Lecture 28 Talagrand’s concentration inequality for empirical processes. 18.465

Assume we have space X and a class of functions F = {f : X — R}, not necessarily

bounded. Define
Z(x)=Z(xy,...,2,) =Su E T;
(z) (1 ) fep f(zi)

(or sup e [ 5 f(2:)]).

Example 1.f — X(f—Ef). Z(z) = Supfgf%Z?zl f(zi) —Ef.

Consider 2’ = (z),...,2), an independent copy of x. Let

rrn

V(z) = Epsup Y (f(x:) — f(x}))”

feria

be "random uniform variance” (unofficial name)

Theorem 28.1.
P <Z(:c) > EZ(x) + 2\/V(x)t) < de- et
i (Z(a:) <EZ(z) — 2\/V(az)t> < de- et/
Recall the Symmetrization lemma:

Lemma 28.1.§,&,&(z, 7)) X x X — R, ¢ =Eu&. If

P(& 26+ /E&t) <Te,

then
P <§1 > &+ €§t> <Te-e
We have .
EZ(z) = EpZ(2") = B, sup Z f(x})
fer
and

& =sup Y (f(x;) — f(x)))”.

feF .3
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It is enough to prove that

ferF

P Z(x)>Z( +2\ltsupz )2 | < 4de 4,

1.e.

supi (x;) >supi +2Jtsupz z}))? < 4e 4,

fe]—' fer

If we switch z; < }, nothing changes, so we can switch randomly. Implement the permuta-

tion x; « 2

where ¢, = 0, 1. Hence,

(1) If e, = 1, then I = f(x;) and I = f(x}).
(2) If &, =0, then I = f(2}) and IT = f(x;).
Take €1...¢, i.id. withP(g; =0)=P(g; =1) =1/2.

Py o supixZ >supi —I—ZJtsupZ )2

fer feF

=P (sup D (Fah) el fla) = f(a))) = sup Y (f(x:) = eol f(a:) = f(a))

JeF iz feria

fer

—i—QJtsupZ )2

=E, P.[sup... >sup...+ 2,/ for fixed x,x')
e <f€]—" feF

Define

and
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®(e), P2(e) are convex and Lipschitz with L = sup ez /> (f(x;:) — f(2}))2. Moreover,
Median(®,) = Median(®s) and ®y(eq,...,e,) = Po(1 —&1,...,1 —¢,). Hence,

P, (@1 < M(®,) + L\/E) >1 -2t

and

P, (@2 < M(®y) — L\/E) > 1 — 27t/

With probability at least 1 — 4e~%* both above inequalities hold:
Oy < M(P1) + LVt = M(®) + LVt < $y + 2LV

Thus,
P. (B > @, +2LVE) < e/t

and

Pz,z/,s <(I)1 Z (I)2 + 2[/\/%) S 4€7t/4.

The "random uniform variance” is
n

V(z) =Epsup ) (f(w:) — f(a})*

feFr i1

For example, if F = {f}, then

= f2 - 2fEf + Ef?
= 2= + () -2fEf+ (Ef)?+Ef*— (Ef)’
N—— ~ —- RN - .
sample variance (f-Ef)? variance




