Lecture 34 Optimistic VC inequality for random classes of sets. 18.465

As in the previous lecture, let F = {(w, d(x))n, |w|| < 1}, where ¢(z) = (VANids())i>1,
X C R
Define d(f, g) = [|f — glloc = sup,ex | f(x) — g(2)|.

The following theorem appears in Cucker & Smale:
Theorem 34.1.Vh > d,
2d
O\ m
logN(F,e,d) < (—h)

€
where Cy, 1s a constant.

Note that for any x4, ..., z,,
" 1/2
du(f,9) = <% Z(f(:ci) - g(x@-))2> < d(f,g) =sup|f(z) —glx)| <.
Hence,

N(F,e,d;) < N(F,e,d).
Assume the loss function L(y, f(x)) = (y — f(x))?. The loss classis defined as
Ly, F)={(y - f(2))* f € F}.

Suppose |y — f(x)| < M. Then

((y — f(2)* = (y — g(2))?| <2M|f(z) — g(z)| <e.

So,

N(L(y, F),e,d,) <N (7-", ﬁ,dz)

and

log (L (y, F), &, dy) < (”‘M)h _ (Wch)

e e

a = 2¢ < 2 (see Homework 2, problem 4).

Now, we would like to use specific form of solution for SVM: f(z) = >"" | a;K(x;, x), i.e. f
belongs to a random subclass. We now prove a VC inequality for random collection of sets.
Let’s consider C(z1,...,x,) = {C : C C X} - random collection of sets. Assume that

C(xy,...,z,) satisfies:

(1) Cxy,...,2n) CC(x1,. .., Ty, Tpy1)
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(2) C(m(xy,...,2,)) = C(x1,...,x,) for any permutation 7.

Ne(xq, ... xy) =card {CN{xy,...,2,};C €C}

and

Theorem 34.2.

Proof. ([l

Counsider event

Ax:{x:(:cl,...,xn): sup

So, there exists C, € C(zy,...,x,) such that

P(C,) — % Z?:l I(z; € Cy)

>t.
P(Cs)
For z),...,z}, an independent copy of x,
B (B < S weay) st
x/ ) = z; x = =
ng 4
if P(C,) > + (which we can assume without loss of generality).
Together,
1 n
P(C,) < =) Iz eC,
(©) <y 31w e 0
and
P(Cy) — %Z?:l I(z; € Cy) >t
P(Cs) B
imply

Ly I, eCy) — 230 I(x, € Cy)
L3 (I(a € Cy) + I(x; € Cy))

> t.
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Indeed,

P (Oac) - % Z?:l I(xz S Cx)
P(C:)

P (cx) — LIS I(z € C)
_\/ )+ L5 Iz € Cy))

12“ I, €C,) = LS I(z; € Cy)
_\/ S (€ Cy) + 23 (€ )

Hence, multiplying by an indicator,

0<t<

1 n
<P,|P < = I(x -1 A,
I(z € A,) <P, (cm)_n; (xZEC)> (z € A,)

=~ =

Ly I(ap e C) = LY I(w € C)
\/% (5 200 I € Co) + 5 300, Iz € Cy))

i L(7 € Co) — 2 30 (i € Cr)

<P, sup >t
cectarn) \[3 (LS, I(a} € Cy) + LS, I(ai € C))

Taking expectation with respect to x on both sides,

PC)=i3" I(x;€C
o wp PO-iSLImeo)
CeC(@1,n) P(C)

%Z?—ll@,‘EC)_%Zz 1 I(z; € Cy)

Ccclerm) \[L (YT I(wh € C) + Y (i € C))
%Z?ﬁll(x/‘ec)—%Z?ﬂ](xiECx) ,

CeC(z1,....Tn, 5 sly) \/% (%Zz i (1’ €C>+ Zz 1 (1’160:3))

|

31

4P i sill(7) € Cr) — I(wi € Ca))
= sup
cectrmntent) \f3 (8 Ty 134 € Co) + F i 1w € C)
ARP Lyt aI(@) € Cy) — I(x; € Cy))
= € sup >
CeClaranelvmstt)  [L (L (2] € Co) + L T I(wi € C)
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By Hoeffding,
ZZ &7 € Cr) — I(xi € Cr)) -y

1
4EP, L
CEC(m, ,xn,xl, “Th) \/ % i 1 I‘ c O )+ Zz 1 (ZL’Z - Cx))

t2
< 4EAC(J}1,...,xn,x’l,...,x%)(xla o5 Ty xlla S l’fn) “eXp | — 2
1(I(a: €Cy)—I(z;€Cy))
2>
Vi S (I(2€Ce)+I(2:€Cs))
_nt?
<4EAC (@150 Ty 5, )(xla -71:71717,1"--71::1) e

nt2

=4G(2n)e” «



