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Constitutive Material Response: Linear elasticity and Hooke's Law

The mechanical response of a material is characterized experimentally. A
mathematical relation between the components of the stress and the strain

tensor is sought.
We have already discussed the

uniaxial stress test and the general EA
characteristics of the corresponding
stress-strain curve relating the 61 -==""
applied normal stress component
011 and the corresponding normal
strain component £13.
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We will look into this in more €=

detail.
This expression describing the linear response of materials in the elastic regime

is known as Hooke's law. This particular form applies only to a state of uniaxial
stress. In general each and every component of the stress tensor o can depend
on each and every component of the strain tensor ;. We will generalize
Hooke's law to general states of stress and strain.
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Generalized Hooke's law |

A general linear relation between stress and strain components can be written
as:
Cijiew

Cijis are the components of a fourth-order tensor known as the elasticity tensor.

Transformation of tensor components upon change of basis

Can show that basis transformation rules for fourth-order tensors are analogous
to tensors of any order (including vectors), i.e., given the representation of
tensor C in two different bases e;, &;:

C= C,-jk,e,-ejeke/ = Cmnpqéménépéq

Taking dot products with basis vectors &; four times, we find:

Crnnpg = Cijia (Em - 1) (& - €/) (& - ex)(&q - &/)




Generalized Hooke's law I

Symmetries of the elasticity tensor How many different coefficients are there in
a fourth order-tensor? . However, for the special case of the elasticity tensor,
there are symmetries that reduce their number significantly.
@ Implications of symmetry of stress tensor.
This reduces the number of coefficients
oj = 0ji to 54, since:
Cixew = Cjikiewr, = C ijkl
(Gt — Gjit) e =0 ~~
x3x3 =81

@ Implications of symmetry of strain tensor.

This reduces the number of coefficients
g =¢ji to 36, since:

Ciwew = Cijwew = Cijiew, =
(Gijlw — Ciji) e =0 ~~
ﬁx% =81
G = Ciji

6x6=36

C ik



Generalized Hooke's law I

e Finally, from thermodynamics, it can be shown that in an elastic material

the stresses are a state function of the strains, i.e. they derive from a

thermodynamic potential (strain energy):

0
gjj = g = Cijki€kl
ij
o) d
7&%1"86’7 = e (CijklEk/)
>’y
CiikiOkmOin = ——=—
ijkI OkmO1 -
%
Cijmn =
v O mnOejj
Assuming equivalence of the mixed partials:
0? 0?
Cijur = v v Chiij

85/(/88,'] - 65,‘]65k/
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Generalized Hooke's law 1V

This further reduces the number of material constants to 21. The most
general anisotropic linear elastic material therefore has 21 material
constants. We can write the stress-strain relations for a linear elastic

material exploiting these symmetries as follows:

o1 Cunn Cux
ag22 C2222
o33|

on|
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J12

Cuiss
Conss
Cas33
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Ca323
Co323

Ciii3
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Isotropic linear elastic Hooke's law

Let’'s revisit the uniaxial stress test and consider all the deformations it
produces. For now, let's assume we are testing a material whose response is the
same no matter the direction in which it is tested. We will call this material

isotropic.
We observe that 011 not only produces an elongation €11 = % (o11) but also
lateral contractions e, = £33 = —ven = —v ¢ (011), where v = Poisson ratio is

a material-dependent property. We also observe that no shear strains are
produced for this isotropic material subject to a normal stress.

g11
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Isotropic linear elastic Hooke's law

Let’'s revisit the uniaxial stress test and consider all the deformations it
produces. For now, let's assume we are testing a material whose response is the
same no matter the direction in which it is tested. We will call this material

isotropic.
We observe that 011 not only produces an elongation €11 = % (o11) but also
lateral contractions e, = £33 = —ven = —v ¢ (011), where v = Poisson ratio is

a material-dependent property. We also observe that no shear strains are
produced for this isotropic material subject to a normal stress.

e = 21 ik
u=z
1
€22 = E (—VUM)
1 013/
ez = £ (—vou)
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Isotropic linear elastic Hooke's law

Let’'s revisit the uniaxial stress test and consider all the deformations it
produces. For now, let's assume we are testing a material whose response is the
same no matter the direction in which it is tested. We will call this material

isotropic.
We observe that 011 not only produces an elongation €11 = % (o11) but also
lateral contractions e, = £33 = —ven = —v ¢ (011), where v = Poisson ratio is

a material-dependent property. We also observe that no shear strains are
produced for this isotropic material subject to a normal stress.

1 o11
€11 = E [011 - V(Uzz)]
€2 = E (=vou)
1 0'13/
€= g (—vo11)
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Isotropic linear elastic Hooke's law

We now superimpose a uniaxial stress o2,. Similarly, this only produces an

elongation €22 = £ (022) but also lateral contractions

€11 = €33 = —VEn = —l/% (022),
1 on
€11 = E [011—V (022)]
Exn = % [022 — v (011)] 020 et 022

1
€33 = E [V (011 + 022)]
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Isotropic linear elastic Hooke's law

We now superimpose a uniaxial stress o33. Similarly, this only produces an
elongation e33 = % (o33) but also lateral contractions

€11 = €22 = —VE33 = —V% (033),
g3
1 11
€11 = E[Ull — v (022 + 033)] e
1 —
Eop = E [0'22 -V (0'11 + 033)] 922 == eveeneeeedhenanns g22
1 OTT g
€33 = E [o33 — v (011 + 022)]
3
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Shear response of isotropic linear elastic materials

@ We conceive a pure shear test as shown on the
figure on the right.

@ We apply a shear stress component 012 = 7 to a
block of material and measure the total shear
strain 2212 = 7. No other strains are observed in
an isotropic material.

@ In the linear elastic range, the slope of the linear
function relating these two quantities, is defined as
the shear modulus G, i.e.:

012 =T = G’y = G2E12

@ The same response is expected in any other of the
shear directions, i.e.:

o3 =7T=Gy=G2xn|0on=7=Gy= G2z
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General stress-strain relations for isotropic linear elastic materials: Hooke’s Law I

With the results from these conceptual experimental tests and the elastic
properties identified above, we can write the complete stress-strain relations in
(©) in the following (inverted) form:

€11 % %V % 0 0 0 011
€22 _TV % _?” 0 0 0 g22
£33 _ % %V % 0 0 0 033 (7)
2523 0 0 0 é 0 0 023
2e13 0 0 0 0 L of /o
2e12 0 0 0 0 0 %] |on

This suggests that isotropic linear elastic materials have three different
constants: the elastic or Young's modulus E, the Poisson ratio v and the shear
modulus G. However, we can show that they are not all independent. The
proof, is based on the realization, that the pure shear test is another test in
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General stress-strain relations for isotropic linear elastic materials: Hooke’s Law 1I

disguise. All we need to do is to rotate the applied state of stress and observed
strains to principal directions:

G365 G862

So in principal axes, our pure shear test has stress components
011 = 0| =T,02 =0 = —T,
and strain components

2 0
€11 = €1 = 5,522 =E&n = —5

Applying Hooke's law to this set of normal stresses and strains:

o
o1 22

1 A~
€11 = % =F ,-?'\_V(_T)
2
7= E(1+V)T

16



General stress-strain relations for isotropic linear elastic materials: Hooke’s Law III

But the coefficient relating v and 7 is é from where we conclude that:

E

=3y

The second law of thermodynamics, which you will study in the spring, requires
the shear modulus to be positive, or the material would require negative work
(give me energy) when | try to deform it, instead of requiring positive work.

This enforces a restriction on the possible values of the Poisson ratio .

As we discussed in class, most materials have positive Poisson ratios.
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General stress-strain relations for isotropic linear elastic materials: Hooke’s Law IV

We can now rewrite:

€11 1 -V -V 0 0 0 J11
€22 —Uv 1 —v 0 0 0 g22
€33 | _ l v v 1 0 0 0 033 ®)
2e23 E|O 0 0 2(1+v) 0 0 023
2¢e13 0 0 0 0 2(1 + I/) 0 013
2€12 0 0 0 0 0 2(1+v) 012
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General stress-strain relations for isotropic linear elastic materials: Hooke’s Law V

or just the plain equations exposing the actual couplings among normal and shear stresses and strains:

e = % [o11 — v (022 + 033)] (9)
€ = % [022 — v (011 + 033)] (10)
- % Tt — o )] (11)
2es = %023 (12)
2e3 = %031 (13)
21 = goua (14)

-

We can now use this knowledge to explore special states of stress and strain

19




Special states of stress and strain |

We will be using Hooke's law in a variety of special cases in which something is
known about the state of stress and/or strain. It is interesting to see how the

constitutive equations specialize to each one of those cases.
In this case, the only stress component is 011 = o (for example), and all others

are zero: 0z; = o03j = 0. Using the constitutive laws, we obtain the only

non-zero strains:
1
€11 = =0
E
—V
€ = —0
E
-V
€33 = —O0
E
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Special states of stress and strain |l

this means that stresses can only be in the plane, say ei-ey, i.e.
033 = 031 = 023 = 0.

The constitutive equations simplify Inverting th .
nverting these, we get:

to:
1 _E
fu=F (011 — vo22) oun=9"75 (e + vexn)
1 E
en =g (022 — vou1) 2= (g22 + ven)
iy —v
€33 = E (011 + 022) €33 = 11— (e11 + £22)

1 _
o12 = 2Ge
2612 = —012 12 12

G
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Special states of stress and strain Ill

this means that strains can only be in the plane, say e;-e», i.e.

€33 = €31 = €23 = 0.

The constitutive equations simplify
to:

1
€11 = E [o11 — v (022 + 033)]
1
€22 = E [o022 — v (033 + 011)]
1
0= £ [o33 — v (011 + 022)]

1
2€10 = con

Inverting these, we get:

2y (1= )e +

) (1 -v)e +

. E
S G T
_ E
S G T
vE
033

= m(ﬁl + e22)

o012 = 2Ge

ex|

511]




Special states of stress and strain 1V

this means that strains can only be in 1D, say ey, i.e. e2j = €37 = 0.

The first three constitutive

equations simplify to: Inverting these, we get:
1
en1 = = [o11 — v (02 + 033)] — M
E M At -—22) ™
0=— — E
E [o22 — v (033 + 011)] Om = 033 v

1 T arya-a)™
0= E [o33 — v (011 + 022)]
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Bulk Modulus

Establishes a relation between the hydrostatic stress or pressure: p = %O’kk and
the volumetric strain 6 = ey.

E
3(1—2v) (15)

To see this, add up the first three isotropic Hooke's constitutive equations in
compliance form:

p=K0 ; K=

1
€11 + €x + €33 = E [(o11 + 022 + 033) — v ((022 + 033) + (011 + 033) + (011 + 022))]
—_———

ekk=0
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Orthotropic linear elastic Hooke's law: Orthogonal composites

Let's repeat our process of superimposing uniaxial stress states as we did for
isotropic materials, but now, let's assume that the material is a composite with
different fiber density in each direction. We thus expect a different stiffness in
each direction as well. We will call this material orthotropic.

We observe that o11 not only produces an elongation €11 = E% (o11) but also
lateral contractions €2 = —r12e11, €33 = —r13e11. We also observe that no
shear strains are produced as the load is aligned with the direction of the fibers
(which are all aligned with the axes directions).

011
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Orthotropic linear elastic Hooke's law: Orthogonal composites
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011

_ou
€11 = —

E
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Orthotropic linear elastic Hooke's law: Orthogonal composites

Let's repeat our process of superimposing uniaxial stress states as we did for
isotropic materials, but now, let's assume that the material is a composite with
different fiber density in each direction. We thus expect a different stiffness in
each direction as well. We will call this material orthotropic.

We observe that o11 not only produces an elongation €11 = E% (o11) but also
lateral contractions €2 = —r12e11, €33 = —r13e11. We also observe that no
shear strains are produced as the load is aligned with the direction of the fibers
(which are all aligned with the axes directions).

011
c o11
11 = (—
E
011
€22 = —VIZ?
1 013/
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Orthotropic linear elastic Hooke's law: Orthogonal composites

Let's repeat our process of superimposing uniaxial stress states as we did for
isotropic materials, but now, let's assume that the material is a composite with
different fiber density in each direction. We thus expect a different stiffness in
each direction as well. We will call this material orthotropic.

We observe that o11 not only produces an elongation €11 = E% (o11) but also
lateral contractions €2 = —r12e11, €33 = —r13e11. We also observe that no
shear strains are produced as the load is aligned with the direction of the fibers
(which are all aligned with the axes directions).

. o11 011
1= =
E
N o11
€22 = —7/12?
1
o o1 o~
€33 = — V13—
E
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Orthotropic linear elastic Hooke's law: Orthogonal composites

We now superimpose a uniaxial stress o2,. Similarly, this produces an
elongation €22 = 2 (022) but also lateral contractions

€11 = —121€22,E33 = —123622
oy TR 02 on
1= F —la——
E E>
o1 | o»
€2 = —Vig—/— + — 02 ] 02
E; E;
o1 022 *U/n
€33 = —Vi3—=— — V3
E E>
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Orthotropic linear elastic Hooke's law: Orthogonal composites

We now superimpose a uniaxial stress o33. Similarly, this produces an

elongation €33 = 23 (033) but also lateral contractions
g E;

€11 = —U/31€33,€22 = —UV32€33
€11 = _ 21 2 —1/31E
E E; E:
622—*V12&+%* 32@
E; E> E-
€33 = —V13E — V23g + EES
E E, Es

020 S

J11

022

3
Reciprocity relations: As we discussed, the 1st law requires the relations above

to be symmetric, e.g.

V21 V12 V31

_ 13 V32 U3

E EB'E EB'E B



Orthotropic linear elastic Hooke's law: Orthogonal composites

The shear response is also different in the three different orthogonal planes, as

expected:

023
2523 = =
G

) 2631 =
3

03

Ga

1
, 2610 =
1

Hooke's law for orthotropic materials in matrix form

1 _ Y12

€11 Ey E1

_ 1
€22 E> E

3l V32
£33 _ Es Es
2623 0
2¢e13 0 0
2612 0 0

3
Ey

.L)3)
E>
1

Es

o O o

oo@‘ﬁooo

offoocoo

J12

G

3

‘HOOOOO

011
022

023
013
012

(16)

Remarks:

@ When the loading and the material directions coincide, there is no
coupling between shear and normal stresses and strains, and the shear

response remains diagonal (i.e. no cross coupling among different shear

stress and strain components).
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Orthotropic linear elastic Hooke's Law: Orthogonal composites

Summary of Constitutive equations for orthotropic materials:

c y 022 y 033
11 == 21— 31
E; E, E-

c v 011+022 y 033
2 =—Vi2—(=— + = — V22—
E; E Es
& v 011 . 022+U33
33 = —V13—=— — V3 — + =
E; E; E;

023

2823 = ——

G

031

2531 = ——

Gs1

012

2c1p = —

G2

(17)
(18)
(19)
(20)
(21)

(22)
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Orthotropic linear elastic Hooke's Law: Orthogonal composites

Summary of Constitutive equations for orthotropic materials:

1

el = = (011 — V12022 — V13033) (23)

€ = Eig (022 — 21011 — V3033) (24)

£33 = Elg (033 — 131011 — V32022) (25)
o

2623 = Gi; (26)

2en = g—z (27)

2e12 = g—i (28)
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