Lecture 02 Voting classifiers, training error of boosting. 18.465

In this lecture we consider the classification problem, i.e. J = {—1,+1}.

Consider a family of weak classifiers
H={h: X —{-1,+1}}.

Let the empirical minimizer be
h w1 S 1(h(x) £ 1)
= argmin — i i
0 g n
and assume its expected error,
1
5~ E= Error(hg), € >0

Examples:

o X =R H = {sign(wz +b): w € RY b € R}
e Decision trees: restrict depth.

e Combination of simple classifiers:

T
F=3"a(),
t=1

where h; € H, Zle a; = 1. For example,

1]-1 111 111
hl == ) h2 = ) h’3 =
1]-1 -11-1 1)1
L 715 ) 11
f=1(hi + 3hy + 3hy) = : sign(f) =
1]-1 11]-1

AdaBoost

Assign weight to training examples wy (i) = 1/n.

fort=1..T

1) find “good” classifier h; € H; Error e, = Y i, wi(i)I(h(X;) #Y5)
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2) update weight for each i:

wt(i>€—at3’iht(Xz)
w
t-‘rl( ) Zt
=3 e
i=1
1. 1-—
a = —In—=t > 0
2 Et
3)t =t+1
end

Output the final classifier: f = sign(d_ azhi(x)).

Theorem 2.1. Let v, = 1/2 — &, (how much better hy is than tossing a coin). Then
T
- Z I(f(X;) #Yi) < H 1 —dr7
Proof.

T
I(f(X:) £ Y:) = I(Vif(Xi) = —1) = I(V; Y ahy(X;) < 0) < eV ZemoeheX0)

Consider how weight of example ¢ changes:

. w —Yiarhr(X;)
wT-i—l(Z) T( ) Zt
e—YmThT(Xz)wT 1( ) ~Yiar_1hr—1(X;)

Zy s

6—Yi Z?:l athi(X;)

1
Hi:l Zy n

Hence,
1 T
. /A Y33 iy ehe(Xi)
wT-l-l(Z)H t= ¢

and therefore

n n T n T
% Z I(f(X;) #Y;) < % Z e iy cah(X) = H Zy Z wry1(i) = H Z
=1 i=1 t=1 =1 t=1
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- Zwt(i)e_o‘tl( ) + Zw e I(h(X;) # Y5)

= "D w (i) (h(X;) # “tZwt he(X:) # Yi))

Minimize over a; to get

1 1 1— Et
ap = =1In
t 2 Et
and
o (! —et)”z
et = )
&t
Finally,

1—e, 1/2 . 1/2
;= 1-—
' ( €t ) ot 1—g ( Et)

= 2((1 — )" = 2/(1/2 = 2)(1/2 + )

= V1—4y




