5
Matrix Transformations
for a Member Element

5-1. ROTATION TRANSFORMATION

Suppose we know the scalar components of a vector with respect to a ref-
erence frame and we want to determine the compongnts of the vector corre-
sponding to a second reference frame. We can \{lsuallze the .determmatmn of
the second set of components from the point of view of applying a transforma-
tion to the column matrix of initial components. We refq' to thxs transforma-
tion as a rotation transformation. Also, we call the matrix which defines the

ion a rotation matrix. ' '
traf:tfo}?;‘f%l?;= 1,2,3and n = 1, 2) be the direction's and corresponding unit
vectors for reference frame n. (See Fig. 5-1.) We will gencrally use a super-
script to indicate the reference frame for directions, unit vectors, and scalar

X3
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Fig. 5—-1. Directions for reference frames 1"’ and “'2.”
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components in this text. We consider a vector, 4. The scalar components of
@ with respect to frame n are aj and we express d as

a=ayt} + a1y + a3iy = (@»7i" 5-1)
Now, @ is independent of the reference frame. Then,
4= (al)Til — (aZ)TiZ . (Cl)

To proceed further, we must relate the two reference frames. We write the
relations between the unil vectors as

2 = pit (5-2)

where . is the scalar component of i? with respect to 1. The transformation
matrix, B, is nonsingular when the unit vectors are linearly independent. Sub-
stituting for i* and equating the coefficients of i' leads to

al = BTaz
aZ — (ﬁT)“a‘ : (b)
Finally, we let
R12 - (pT)—l

RZI . (RIZ)—I — ﬁT (5*3)
With this notation, the relations between the component matrices take the
form
az — R12a1 3 .
al = R?3? (5-4)
i2 = (RlZ)-—J,Til

The order of the superscripts on R corresponds to the direction of the trans-
formation. For example, R'? is the rotation transformation matrix corre-
sponding to a change from frame 1 to frame 2. We see that the transformation
matrix for the scalar components of a vector is the inverse transpose of the
transformation matrix governing the unit vectors for the reference frames.

Example 5-1

We consider the two-dimensional case shown in Fig. E5—1. The relations between the
unit vectors are

i = cos 01} + sin 67}

i3 = —sin ¢! + cos $i} ®
We write (a) according to '(5 -2).
i? = pit
| cosf sing ‘ (b)
" | —sin ¢ cos¢ ’
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With this notation, the relations between the unit vectors and the various

Then, _ rotation matrices are:

R = 7 = [Cf)s 6 —sin (b] © ¢ = RIPT = RiPjt

sing  cos¢ ¥ = RI7f
12 Ty~ 1 1 cos ¢ sin ¢ (d)

RY = ()" = m[_sin 6 cosf 1. From (4-21), -

IBTI = cos 0 cos ¢ + sin 0 sin ¢ s From (4-24) R = H;A] (5-7)
and 1 0 0

a? _ L[ cos ¢ sin gb} {ai} ©
a2 7| —sin@ cosd a}

When both frames are orthogonal, ¢ = 0 and pr=p""

Fig. E5-1

The result obtained in the preceding example can be readily extended to the
case of two 3-dimensional orthogonal reference frameg. thn both i?a‘mets) a(;e
orthogonal, the change in reference frame§ can be? v1sgahzcd as a 11g1d2 o.ﬂy
rotation of one frame into the other, f; is the direction cosine for Xj wi h
respect to Xi, and the rotation transformation matrix is an orthogonal matrix:

R'? = [Bu] (5-5)
B = cos(X% X})

In Sec. 4-7, we defined the orientation of the lo_cal frame (f;, 15, f3) at a
point on the reference axis of a member element with respect to the natura'l
frame (f, 7, b) at the point. This frame, in turn, was deﬁned with respect 1to a
fixed cartesian frame (iy, i, i3) In order to distinguish between the 11re(ei
frames, we use superscripts p and p’ for the local and natural frames at p an
a superscript 1 for the basic cartesian frame:

tP = {Eh ZZLEZ’)}I’
¢ = {i,n, b} (5-6)

il = {71, iz, ?3}

e 2 S —————

T A TN AT T

RP?P =0 cos¢ sing
0 —sin¢g cos¢

Rlp — 8 —_ Rlp'Rp'p
B defined by (4-25).

§-2. THREE-DIMENSIONAL FORCE TRANSFORMATIONS

The equilibrium analysis of a member element involves the determination
of the internal force and moment vectors at a cross section due to external
forces and moments acting on the member. We shall refer to both forces and
moments as “forces.” Also, we speak of the force and moment at a point, say
P, as the “force system” at P. The relationship between the external force
system at P and the statically equivalent internal force system at Q has a simple
form when vector notation is used. Consider a force F and moment M acting
at P shown in Fig. 5-2. The statically equivalent force and moment at Q are

f equiv. = I:

Z (5-8)
Mcquiv. =M + 7 X F

One can visualize (5-8) as a force transformation in which the force system
at P is transformed into the force system at Q. This transformation will be

F oquiv. /

—
M equiv.

Fig: 5~-2. Equivalent force system.

linear if 7 is constant, that is, if the geometry of the element does not change
appreciably when the external loads are applied. We will write (5-8) in matrix
form and treat force transformations as matrix transformations.
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We develop first the matrix transformation assogiated with the mgrpM_gntt }(:f
a force about a point. Let Fp be a force vector acting at point P 'fmd. tQ thz
moment vector at point Q corresponding to Fp. Wc will alxyays nr;1 1ca1et. °
point of application of a force or moment vector with a subscript. The relatio

between My and Fpis My = OP x Fp (5-9)

We work with an orthogonal reference frame (frame 1) shown in Fig. 5-3
and write the component expansions as
Fp = Y Fhi} = @)Fr
M, = YMbji} = (M5
Expanding the vector cross

(5-10)

The scalar components of QP are xp; — Xp-
product leads to

5-11
M), = XboFb G-1D)

0 | —lxby = %0 | *lxi2 = Xod
""""""""""" T T T T ik — x
Xpo=|+0xps =02 | O r__i_ﬁ_(__.le____gl_)
T(xbs — xba) | Hlepr — Xo1) | 0

Note that X},Q is a skew-symmetric matrix. One can interpret it as a force-

- . 1 into
translation transformation matrix. The force at P is transformed by Xpg 1nt0

oL
X3 Lo
Fpyiy a
/7 | N
S £ Fhy il
~ P25
PV
Mp, il My
2373 { MQ2’2 : i
e — -
ik |
1ot
My, fy ! |
' |
! |
1 1
‘lxm | %P3
|
- |
NN |
:1 ‘
51 i |
2 N | Xl
a > 1 4 | /’ 2
K b/ 1 /
xéz | /le { / L
_______ v L Xpy
/
b,
________________ &
1
*py

Fig. 5-3. Notation for orthogonal reference frame.
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a moment at Q. Note that the order of the subscripts for the translation trans-
formation matrix, Xpy, corresponds to the order of the translation (from P
to Q). Also, Xpy and Fp must be referred to the same frame, that is, the super-
scripts must be equal.

Up to this point, we have considered only one orthogonal reference frame.
In general, there will be a local orthogonal reference frame associated with

-each point on the axis of the member, and these frames will coincide only when

the member is prismatic. To handle the general case we must introduce rota-
tion transformations which transform the components of F and M from the
local frames to the basic frame (frame 1) and vice versa. We use a superscript
p to indicate the local frame at point P and the rotation matrix corresponding
to a transformation from the local frame at P to frame 1 is denoted by R?!.
With this notation,

F1 _ prt
Fp = RV I (5-12)
Mj = R'M,
and the general expression for M} takes the form '
M} = (RYXp,R7)FS (5-13)

We consider next the total force transformation. The statically equivalent
force and moment at Q associated with a force and moment at P are given by

T:Q = Fp
My = Mp + QP x I'p

When all the vectors are referred to a common frame, say frame. 1, the matrix

transformation is
F; I, | 0](F}
ot = [0 oo ®

(5-14)

@

i

We let

The 6 x 1 matrix &} is called the force system at Q referred to frame 1. Using
this notation, (b) simplifies to

Fh = XhoF} (5-15)

When the force systems are referred to local frames, we must first transform
them to a common frame and then apply (5--15). Utilizing the general rotation -
matrix,

RP" = I_lin__j__.o_; — (@np)—l . (@np)T (5 16)

S T T - ¢ o
and applying,

7l — prige

;/:: %140/‘:‘; . (a)
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we obtain
FY = (RUX L, RPNF (6-17)

- TBTY

Equation (5-17) states that when the matrix transformation 7§} is applied
to % we obtain its statical equivalent at Q. Actually, we could leave off the
subscripts and superscripts on 4 when we write (5—17). However, if 7 appears
alone, we must include them. Note that the force transformation generally
involves both translation and rotation. The order of the subscripts corresponds
to the direction of the translation, e.g., from P to Q. Similarly the order of the
superscripts defines the direction of the rotation or change in reference frames,
e.g, from frame p to frame q.

In general, the geometry of a member element is defined with respect to a basic
reference frame which we take as frame 1. To evaluate J 3} we must determine
RPL R, and X}, from the geometrical relations for the member. We have
already discussed how one determines R'? in Secs. 4—7 and 5~1.

When the member is planar®* and the geometry is fairly simple (such as a
straight or circular member), we can take {rame 1 parallel to one of the local
frames. This eliminates one rotation transformation. For example, suppose we
take frame 1 parallel to frame p. Then, R'” = land 7~ £ reduces to

R 10 ] [rRe 10
Ty = [ﬁ?@{}; mull _ﬁ'ﬁa@;‘f“ﬁ,ﬁ_ (5-18)
Similarly, if 1 and g are parallel,
RA! Lo ] [Re {0 ]
(7728 X P R o ) = | I, —
J gQ {X)I,QRM { Rnlﬂ ,X}I’QRM _{ RPq_ (5 19)
When both p and g are parallel to 1, 775} reduces to Z'py.
Ty = ko (5-20)
By transforming from P to Q and back to P, we obtain
Ty = ThHT HTh (@)
and it follows that
T = (T (5-21)

If the transformation from P to Q is carried out in the order P — S, §; —
Sy ..oy S, = Q, where Sy, S,, ..., S, are intermediate points, the transforma-
tion matrix, 7 b} is equal to the product of the intermediate transformation
matrices.

(5-22)

L _ g ... gS1s o4
Tro=T%Y  T55T b,

* If the reference axis is a plane curve and the local frame coincides with the natural frame (¢ = 0)
we say the member is planar.

-y

~,

B Ty . 7

T S P Ty
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where s,, s i
2, - -+, Sy are arbitrary reference frs i i
ames. It is convenient t
. . - . 0
common reference frame for the intermediate transformations fake

Example 5-2

We consider the plane circula i
m N
fame . Ther r member shown in Fig. E5-2. We take frame { parallel to

Xp — X} = {asin, —al ~ cos 6), 0}

0 Lo ! !
| j —all — cos @
Xig =Xy =0 o | —asing :
Lal —cos) | asing | o
cosf —sinf 0
R =R" =|5ing cosg 0
0 0 !
The transformation matrix has the form
g‘ga = RMQ”"Z‘Q = BTMH._ ,__(}_‘
quxf;Q { : 3
where
0 o ! )
1 i +all — cos @)
RMXE, =10 Lo | —asing
ol ~cos0) | asing o
Fig. E5-2
X
X i
P !
1 V)
=
g
Example 5-3

AS an qustlatlon of the case Whele tlle geOInCtIy 18 dCﬁlled Wllh lCSpCCt to a baSlC
cartesian 1 ame, we Collsldel ﬂle pr b cm ()f illdlll re or a Ilculal hth ]he ene]al
ig 'y 8] 1 £ T PQ f C &
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expansion for 7 5% has the form
RURA! ) R4 10
Ty = "T’"T_“T—l}_”"ﬂ,_ﬁ =1y TJ"T_—,;T'JFrﬁ,Tq'
R GXPQRP { R R R XPQR |
The parametric representation for a circular helix is given in Sec. 4—1:

x} =acosy

x} =asiny

x3 = ¢y
where x} (j = 1,2,3) are the cartesian coordinates with respect to the basic frame (frame.: 1).
Let ypand y, be the values of y corresponding to points P and Q. The coordinate matrices

for P and Q are .
Xp = {acos yp, asin yp, C¥p;

xy = {acos yg, asin g, o}

I

Then,
a(sin yp — sin yg)
—a(cos yp — €0 Vg)

0 —c(yp = Yo
Xpo=| <yp— ¥ 0
—a(sin yp — sin yg) a(cos yp — COS o) 0

To simplify the algebra, we suppose the local frame coincides with the patural frame at
every point along the reference axis, that is, we take ¢ = 0. Using the results of Sec. 4-7,
the rotation matrices reduce to

[ a . a ¢
——sin —CoS Yo -~
o Yo o ¢
RY =| —cosy, —siny, O
c . ¢ a
- sin —-C08 yg -
o Yo o ¢
C a c .
——sinyp, —cCOS Yp —sin yp
o o
a H ¢ I1mT
R =] “cosy, —sinyp —-cosyp|=(R')
o o
c a
e 0 e
o o
where a* = a* + ¢ .
Evaluating the product, R'R? ! we obtain
/N2 2 f 7]
a [4 i a | ac
—] cosy +{— | —=—sinnp | —(1 —cosn)
3 o } o Lo
a | I c .
R? = RYRP! =| —siny | cosy | ——sing
o o
| I
ac boc - 2 c\?
— {1 — cos —sin -} 4+ (-] cosy
o2 (1 — cosn) I a n g; . o |
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where n = yp — yo. Also,
RYX R =

a*c . ac .
— (2 —2cosn —nsiny) —-—{(ncosy — siny)
o o

5

ac® a 2 s
—5-fsin g 4+~ (1 ~ cosn){a® — ¢?)
at o

RO

ac ) ) c? a*
—{ncosy —siny) —cnsing ——Hhcosy — —siny
CZ (.Z L1Z ,2(_. 3

[4 . a ) [£ [
—nsing 4+ (1 —cosy)a® —c*) | —pcosy+-—sinng | —2—(1 —cosy) —-zysing
x o o % o o

R e

Note that we can specialize the above general results fo
(Example 5-2) by takingc = O and 5 = 0.

the case of a plane circular member

5-3. THREE-DIMENSIONAL DISPLACEMENT TRANSFORMATIONS

Let P and Q be two points on a rigid body. Suppose that the body experiences
a translation and a rotation. We define i, and @p as the translation and rota-
tion* vectors for point P. The corresponding vectors for point Q are given by

ﬁQ=ﬁp+prI—7—Q

_ =l (5-23)
Wg = Wp

Equation (5-23) is valid only when ]‘Eé,ﬁ is negligible with respect to unity.

Since PQ = —QP and @p x PQ = —PQ x @p, an alternate form for i, is

lig = ilp + QP x @) (5-24)

We define . ‘
ul

uy =" -2
P { w})} (5-25)

as the displacement matrix for P referred to frame 1. The displaccment at Q
resulting from the rigid body displacement at P is given by

| XL
b = L | %o g (5-26)
0 { I3

We consider next the case where the local frames at P and Q do not coincide.
The general relation between the displacements has the form

wy = gglq[li_-_)g}ig—l RPYY,

0 I
_ [quRpl qu—XIl’Q Rle . (5"27)
0 RUR?! g
One can showT that alternate forms of (5-27) are
Uy = (TEY) T U = (T ) U (5-28)

* The units of || are radians.
1 See Prob. 5--7.
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We see that the displacement transformation matrix is the inverse transpose of
the corresponding force transformation matrix. This result is quite useful.
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PROBLEMS

-

5-1. Consider the two-dimensional cartesian reference frames shown. If
a' = {50, —100}, find a’.

Prob. 5-1

1
XZ

-

60°

2
X

5-2. The orientation of two orthogonal frames is specified by the direction
cosine table listed below.

I B I

Xx? 12 172 V22
X% 1/2 12 | - \/zj/z
X3 | -V22 | V2 0

(a) Determine R*2. Verify that (R'?)7 = (R*?)" 1,

e S ARt s

e T S A ——

e

T g,

PROBLEMS 111

(b) Ifa' = {10, 5, 10}, find a
(¢) Ifa* = {5, 10, 10;, find a'. ‘
5-3. Consider two points, P and Q, having coordinates (6, 3,2) and (— 5, 1, 4)
with respect to frame 1. The direction cosine tables for the local reference frames
are listed below.

i 7} i3
i 12 12 V22
iz 12 12 | —/22
B -V | V2 0
1| -2 1,2 12
i V22 12 12
73 0 | -2 V22
(a) Determine 25 and Z'5,.
(b) Determine 7§, .
(¢) Suppose F§ = {100, —50, 100, 20, —40, +60}. Calculate F%.
5--4. Consider the planar member consisting of a circular segment and a

straight segment shown in the sketch below. Point P is at the center of the circle.

Prob. 5-4

(a) Determine 7§} by transforming directly from P to Q. Also find 7~ &
(b) Determine 75} by transforming from P to S and then from $ to Q.

©

5-5.

Find #% corresponding to #§ = {0,0, 1,0, 0, 0}.
Consider the circular helix,

. . .. 4
i = 2cos yi; + 2sin yi, + ;v73.
n

Suppose ¢(y) = 0. Determine; T 8y Take yp = n/2,yy = n/4.
Suppose ¢(y) = —y. Determine 7 5.
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5-6. Refer to Problem 5-3. Determine %% corresponding to &% = {1/2,
—1/4,1/3, —1/10, 1/10, 0}. Verify that '

FEUY = Fy"Up
5-7. Verify that (5-27) and (5-28) are equivalent forms. Note that
I DX I Lol .
Cr = | = @
O ! Ij XQP ! 13
5-8. Consider the plane member shown. The reference axis is defined by
Xy = flxy).

X Prob. 5-8

X1

X1

(a) Determine 7 5}. Note that the local frame at P coincides with the
basic frame whereas the local framc at Q coincides with the natural

frame at Q.
(b) Specialize part (a) for the case where
4a
X, = b—Z‘ (.\‘lb - .\'f)

and the x; coordinate of point Q is equal to b/4. Use the results of
Prob. 4-2.

Part Il
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