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(O Problems M-11.1 [0 points]
Consider the cantilever beam shown in Figure 1. A linearly changing distributed force
acts along the length L of the beam. The equation describing the distributed force is:

il

q(z) = qo

€3

Figure 1: Loaded cantilever beam.

Please do the following:

1.1 (1 point) Write down the governing equations for force and moment equilibrium.

Solution:
The governing equations for force and moment equilibrium in beam theory are

S'(z) + pa(z) =
M'(z) 4+ S(x)

0
0

The equations can be combined to give

1"

M (r) = pa(x)

1.2 (1 point) Write down the boundary conditions for this problem. Can you find the
internal forces and moments in the beam by equilibrium considerations alone?

Solution:

We have two boundary conditions at each end x = 0 and x = L. At the clamped end
x = 0, the boundary conditions are:
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Since we have two boundary conditions involving forces/moments (S(0) = 0 and M (0) = 0)
we can solve the shear and moment equilibrium equations to obtain S(z) and M (x). Thus,
we can obtain forces/moments using equilibrium considerations alone.

1.3 (1 point) Determine the moment and shear distributions M (z) and S(x).

Solution: To solve for the shear distribution

S'(x) + pa(z) = 0

§'(x) = —pa()
§'(@) = a0}

Integrating:
2

X
S(ZL‘) = —(]()ﬁ +Cl

Applying the boundary condition S(L) =0 — ¢; = go%

s~ (5 -2 )

To solve for the moment distribution

M'(z) + S(z) =

Integrating:

1.4 (1 point) Write down the governing equilibrium equation for deflection, and solve
for the deflection distribution u(z).
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Solution: The moment-curvature relation is
El () =M@z)=q | — — — + =
') = M) =an (5 - F 4 )

Dividing by FI and integrating:

/< ) Qo x* La? n Lz n
U\T) = — — C
EI\24L 4 3 ’

Applying the boundary condition u/(0) =0 — ¢3 = 0:
4 2 2
oy o b Lx L°x
u(x)_E]<24L g 3)

() % x? L3 N L2a? N
€T = — _
Y EI\120L 12 6 “

Integrating

Applying the boundary condition u(0) =0 — ¢4 =0

u(m) _ Qo x° B L3 n L22?
EI \120L 12 6

FExercise: Check that the deflection distribution statisfies all of the boundary conditions.
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(O Problems M-11.2 [0 points]
A pile of sand has been placed on a simply-supported bridge as shown in Figure 2. The

pile has the total mass M and features a sinusoidal mass distribution.

The bridge has the total length L and a rectangular cross-section of width w (along
the z3-direction) and thickness ¢ (along the zy-direction). It is made from an isotropic
linear elastic material with Young’s modulus E, moment of inertia I, and can be con-
sidered massless.

| L |

X2 g

1 é
AN

Figure 2: A simply-supported bridge loaded by a pile of sand.
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2.1 (1 point) Is this system statically determinate?

Solution: Yes, the system is statically determinate. The two unknown vertical reaction
forces at 1 = 0 and at 7 = L can be computed from the force equilibrium in the x,-
direction and the moment equilibrium. (Each reaction force corresponds to half the weight
of the pile of sand.)

2.2 (1 point) Find an expression for the distributed load ps(x1) that acts on the bridge.

Solution:
As described in the problem statement, the distribution m(z;) of the mass of the pile of
sand per unit length is of the form

m(zy) = Asin <7r%) (1)

where the constant A can be determined from the total mass M of the pile as follows:

x1=L
M = m(zy)dx;

x1=0

x1=L )
[ ()
/xl:o sin (7 7 T

_ 24L

Therefore, the distribution of the mass of the pile of sand per unit length is

M . T
m(zy) = 5 Sin <7Tf) (2)
so that the distributed load p, (1) acting on the beam becomes
B _ wMg . 1
pa(z1) = —gm(xy) = 57 Sin <7rL>. (3)

2.3 (1 point) Determine the bending moment distribution Mj;(z) in the bridge result-
ing from the weight of the pile of sand. Determine its maximum value and the
location z at which it occurs.

Solution:
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The following equilibrium equations for a beam were derived in class:

dS,
dz, +p2(71) = 0
dMs;
S. =0
d.ﬁEl + Q(xl)
Combining them yields:
d?M;
dl’% = pZ(l’l)
m™ Mg 1
- 75 - 4
2L (” L) )
Integrating the above expression twice yields
Mg (L\° . x
Ms(xy) = 5?9 <;) sin (Wfl) + Cizy + Cy (5)

where C] and C5 are two unknown integration constants that are to be determined from
boundary conditions. Since the bridge is simply-supported, the boundary conditions on M;(x
are:

™

Trivially, the maximum bending moment and the location at which it occurs are:

LMg L
mar — 7
or M 2 0

Mmax -

2.4 (1 point) Compute the resulting deflection @s(z1) of the bridge, find its maximum
value and the location x at which it occurs.

Solution:

The equation relating the beam deflection us(z1) to the bending moment M;z(z;) derived
in class is:

M3($1) = Ejd_x% (8)
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Since the bridge has a constant rectangular cross-section, we have

wt?
=Y 9
1 (9)
here. Rearranging Eq. (8) yields:
d*u, 1
bl R V)
a2~ g1
1 LMy . 1
= 5-—p7 oin (’/Tf) (10)

Integrating the above expression twice yields

1 LMg [ L\ T
u = ———| - i — C! C 11
walen) = =5y (w> sin (7 71) + Gy + G (11)
where C3 and C) are two unknown integration constants that are to be determined from
boundary conditions. Again, since the bridge is simply-supported, the boundary conditions
on g () are:

Inserting (11) into the boundary conditions reveals C3 = Cy = 0 so that

_ 1 LgMg . T
(1) = —55—pr s (”f)
6 L3Mg . 1

=~ " 77)

Trivially, the maximum displacement (in absolute value) and the location at which it occurs

are:
L3Mg L

U2 max = 2F 3 Lug,mazx = 5

(12)
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2.5 (1 point) Final

ly, plot M3(z) and uy(x).

140

120 -

-

o

=]
T

80 -

a0 -

Bending moment [N.m]

20~

Bending moment along the beam
T T T

1 1 1
.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Position on the beam [m]

Deflection along the beam

Deflection [m]
W
T

-4 \\.
\\ P
~— -
5 e— -
-6 1 1 1 | | 1 1 | |
1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3: Bending moment and deflection along the beam

Position on the beam [m]

Page 9

Homework #11



16.001, M&S - Fall 2020 Homework #11

(O Problems M-11.3 [0 points]
The built-in beam shown in Figure 4 has a length L, and bending stiffness EI. The

beam is subject to a rotation at both ends by a small angle 6y but is not allowed to
deflect at either end.

I L i

Figure 4: Built-in beam subject to rotation at both ends: the thin line is the undeformed
shape, the thick line is the deformed shape of the beam

© source unknown. All rights reserved. This content is excluded from our Creative Commons license. For more information, see
https://ocw.mit.edu/help/faq-fair-use/

3.1 (1 point) Write down the equations governing the distribution of the following func-
tions: deflection u(x), bending moment M (z) and shear S(x). Indicate what prin-
ciple each equation represents. Show that you can combine these equations to
obtain a single ordinary differential equation governing beam bending which reads

as follows:

EIv™)(z) =0

Solution:

equilibrium of moments: M’ + S =0
equilibrium of transverse forces: S’ + ¢ = 0

compatibility and constitutive law: M = ETu"

Combine the three, use ¢ = 0 to obtain sought result.

3.2 (1 point) Write down the boundary conditions for this problem.

Solution: The boundary conditions for this problem are

U 0
u'(0) =4/ (L) =6,

3.3 (1 point) Based on the boundary conditions of the problem, explain if this problem
is statically determinate or indeterminate? Provide a short but complete explana-

tion of why that is the case.
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Solution: The system is statically indeterminate. All the boundary conditions are of the
kinematic type. There are no boundary conditions for the moment and/or the shear that

would allow to integrate the equilibrium equations independently.

3.4 (1 point) Using the boundary conditions you determined in part (2), find the so-
lution for the deflection of the beam u(x), the moment M (x) and the shear S(z).

You should obtain the following result:

a5 -3(5) +1
o (x) = 6, {6 (%)2 —6 (%) + 1}
M(z) = BI% [12 (%) - 6}

L
ET

Solution: The general solution of the governing equation is a cubic polynomial:

u(z) = Az® + Bx* + Cx + D

The boundary conditions imply:

u(0) =0 —[D = 0]
w/(0) = 6o — [ C = b

u(L) =0 — AL> + BL> + 6,L =0

0
W(L) =0y — 3L*A+2LB + 9§ = 0

From the last two we get:
o o
A=2—||B=-3—
L2 L

Substituting the coefficients back into the solution we obtain:
2 3
u(z) =6y (ﬁxg — sz + x)

, 6 6
u'(x) = by (ﬁxQ — 7% + 1>
0o (12
M(z) = EIu"[z] = EIZO (fx - 6)

, EI
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3.5 (1 point) Sketch all four functions and based on their shapes, provide an informed
discussion of the behavior of the beam under this loading. The discussion should
include: the moment and shear force reactions at the supports with their sign, the
type of moment and shear distribution and how they are related and how they
relate to the deformed shape of the beam, the extreme values of these quantities
and where they take place.

Solution: The functions are represented below:

u(z) and reactions (signs removed, indicated by arrow directions):

Mp =6EI%

( §— | )RS =S5 = —120, 2
MA —6E[‘90 \/

Rotation u'(x):
T2

> -

.171 \_/
Moment M (z) = Elu"(x):

X2

X1

Shear S(z) = —FEIu"(z):

X2

T

[y
-

x1

It can be seen that the deformed shape is maintained by two moment reaction of
the same sign which maintain the imposed rotation at both ends. The moment
distribution is linear and zero at the middle. This is where the deflection has an
inflection point. To the left, the concavity is negative and increases toward the left
support, where the negative moment is maximum. To the right, the concavity is
positive and increases toward the support, where the positive moment is
maximum. The moment reactions require a counter-couple which is provided by
the shear reactions as shown in the figure which implies a constant nagative shear
distribution.
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Problems M-11.4 |9 points]
Consider the beams shown in Figures 5-7. The beams have a constant Young’s Modulus
E, moment of inertia I, width b, and height h.

€2

1‘ do

//,
\\

I L |

Figure 5: First configuration

€2

'f do

//,

L

Figure 6: Second configuration

€2

1‘ do

//,

I L |

Figure 7: Third configuration

By integration of the governing equations, obtain the following:

The beam deflection distribution u(x)

The internal bending moment distribution M (x)

The internal shear force distribution S(z)

The maximum deflection, bending moment and shear force, together with the value
of x at which they occur respectively

Finally, plot u(z), M(x), and S(x)
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4.1 (3 points) For the first beam

Solution: Starting with the equation

(ETw" ()" = qo

Integrating four times to get the general solution.
xt  Az®  Ba?

ET =q¢—+—+— D
u(x) q024+ 5 + 5 +Czx +

The boundary conditions for this problem are:

g

—

t~
— N N
I T
o o o o

Applying them results in
~ —Lqgo

L2C]o
12

O Q @
I
o o

Thus the fields become

u@) = g7 131 % T a®

Q {x‘l L . N L? 2}
2 Lz L?

S(x) = —M'(z) = go [g _ x}

The values F = 50GPa, I = 5e—8m~*, L = 1, and ¢ = 500 were used. Since they were not
provided in the instructions, other values could have been used for the plots, as long as they
make physical sense. The results are shown in Figure 8. Concerning the bending moment,
the deflection and the shear force, their maximum absolute value is found respectively at

both points 0 and 1, 0.5, and both 0 and 1.

4.2 (3 points) For the second beam
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Solution:

Starting with the equation
(EIw/I(m))II — qo

Integrating four times to get the general solution.

x*  Ax®  Bax?
El =qg—+ —+ —+C D
u(z) = qo 51 + 6 + 5 +Cz+

The boundary conditions for this problem are:

Applying them results in

Thus the fields become

4 2

OO L S

@) = g7 {24 w87 T 16"
2 5L I?
M(z) = ETw"(z) = qo | % = 20+ =2
) = Bl0) a0 | 5 - o+ T

5L
S(a) = ~M'(a) = | 3]

The values E = 50G Pa, I = 5¢e—8m~*, L = 1, and ¢ = 500 were used. Since they were not
provided in the instructions, other values could have been used for the plots, as long as they
make physical sense. The results are shown in Figure 9. Concerning the bending moment,
the deflection and the shear force, their maximum absolute value is found respectively at
points 0, 0.576, and 0.

4.3 (3 points) For the third beam
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Solution: Starting with the equation
(ETw"(x))" = q0
Integrating four times to get the general solution.

xt  Ax®  Bzx?
El =qg—+ —+ —+C D
u(z) = qo 51 + 6 + 5 +Cz+

The boundary conditions for this problem are:

=RE
— N N
I
o o o o

w
/

o~ —~

w
!
w

=

Applying the results in

—Lqyo
L2Q0

OSQ & =
I I
o o

Thus the fields become

@ f2t Lo L,
ul@) E[{24 6" 6"

2 L
M(x) = EIw"(z) = qo [% — Lz + 5]

The values F = 50GPa, I = 5e—8m~*, L = 1, and ¢ = 500 were used. Since they were not
provided in the instructions, other values could have been used for the plots, as long as they
make physical sense. The results are shown in Figure 10. Concerning the bending moment,
the deflection and the shear force, their maximum absolute value is found respectively at

points 0, 1, and 0.

Page 16




16.001, M&S - Fall 2020 Homework #11

Bending moment along the beam
T
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Figure 8: Bending moment, deflection and shear force for beam 1
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Bending moment along the beam
T

Homework #11
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Figure 9: Bending moment, deflection and shear force for beam 2
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Bending moment along the beam
T
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Figure 10: Bending moment, deflection and shear force for beam 3
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(O Problems M-11.5  [3 points]
In the figures below, two cantilever beams of length L that are rigidly clamped at x1 = 0
are shown. Both beams were straight in their initial undeformed (stress-free) configura-
tion. They were then deformed as follows: The end at z; = L of the beam in Figure 11
was rotated by the angle o without being displaced; the end at x; = L of the beam in
Figure 12 was vertically displaced by the distance 9.

Both beams are made from a homogeneous linear elastic material with Young’s modu-
lus E, and their constant cross-sections possess the moment of inertia I.

>

L1

>
UL 5 &
S

L i

Figure 11: The end of this initially straight cantilever beam was rotated by the angle «
without being displaced.

>
ML 5 &

E \T
L '
B
Figure 12: The end of this initially straight cantilever beam was displaced in the negative x-
direction by the distance §.
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Please do the following for each of the beams:

5.1 (1 point) State the boundary conditions.

Solution:
Beam in Figure 11:

dd; =0 (14)
dl’l 21=0

dis

= = 16
dﬂfl =L @ ( )

Note: In an exact sense, the last boundary condition above would be

However, within the scope of our linearized beam theory, we focus on small deflections and
slopes of the beam. Therefore, tan(«) = «a.

Beam in Figure 12:

dl_LQ

Ty 0 (18)
ﬂg(.ﬁEl = L) = —0 (19)
Ms(z; =L) = 0 (20)

5.2 (1 point) State whether the beam system is statically determinate or statically
indeterminate.

Solution:
Beam in Figure 11:

As stated in Egs. (13) to (16), we have four kinematic boundary conditions here, and
consequently, there are four unknown reactions (an unknown reaction force in the z5-
direction and an unknown reaction moment at each end of the beam). However, there
are only two useful equilibrium conditions (force equilibrium in the xo-direction and the
moment equilibrium; the force equilibrium in the z;-direction is trivial since there are no
forces acting in this direction) so the system is clearly statically indeterminate.

Beam in Figure 12:
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As stated in Egs. (17) to (20), we have three kinematic boundary conditions here, and
consequently, there are three unknown reactions (an unknown reaction force in the -
direction and an unknown reaction moment at z; = 0 and an unknown reaction force in
the xo-direction at x; = L). Again, there are only two useful equilibrium conditions (see
above) so this system is also statically indeterminate.

5.3 (1 point) Obtain the bending moment Mj(z1), the shear force Sy(xy), the deflec-
tion uy(x1), and the slope i% along the length of the beam. Try to find the most
efficient approach, and explain which equations to use and why. (Take into account
whether or not you can solve for the shear force and the bending moment without

the use of the moment-curvature relation Ms(z,) = Elty(x1)).

Solution:

Since both beams are statically indeterminate, we cannot determine M;(x;) or Sp(xq)
from equilibrium considerations alone. Instead, we have to use the moment-curvature
relation Ms(z1) = Eltiy(x;) which yields in combination with Mj (v1) = pa(z1) a fourth-
order ODE that governs the deflection s (z1) of a beam:

"

(Efa;(x1>> = po(1) (21)

Here, ET is constant and po(z1) = 0 so

i

Uy (z1) = 0. (22)
The general solution to the equation above is
ﬂg(l’l) = Cgl’? + CQ.Z‘% + 011‘1 + C() (23)

where C3, Cy, (', and Cy are yet unknown constants that are to be determined from
boundary conditions.

For both beams, the end at z; = 0 is rigidly clamped, i.e. @s(z; = 0) = 0 and @y(2z, = 0) =
0. This yields immediately that Cy = C} = 0, and thus

ﬂg([ﬁl) = 03317? + Ogl’% (24)

The remaining constants C'3 and 5y need to be determined from the boundary conditions
at £y = L.

Beam in Figure 11:

Applying Egs. (15) and (16) yields

Cy = —. (26)
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Therefore,
L L
_ x T
B Floa /s x
My(ar) = Ely(wr) = == (Gfl - 2) (29)
Fla
SQ(SI,’l) = —E[ﬂ,g/(ﬂﬁl) = —6 L2 (30)
Beam in Figure 12:
First, note that Eq. (20) corresponds to
My(z, = L) = EI@(L) = 0
or
uy(L) =0
Applying this and Eq. (19) yields
39
- _- - 1
CZ 9 L2a (3 )
)
Cy = - —. 32
PN (32)
Therefore,
_ § 2 T
@) = -5 (- ) (33)
. 30 T T
ne) =577 (- 7) (34
B EI§ T
My(a1) = Elij(z1) = =3 — (1 - fl) (35)
EI§
52(1’1) = —E]ﬂg/(l‘l) = -3 F (36)
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