
Lecture 15 More symmetrization. Generalized VC inequality. 18.465

Lemma 15.1. Let ξ, ν - random variables. Assume that

P (ν ≥ t) ≤ Γe−γt

where Γ ≥ 1, t ≥ 0, and γ > 0. Furthermore, for all a > 0 assume that

Eφ(ξ) ≤ Eφ(ν)

where φ(x) = (x − a)+. Then

P (ξ ≥ t) ≤ Γ · e · e−γt.

(x-a)+

a

Proof. Since φ(x) = (x − a)+, we have φ(ξ) ≥ φ(t) whenever ξ ≥ t.

P (ξ ≥ t) ≤ P (φ(ξ) ≥ φ(t))

≤ Eφ(ξ)

φ(t)
≤ Eφ(ν)

φ(t)
=

E(ν − a)+

(t − a)+

Furthermore,

E(ν − a)+ = E

∫ (ν−a)+

0

1dx

= E

∫
∞

0

I(x ≤ (ν − a)+)dx

=

∫
∞

0

EI(x ≤ (ν − a)+)dx

=

∫
∞

0

P ((ν − a)+ ≥ x) dx

=

∫
∞

0

P (ν ≥ a + x) dx

≤
∫

∞

0

Γe−γa−γxdx =
Γe−γa

γ
.
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Hence,

P (ξ ≥ t) ≤ Γe−γa

γ(t − a)+
=

Γ · e · e−γt

1
= Γ · e · e−γt

where we chose optimal a = t − 1
γ

to minimize Γe−γa

γ
. �

Lemma 15.2. Let x = (x1, . . . , xn), x′ = (x′

1, . . . , x
′

n). If for functions ϕ1(x, x′), ϕ2(x, x′),

ϕ3(x, x′)

P

(

ϕ1(x, x′) ≥ ϕ2(x, x′) +
√

ϕ3(x, x′) · t
)

≤ Γe−γt

then

P

(

Ex′ϕ1(x, x′) ≥ Ex′ϕ2(x, x′) +
√

Ex′ϕ3(x, x′) · t
)

≤ Γ · e · e−γt.

(i.e. if the inequality holds, then it holds with averaging over one of the copies)

Proof. First, note that
√

ab = infδ>0(δa + b
4δ

) with δ∗ =
√

b
4a

achieving the infima. Hence,

{ϕ1 ≥ ϕ2 +
√

ϕ3t} = {∃δ > 0, ϕ1 ≥ ϕ2 + δϕ3 +
t

4δ
}

= {∃δ > 0, (ϕ1 − ϕ2 − δϕ3)4δ ≥ t}

= {sup
δ>0

(ϕ1 − ϕ2 − δϕ3)4δ

︸ ︷︷ ︸

ν

≥ t}

and similarly

{Ex′ϕ1 ≥ Ex′ϕ2 +
√

Ex′ϕ3t} = {sup
δ>0

(Ex′ϕ1 − Ex′ϕ2 − δEx′ϕ3)4δ

︸ ︷︷ ︸

ξ

≥ t}.

By assumption, P (ν ≥ t) ≤ Γe−γt. We want to prove P (ξ ≥ t) ≤ Γ · e · e−γt. By the previous

lemma, we only need to check whether Eφ(ξ) ≤ Eφ(ν).

ξ = sup
δ>0

Ex′(ϕ1 − ϕ2 − δϕ3)4δ

≤ Ex′ sup
δ>0

(ϕ1 − ϕ2 − δϕ3)4δ

= Ex′ν
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Thus,

φ(ξ) ≤ φ(Ex′ν) ≤ Ex′φ(ν)

by Jensen’s inequality (φ is convex). Hence,

Eφ(ξ) ≤ EEx′φ(ν) = Eφ(ν).

�

We will now use Lemma 15.2. Let F = {f : X 7→ [c, c + 1]}. Let x1, . . . , xn, x′

1, . . . , x
′

n be

i.i.d. random variables. Define

F = {(f(x1) − f(x′

1), . . . , f(xn) − f(x′

n)) : f ∈ F} ⊆ [−1, 1]n.

Define

d(f, g) =

(

1

n

n∑

i=1

((f(xi) − f(x′

i)) − (g(xi) − g(x′

i))))
2

)1/2

.

In Lecture 14, we proved

Pε

(

∀f ∈ F ,
1

n

n∑

i=1

εi(f(xi) − f(x′

i)) ≤
29/2

√
n

∫ d(0,f)

0

log1/2 D(F , ε, d)dε

+27/2d(0, f)

√

t

n

)

≥ 1 − e−t.

Complement of the above is

Pε

(

∃f ∈ F ,
1

n

n∑

i=1

εi(f(xi) − f(x′

i)) ≥
29/2

√
n

∫ d(0,f)

0

log1/2 D(F , ε, d)dε + 27/2d(0, f)

√

t

n

)

≤ e−t.

Taking expectation with respect to x, x′, we get

P

(

∃f ∈ F ,
1

n

n∑

i=1

εi(f(xi) − f(x′

i)) ≥
29/2

√
n

∫ d(0,f)

0

log1/2 D(F , ε, d)dε + 27/2d(0, f)

√

t

n

)

≤ e−t.

Hence (see below)

P

(

∃f ∈ F ,
1

n

n∑

i=1

(f(xi) − f(x′

i)) ≥
29/2

√
n

∫ d(0,f)

0

log1/2 D(F , ε, d)dε + 27/2d(0, f)

√

t

n

)

≤ e−t.

To see why the above step holds, notice that d(f, g) is invariant under permutations xi ↔ x′

i.

We can remove εi since x and x′ are i.i.d and we can switch xi and x′

i. To the right of ”≥”

sign, only distance d(f, g) depends on x, x′, but it’s invariant to the permutations.
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By Lemma 15.2 (minus technical detail ”∃f”),

P

(

∃f ∈ F , Ex′

1

n

n∑

i=1

(f(xi) − f(x′

i)) ≥ Ex′

29/2

√
n

∫ d(0,f)

0

log1/2 D(F , ε, d)dε

+27/2

√

Ex′d(0, f)2t

n

)

≤ e · e−t,

where

Ex′

1

n

n∑

i=1

(f(xi) − f(x′

i)) =
1

n

n∑

i=1

f(xi) − Ef

and

Ex′d(0, f)2 = Ex′

1

n

n∑

i=1

(f(xi) − f(x′

i))
2.

The Dudley integral above will be bounded by something non-random in the later lectures.

4


