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Define the following processes:

2(w) = sup (Ef - %me))
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and

R(z) = sup = 3" & f ().
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Assume a < f(x) < b for all f,z. In the last lecture we proved Z is concentrated around its

expectation: with probability at least 1 — e,
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Z <2ER+(b—a)\/%.

It can be shown that R is also concentrated around its expectation: if —M < f(z) < M for

Hence, with probability at least 1 — e~

all f,z, then with probability at least 1 — e,

ERSR—FM\/%.
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Hence, with high probability,

Z(z) < 2R(z) + 4M\/§.

Theorem 23.1.If -1 < f <1, then

P (Z(x) <2ER(z) + 2\/%) >1—e
P <Z(x) < 2ER(z) + ﬁ) S1—et

Consider E.R(x) = Ecsupez £ 37 &;f(;). Since x; are fixed, f(x;) are just vectors. Let
F CR" feF,where f=(f1,...,fn)
Define contraction ¢; : R — R fori = 1,...,nsuch that ¢;(0) = 0 and |¢;(s)—¢; ()| < |s—t].

Ifo< f <1, then

Let G : R — R be convex and non-decreasing.

The following theorem is called Comparison inequality for Rademacher process.

Theorem 23.2.

E.G <SUPZSz‘%(fi)) <E.G <Supz€z‘fz‘) :

fer fer

Proof. Tt is enough to show that for T C R? t = (t1,t5) € T

E.G (sup t, + eap(tz)) <E.G (Sup t + E‘:tg) ,
teT teT
i.e. enough to show that we can erase contraction for 1 coordinate while fixing all others.
Since P (¢ = +1) = 1/2, we need to prove
1 1 1 1
—G (supt; + ¢(tz) | + =G | supty — p(ts) | < =G | supty +1to | + =G | supt; —ts | .
2 \ter 2 \ter 2 \ter 2 \ter

Assume sup,cp t1 + p(t2) is attained on (¢1,t) and sup,cqt1 — @(t2) is attained on (s, s2).

Then
ti+ p(t2) > 51+ @(s2)
and

s1— p(s2) > t1 — ¢(ta).
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Again, we want to show
Y =Gt +p(t2) + G(s1 — p(s2)) < Gt +ta2) + Gt — t2).

Case 1:t,<0,50>0

Since ¢ is a contraction, ¢(ts) < |ta| < —ta, —p(s2) < so.
Y= G(tl + gO(tQ)) + G(Sl — 90(82)) < G(tl — tz) + G(Sl + 82)

<G (supt1 — t2) + G (suptl —I—t2> .

teT teT
Case 2:t5 > 0,5, <0
Then ¢(ty) < ty and —p(sy) < —s,. Hence

by S G(tl -+ tg) + G(Sl — 82) S G <sup tl -+ t2> —+ G <sup tl — tg) .

teT teT
Case 3:t, > 0,50 >0
Case 3a:sy <ty

It is enough to prove
Gt + ¢(t2)) + G(s1 — ¢(s2)) < G(t1 + t2) + G(s1 — 52).
Note that so — ¢(s2) > 0 since sy > 0 and ¢ — contraction. Since |¢(s)| < |s],
51— 53 < 51+ @(s2) <ty + p(t2),
where we use the fact that t1, ¢y attain maximum.
Furthermore,

G (s1=52)+ (52— 0(2) ) =G (s1=32) < G((1+ () + (2= 0(s2)) ) = G (11 +0(82))

Indeed, ¥(u) = G(u+z)—G(u) is non-decreasing for 2z > 0 since ¥'(u) = G'(u+x)—G'(u) > 0
by convexity of G.
Now,
(t1 +p(t2)) + (52 — p(s2)) < b1 + L
since

@(ta) — @(s2) < [ta — 82| = 1o — s0.
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Hence,

G<31 — @(32)> — G<31 — 32> = G<(31 — S9) + (89 — @(32))> — G<31 — 52>
< G(h + t2> - G<t1 + go(tg)).

Case 3a:ty < 39

> < G(Sl -+ 82) + G(tl — tz)
Again, it’s enough to show
G(ti + p(t2)) — G(t1 — t2) < G(s1+ s2) — G(s1— p(s2))

We have
t1 —to <t —p(ta) < 51— @(s2)

since s, s achieves maximum and since ty + ¢(t2) > 0 (¢ is a contraction and ¢ > 0).

Hence,

(b=t (tat o)) Gt~ ta) < G((s1 = p(s2)) + (2 + 9(t2)) ) = 1~ o(s2))

Since
P(ta) — p(s2) < [ta — 52| = 52 — 1o,
we get
P(t2) = p(s2) < 52— ta.
Therefore,
51— p(52) + (t2 + o(t2) < 514 59
and so

G(t1 + p(t2)) — G(t1 — t2) < G(s1+ 82) — G(s1 — ¢(s2))

Case 4:ty, < 0,55 <0

Proved in the same way as Case 3.

We now apply the theorem with G(s) = (s).
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Lemma 23.1.
Esu gipi(ti)]| < 2Esu gt
Sup Z oilt)| < 2B sup 2
Proof. Note that
|z = (2)" + (2)” = (2)" + (—=2)".
We apply the Contraction Inequality for Rademacher processes with G(s) =
E sup Zem i)| = Esup <<25i@i(ti)> + (Z(—@)%(h)) )
teT teT Py —
+
< 2Esu €;0i(t;
. (Z o )
+
< 2Esu git; < 2Esu git;
P (Z ) 2>
O




