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PARTITION FUNCTIONS

When can we write canonical partition function as a simple product of molecular
partition functions?

Qurans = Ui distinguishable particles
Quane = Giene /N1 indistinguishable particles

These hold when the system microstate energy E; is a sum of independent
molecule energies ¢; (denoted here by ¢, where n; represent various quantum
numbers for molecule i).

E=)¢, =, +¢, +ot g,
n

Then the sum over system microstate energies is just a sum over all the possible
combinations of molecular energies ¢, €2, ..., en

o Ze_Ei/kT _ ZZ . -Ze_(8m+gm+m+gnN )/kT

m M NN
{Ze_%/kT][Ze_%/ﬂJ"'[Ze_g”“/”]=qlqz---qN =q"
n ny NN

And for indistinguishable particles 1/N! corrects for overcounting.

So if system energy = sum over individual molecular energies =
Canonical partition function = product of molecular partition functions

Same approach justifies writing the molecular partition function as a product of
separate partition functions for individual degrees of freedom.

If molecular energy = sum of independent energy terms =
Molecular partition function = product of independent partition functions

e.g. for molecules in the gas phase we have (approximately)

€ = &trans * €rot * Evib * Eelec ¥ ... = q = Q+trans grot Qvib Jelec ¢
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For a polymer in a liquid,
€ ¥ E(everything else) * €conf = g ¥ q(everything else) Gconf

which means that if there is a largely independent configurational energy
contribution, we can calculate qconf and use it to draw conclusions about the
likely polymer configurations even if the rest of the polymer energy
contributions are hard to calculate quantitatively.

All the thermodynamic functions can be calculated from the canonical partition
function. Entropy is directly related to the number of available states.

Examples of macroscopic thermodynamic results
Entropically driven

Free expansion of a gas Vi vacuum | — Vo
gas gas

“Lattice” model for ideal gas

~ 1in 1 million lattice sites filled

Total volume V & molecular volume v determine # sites ‘
In this model, all the microstates have = energy .
Count # distinguishable system states = degeneracy Q .

S =kInQ gives entropy change Vi

# lattice sites = molecular degeneracy o = V/v =g A
because all lattice sites have equal energy = 0 .

# ways to place N molecules into lattice sites = (V/v)Y
# distinguishable system microstates = Q
To avoid overcounting divide by N!

Q = (V/V)N/NI

If we expand from volume Vi to V2, we have
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N
/N = Nkln— = ann—

N %

Should look familiarl And AG = AH -TAS = —nRTln%

1

AS = kInQ, — kInQ, = kln— kln

Entropy change is positive, free energy change is negative, as we expect.

Ideal gas mixture Na N | ——| N=Na+Ng
Va Vs V=Va+ Vg
Assume same initial (p,T) for A & B ‘
= same (p,T) for mixture
Assume equal molecular volumes & lattice cell sizes. .
Then initially O
v N Np — —
S =kInQ, +kInQ, = kInQ, Qg—kln( av)” (Val¥) .
e ®

After mixing, how many ways to distribute N4
molecules of A and Ng molecules of B among the (V/v)
lattice sites?

As before, the number of ways to distribute N
molecules among (V/v) sites is (V/v)". To correct for .
indistinguishability, this time we divide by NalNg! So .
the final state entropy is .
S. :/\'an:/\’InM and ‘.
? N, IN,!

V/VN VA/VNA VB/VNB

(N4+Npg) NatsNs
/) Ty AL
W) o)

Since the initial pressures are the same, the initial volumes must be in the ratio
of the number of molecules, i.e. Va/V = Na/N = X4 and Vg/V = X, so
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(>0)

With a simple microscopic model we can derive the macroscopic entropy change!

Ideal liquid mixture

Lattice model is different from gas because all the cells are occupied. Then in

the pure liquid there is no disorder at all!

S, =kInQ, =kIn1=0

S, =kInQ, =kIn1=0

Mixture: N molecules for N sites.

First molecule has N choices, second (N - 1), etc.

# ways fo put the molecules into sites = N!
Correct for overcounting by dividing by Na!Ng!

N!

AS, =S (8, +5;) =5, =kInQ,, = kiIn———

mix m

N, N,

00000 - 00 000

Stirling's approximation InM & MnN-N =

AS,, = NKINN = MK —(NKINN, - MK + NokInN, — NgK )
N

N

= (N, + Ny)KInN = NkInN, — NokIn N, = Nk In-~ + N,kIn-~

N,
= —NK(X,InX, + X;InX;)

Ny

Note that the lattice model would not work for solid-liquid phase equilibria since
it says liquid and crystal have identical (zero) entropy! Really the liquid has many
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more possible intermolecular configurations in the liquid, molecular rotation, &
diffusion - but these occur in both the pure and mixed liquids, so ASnix is
dominated by the disorder in molecular positions that the lattice model
describes reasonably well.

Energy & entropy changes
We saw one example earlier, with 4-segment polymers.

Microstate i 8—%

Energy e 0 Eint Eint Eint

Degeneracy g: 1 3

We've redefined the zero of energy as the ground state energy.
"Configurational” molecular partition function is

—& kT e s .
Qeont = Z e g"conf/ eO/kT +e Eint /KT +e Eint /KT +e Eint /KT

microstates
i

— Z g Ve_gi/kT — eo/kT +3e_5int/kT =1+ 3e_5int/kT

energy levels
&

For a solution of noninteracting polymer molecules,
N
Qconf = qconf

Note no factor of 1/ NI That's for Qirans only. Indistinguishability needs to be
accounted for when the molecules are interchanged, i.e. switch positions.

Check this with a system of 5 molecules: 2 of A, 3 of B, in 5 cells. First
determine how many distinguishable arrangements there are with all the
molecules in the ground state, then with one molecule configurationally excited.
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How many distinguishable arrangements?

Qtrans = 5172131 = 10

All the arrangements are shown.

Now imagine one of the fwo A molecules is ina

configurationally excited state with energy econs.

For each of the 10 arrangements, there are now two

possibilities - one or the other A molecule is excited,

and they are distinguishable based on location! So

there are 20 total combinations.

Qtrans Qcont = 20 = Qeonf = 2

No correction by 1/N4 for Qconf

Back to our polymer problem...

QD
«Q
»

N
Qconf = qg\nl)nf = (1+ 3e_‘9int/kT )
We can immediately start determining the thermodynamic properties!

conf

Ao = —KTINQ,,,c =—NKTIn(1+3e /") = -NKT In(1+3e " |

on@,, 8|n(1 +3e‘ﬁgi"*) 3¢, e P
14 VN I’} o + 3e

Energy scales with N: molecules are not interacting with each other so total
energy is just a sum of individual molecule energies.
Average energy per molecule is

_,B in
<8 > _ (/com‘ — 3gin‘re ot
conf N 1 4 3e—ﬂgim_

Z g/e—ﬂb“,' —Ps
- 0+ 3¢g,,e 7
But we also know (&)=Y &R = = —— Yes! Same result
7 q 14 3e it
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A, U 1(0In@ e N g€ o
S = _leonf | Zeonf _ k| _ | I Xeonf. — NkIn(1+ 3 Pont | 4 2L 2Cim®
" T T Gt 7'( op JVN n( e )+ T 1+ 3g Fém

Also scales with N - sum over individual molecule entropy contributions
Average molecular configurational entropy is
1 35,/

s .= kln(1+3e‘ﬂ€in*)+ 11 30 P

conf

In high-T (low-B) limit, it's AIn(4) as expected. In low-T limit, it's Ain(1) = O.

|22 —kT = —kTIn(1+3¢
/Jcoﬂf (6N JTIV ( 6N jrly n( + e )

Chemical potential is just A per molecule, and A scales with N so it's just A/N.

C' — a(/conf — 1 a(/(:onf — N i 38in1‘e_ﬂ€im
Veont oT Jyn kT 08 ), kT2 3B\1+3em

3¢, N (1 +3e et )(_gime*ﬁsmf ) _ g Pem (_3 g, e P )
= k7'2 (1 N 367&‘"* )2

The function is complicated, but its limits are understandable. Also, it scales
with N, so we can think of a configurational heat capacity per molecule.

¢, —>0a T-0 Eint
Low-T

In the low-T limit, all the molecules are in the |
imit

lowest state. If kT increases infinitesimally, all
the molecules are still in the lowest statel So the --7------------ o kT
configurational energy doesn't change!

¢, —0a T oo

conf e e e m - kT
In the high-T limit, the molecules are equally ‘
distributed among all the states. If kT increases, Hll'gh':rT
imi

they are still equally distributed among all the
states! So Uons doesn't change. — 0
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