Lecture 30 Talagrand’s concentration inequality for empirical processes. 18.465

Lemma 30.1.Let
V(z) =Epsup > (f(x:) — f(x}))?

fer s

and a < f <b for allf € F. Then

P(V <4EV + (b—a)*t) > 1—4-27".

Proof. Consider M-median of V', ie. P(V > M) > 1/2, P(V < M) > 1/2. Let A={y €
X" V(y) < M} C X" Hence, A consists of points with typical behavior. We will use
control by 2 points to show that any other point is close to these two points.

By control by 2 points,

1 —t —t
FAF@A) ~ 7

Take any x € X™. With probability at least 1 — 427" d(A, A, x) < t. Hence, we can find
yt € A,y* € A such that card {i < n,x; # y}, x; # y?} < t.
Let

P(d(A, A z) >t) <

L={i<n:z =y}, h={i<n:z#y, 5=y}
and
Li={i<n:z £y, #y’}

Then we can decompose V' as follows

n

V(z) =Ey ing;(f(xi) — f(a}))

= Borsup | > (fz:) = F(@)” + D (Flwi) = f@)* + Y (flai) — f(x)))?

fer i€lh 1€l 1€13

<Epsup Y (f(w:) = f(2})* + Eysup > (f(:) = f(2))) + Earsup Y (f(ai) = f(x}))?
FeF T FeFicr JeFiers

<Ey iggZ(f(yf) = f(2))* + Eu ilng(f(?ﬁ) = f(@))* + (b —a)’t

=V + V) + (b —a)t

<M+ M+ (b—a)’t
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because y', y?> € A. Hence,
P(V(z)<2M+ (b—a)’t) >1—4-27".
Finally, M < 2EV because

EV 1
> < — = — 1 >
P(V 2 2EV) < zor = while P(V > M)

Vv
DO |

Now, let Z(x) = supcr |3 iy f(2i)]. Then

Z(x) < EZ + 2V (2)t EZ +2y/(4EV + (b — a)?t)t.

<
~— ~—
with prob. >1—(4¢)e—t/4 with prob. >1-4.2-¢

Using inequality v/c + d < v/¢ + Vd,
Z(x) <EZ+4VEVt+2(b—a)t

with high probability.

We proved Talagrand’s concentration inequality for empirical processes:

Theorem 30.1.Assume a < f < b for allf € F. LetZ = suppcr|y i f(2:)| and
V= supserd iy (f(x) — f(27))®. Then

P (Z <EZ +4VEVI +2(b - a)t) >1— (4e)ett — 4.2t
This is an analog of Bernstein’s inequality:

4VEVt — Gaussian behavior

2(b — a)t — Poisson behavior
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Now, consider the following lower bound on V.

n

V= EiggZ(f(:ci) — f(a}))?

fer =1
= sup nE(f(21) — f(21))’
feF
= sup 2nVar(f) = 2nsup Var(f) = 2no?
feF fer
As for the upper bound,
E sup Z = Esup (Z(f(xz‘) — f(x))* — 2nVar(f) + 2”Var(f)>
feF D reF ‘o

n

<Esup Y [(f(w:) = f(2))* = B(f(x;) — f(a}))*] + 2nsup Var(f)

feF i feF

(by symmetrization)

n

< 2K SUPZ&(JC(%) — f(a}))? + 2no”
feF =

<2E (sup Z gi( f(zy) f(@))“’) + 2n0?
+

feF .

Note that the square function [—(b — a), (b — a)] — R is a contraction. Its largest derivative

n [—(b—a),(b—a)]is at most 2(b — a). Note that |f(x;) — f(x})] < b— a. Hence,

2E (sup Z gi(f () 1))2> +2n0* < 2-2(b—a) <sup Z gi( f(x;) xé))) + 2no?
feF  —
+ +

feF —

<4(b—a) EsupZSAf (zi) — f(2})| + 2no?
fer ' Z

< 4(b—a) - 2Esup il f(z)| + 2no?
(b—a)- fefz |f (3)]

=8(b— a)EZ + 2no?
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We have proved the following

Lemma 30.2.
EV < 8(b— a)EZ + 2no?,

2

where 0° = sup ;.7 Var(f).

Corollary 30.1.Assume a < f < b for allf € F. LetZ = supscr|d> i, f(2)| and

0 =sup;cr Var(f). Then

P (Z <EZ +4v/(8(b— a)EZ + 2no2)t + 2(b — a)t) >1— (de)e/* —4.27¢,

Using other approaches, one can get better constants:

P (Z <EZ 4 +/(4(b — a)EZ + 2n02)t + (b — a)%) >1—e.



