4vavhA2poszYJss2ujcfdJE0T2ueW/Nuz6r1y6KzEhzCEZyAB+dQh2u4gQYwkPAIz/DqPDkvzpvzPhtdcoqdA/gF5+Mb6/KYkg==</latexit>

v
<latexit sha1_base64="hHmc8DnL8weBQ5oJmgGYEz1+IwA=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduKxgH9iGMplO2qGTSZi5KZTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4PxXe63J1wbEatHnCbcj+hQiVAwilZ66kUUR0GYTWb9StWtuXOQVeIVpAoFGv3KV28QszTiCpmkxnQ9N0E/oxoFk3xW7qWGJ5SN6ZB3LVU04sbP5oln5NwqAxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dNMbzxM6GSFLlii4/CVBKMSX4+GQjNGcqpJZRpYbMSNqKaMrQllW0J3vLJq6R1WfPcmvdwVa3fFnWU4BTO4AI8uIY63EMDmsBAwTO8wptjnBfn3flYjK45xc4J/IHz+QP6L5Ea</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit><latexit sha1_base64="Iuk5GHjTaP+E40HBEZcvFwDhdHo=">AAACFnicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD0xCmJ3MJkNmZ5eZu4Gw5C8sbPwVGxFbsfNvnE220MTCAwOHc+7lzjl+LIVB1/1yCiura+sbxc3S1vbO7l55/6BhokQzXmeRjHTLp4ZLoXgdBUreijWnoS950x9dZ35zzLURkbrHScy7IR0oEQhG0UoPnZDi0A/S8bRXrrhVdwayTLycVCDH/8Z75c9OP2JJyBUySY1pe26M3ZRqFEzyaamTGB5TNqID3rZU0ZCbbjqLNSUnVumTINL2KSQz9edGSkNjJqFvJ7MYZtHLxL+8doLBZTcVKk6QKzY/FCSSYESyjkhfaM5QTiyhTAv7V8KGVFOGtsmSje4tBl0mjbOq51a9u/NK7SrvrAhHcAyn4MEF1OAGbqEODBQ8wjO8Ok/Oi/PmvM9HC06+cwi/4Hx8A+2cmJM=</latexit>

v
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in greater detail in the next chapter. In contrast, density and energy models do not have
latent variables that directly control generated samples.

While density/energy
functions do not have

latent variables, when we
draw samples from them

we use a sampling
algorithm that does,

necessarily, depend on
stochastic factors, which
can be considered latent
variable of the sampler.

Conversely, an advantage of den-
sity/energy functions is that they provide scores related to the likelihood of data. These
scores (densities or energies) can be used to detect anomalies and unusual events, or can be
optimized to synthesize higher quality data.

Some of the generative models we will describe in this chapter and the next are catego-
rized along these dimensions in table 1.1. Note that this is a rough categorization, meant to
reflect the most straightforward usage of these models. With additional effort some of the
7’s can be converted to X’s; for example, one can do additional inference to sample from
a density model, or one can extract a lower-bound estimate of density from a variational
autoencoder (VAE) or diffusion model.

Table 1.1: Three desirable
properties in a generative

model. No method
achieves all three (without

caveats). VAEs (see
chapter ??) and GANs are

good at representation
learning (i.e., at finding a

low-dimensional latent
space). Autoregressive
models are great if you

want to estimate the
likelihood of your data

points. Energy-based
models can be an

especially efficient way to
model an unnormalized

density.

Method Latents? Density/Energy? Generator?
Energy-based models 7 X(energy only) 7

Gaussian 7 X 7

Autoregressive models 7 X X(slow)
Diffusion models X(high-dimensional) 7 X(slow)

GANs X 7 X
VAEs X 7 X

Generative models can also be distinguished according to their objectives, hypothesis
spaces, and optimization algorithms. Some classes of model, such as autoregressive models,
refer to just a particular kind of hypothesis space, whereas other classes of model, such as
VAEs, are much more specific in referring to the conjunction of an objective, a general
family of hypothesis spaces, and a particular optimization algorithm.

In the next sections, and in the next chapter, we will dive into the details of exactly how
each of these models works.

1.6 Gaussian Density Models

One of the simplest and most useful density models is the Gaussian distribution, which in
one dimension (1D) is:

p✓(x) =
1
Z

e–(x–✓1)2/(2✓2) (1.27)

For 1D Gaussians
Z = 1p

2⇡✓2
. We prefer to

write it as Z to emphasize
its structural role as a

normalization constant.
Usually we will not be

explicitly evaluating
normalization constants,

and will not require
knowing their analytical

form.

This density has two parameters ✓1 and ✓2, which are the mean and variance of the dis-
tribution. The normalization constant Z ensures that the function is normalized. This is the
typical strategy in defining density models: create a parameterized family of functions such
that any function in the family is a normalized. Given such a family, we search over the
parameters to optimize a generative modeling objective.
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