Outline



Stress equilibrium at a point |

In general, the state of stress in general varies throughout a solid body, i.e. the
stress tensor is a field (a function in 3D space) o = oij(x) Equilibrium imposes
restrictions on the way the stress field can vary from point to point in the body.

To see this, consider
opposite faces of a
differential volume element
subject to a varying stress
state and body force field
fi(x). To first order (in a
Taylor expansion of the
stress components), the
volume element is subject
to the stress state shown in
the figure (some of the
labels have been omitted
for clarity). q
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Stress equilibrium at a point: requirements

ZFI 1 0 = Adxidxedxs+

(011 + @dm) dxodxs — o11dxodxz+
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<U31 + %Cb@) dxidxo — o31dxidxe
8X3
(1)

(2)
3)




Stress equilibrium at a point: requirements

ZFI 1 0 = Adxidxedxs+

(g'/rf a@ 1 dX1) dx> dxs *Qrdeg dxz+
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(M o dXQ) dxsdx; — gardxzdxi+
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dX3) dx1dx> —g/gfdxldxz
(1)
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Stress equilibrium at a point: requirements

Oo1n | Ooa1  Ooz
o oo | ox

+A=0 (1)




Stress equilibrium at a point: requirements

do11 . Oon n 0031
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Stress equilibrium at a point: requirements
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=0 (1
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Stress equilibrium at a point: requirements

0o | 0o | Oo3
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Stress equilibrium at a point: requirements

60’11 60’21 80’31

= 1
8X1 8)@ + 8X3 + fl 0 ( )
o | Oon | 0Jos

= 2
8)(1 + aXQ + 8X3 + fz 0 ( )

Z Fi: 0= fidadodst+
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(U 33 + O3 dX3) dxidxo — o33dxidxe
8X3
(3)



Stress equilibrium at a point: requirements

Oou  Ooa | Oozn

= 1
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= 2
8><1+8><2+8 +hHh=0 (2

Z Fi: 0= fhdadodst+
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(3)
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Stress equilibrium at a point: requirements

V4

dou | Ooxn | Oos

= 1
8)(1 + aXQ + 8X3 + fl 0 ( )
Oo1a | 0o | Oo3

= 2
3X1 T 8X2 T 8X3 + f2 O ( )
80'13 80’23 80’33 + f2 -0 (3)

Oxi + Ox2 Ox3

11



Stress equilibrium

80'_,','
—, f; =
o 0

@ must be satisfied by the stress field at every point in a stressed body or
structure

@ constitutes a system of three partial differential equations relating the 6
independent stress components

Derive the differential equations of stress equilibrium for 1D and 2D stress
states.

In tensor form:




Symmetry of the stress tensor: moment equilibrium

Equilibrium of moments with respect to cube

center:
Z M;=0:0=

(Ulz + D012 dX1> dxz d&% + o12dx2dxs @a

(9X1 2
— | 021 + %dX2 dX1dX3& — O’21dX1dX3@
BX2 2 2

(4)
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Symmetry of the stress tensor: moment equilibrium

Equilibrium of moments with respect to cube
center:

> M;=0:0=
012 —‘r% ddeX3ﬁ + 0'12dX2dX3@
X1 2 2

N——
h.o.t

— | o1 +% XmdX3@ — 0’21dX1dX3%
X2 2 2

——
h.o.t
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Symmetry of the stress tensor: moment equilibrium

Equilibrium of moments with respect to cube

center:
Z M;=0: 0=

dx;
dxodxs 71 (012 + 012)

dx:
—dxy dX372 (021 + 021)

o012 —021 =0

012 = 021
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Symmetry of the stress tensor: moment equilibrium

Z M1 =0 gives: 023 = 032, and E M2 =0
gives 013 = 031. In summary:
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In Cylindrical coordinates |
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In Cylindrical coordinates Il
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In Cylindrical coordinates Il

From the components of the divergence of the stress tensor in cylindrical

coordinates, we can obtain the equations of equilibrium:

aarr 1 aUrG O — 066 _
o trae T R0
O0ogr 1 004g Oro
: 2770 | f, =
or Tr g T2, TR=0
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