12
Engineering Theory of
Prismatic Members

12-1. INTRODUCTION
St. Venant’s theory of flexure-torsion is restricted to the case where—

1. There arc no surface forces applied to the cylindrical surface.
2. The end cross sections can warp freely.

The warping function ¢ consists of a term due to flexure (¢5) and a term due to
pure torsion (¢,). Since ¢ is independent of x,, the lincar expansion
Fyo M, M,

o111 =

—t Xy — X 12-1
y 1 X3 1 2 ( )

is the exact solutiont for gy;. The total shearing stress is given by

Gys = G, + Gy (12-2)

where ¢, is the pure-torsion distribution (due to ¢,) and o, represents the
flexural distribution (due to ¢,). We generally determine o by applying the
engineering theory of shear stress distribution, which assumes that the cross
section is rigid with respect to in-plane deformation. Using (12-1) leads to the
following expression for the flexural shear flow (see (1 1-106)):

£ Q.
4 = da — %Fz - ‘1—22*]‘3 (12-3)

The warping function will depend on x; if forces are applied to the cylindrical
surface or the ends are restrained with respect to warping. A term due to
variable warping must be added to the linear cxpansion for ¢4,. This leads
to an additional term in the expression for the flexural shear flow. Since (12-1)

+ A linear variation of normal stress is exact for a homogeneous beam. Composite beams (e.g.. a
sandwich beam) are treated by assuming a linear variation in extensional strain and obtaining
the distributions of ¢,; from the stress-strain relation. See Probs. 11-14 and 12-1.
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satisfies the definition equations for F, M,, M5 identically, the normal stress
correction is self-equilibrating; i.e., it is statically equivalent to zero. Also, the
shear flow correction is statically equivalent to only a torsional moment since
(12--3) satisfies the definition equations for F,, F5 identically.

In the engineering theory of members, we neglect the effect of variable warping
on the normal and shearing stress; i.e., we use the stress distribution predicted
by the St. Venant theory, which is based on constant warping and no warping
restraint at the ends. In what follows, we develop the governing equations for
the engineering theory and illustrate the two general solution procedures. This
formulation is restricted to the linear geometric case. In the next chapter, we
present a more refined theory which accounts for warping restraint, and in-
vestigate the error involved in the engineering theory.

12-2. FORCE-EQUILIBRIUM EQUATIONS

In the engineering theory, we take the stress resultants and couples referred
to the centroid as force quantities, and determine the stresses using (12-1),
(12-3), and the pure-torsional distribution due to My. To establish the force-
cquilibrium equations, we consider the differential element shown in Fig.
12--1. The statically equivalent external force and moment vectors per unit

}<~dx1/2—+—~dxl/2_._.i

— dﬁ dx
Fo + 7555

“““““ Xi

-
mdxy

= dM, dx
M+ dxy (2 )

=~ gM_ dxy
M_ + dx; (—~2—)

Fig. 12—1. Differential element for equilibrium analysis.

length along X'| are denoted by b, 7. Summing forces and moments about 0

leads to the following vector equilibrium equations (note that F_ = —F,
Mo = —M,): R
dF -
X4 bh=0 )
dx,
— (a)
CHV[+ .
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We obtain the scalar equilibrium equations
expansions and equating the coefficients o
sulting system uncouples into four sets of eq
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f the unit vectors to zero. The re-
uations that are associated with

e X,-X, plane, flexure in the X,-X plane, and twist.
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equations. We list the results below for future reference.
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Note that the shearing force is known once the bending moment variation is
determined.

The statically equivalent external force and moment components acting on
the end cross sections are called end forces. We generally use a bar superscript
to indicate an end action in this text. Also, we use 4, B to denote the negative
and positive end points (see Fig. 12-2) and take the positive sense of an end

Fig. 12-2. Notation and positive direction for end forces.

force to coincide with the corresponding coordinate axis. The end forces are
related to the stress resultants and couples by

Fg; = [Filo=
MBJ' = [Mj]:q=L
F“‘j = _[Fj]:c1=0
MAJ' = “[A/Ij]xlto

A minus sign is required at 4, since it is a negative face.

=123 (12-6)

12-3. FORCE-DISPLACEMENT RELATIONS; PRINCIPLE OF
VIRTUAL FORCES

We started by sclecting the stress resultants and stress couples as force
parameters. Applying the equilibrium conditions to a differential element re-
sults in a set of six differential equations relating the six force parameters. To
complete the formulation, we must select a set of displacement parameters and
relate the force and displacement parameters. These equations are generally
called force-displacement relations. Since we have six equilibrium equations,
we must introduce six displacement parameters in order for the formulation
to be consistent.

Now, the force parameters are actually the statically equivalent forces and
moments acting at the centroid. This suggests that we take as displacement
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parameters the equivalent rigid body translations and rotations of the cross
section at the centroid. We define # and @ as

it = ) u;i; = equivalent rigid body translation vector at the centroid (12-7)
@ = ) wji; = equivalent rigid body rotation vector

By equivalent displacements, we mean

{{ (force intensity) (displacement) dA = F-i+M B (12-8)
A

Note that (12-7) corresponds to a linear distribution of displacements over the
cross section, whereas the actual distribution is nonlinear, owing to shear de-
formation. In this approach, we are allowing for an average shear deforma-
tion determined such that the energy is invariant.

We establish the force-displacement relations by applying the principle of
virtual forces to the differential element shown in Fig. 12-3. The virtual-force

L ang )%

—AM, +

a’ Xy

Y PN TEN: A3}
AM, +dx1 (AB . )

—AF, | dxq |
| |
| |
| |
> dudx
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A\\ TS S adodn
= _dwdy dxy 2
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Fig. 12-3. Statically permissible force system.

system is statically permissible; that is, it satisfics the one-dimensional equili-
brium equations y
S—(AF,) = 0
o @
d - — .
*—(AM-;-) + (Yl X AF+) =0
dXI

Specializing the principle of virtual forces for the one-dimensional elastic
case, we can write
di?* Xm = Zd‘ AP, (b)
where d; represents a displacement quantity, and P; is the external force quan-
tity corresponding to d;. The term dV* is the first-order change in the one-
dimensional complementary energy density due to increments in the stress
resultants and couples.
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Evaluating the right-hand side of (b), we have

, — dn day d  —
Zdi APL = [AF.F 2“— -+ AA/I d;l) (‘;—1‘ AM+) . Uj:} dxl (C)
Using the second equation in (a), (c) takes the form
— dii — I
Yd; AP; = [Mx '(1 ‘1 + 7, x w) + AM, -“L‘”]dxl (d)

Finally, evaluating the products, we obtain
Zdi AP, = [AF[lll’ 1 -+ Apz(llz‘l —_ 603) -+ AF},(M},,l + (Dz) .
+ AM{COL] + AIWQCOZE 1 + AA/I3CU3‘ 1](1}61 (12"‘9)
Continuing, we expand dV*:
3 1* 7
=1 7}
X (12-10)
Z (e; AF; + k; AM )

The quantities e; and k; are one-dimensional deformation measures. Equating
(12-9) and (12-10) leads to the following relation between the deformation
measures and the displacements:

ov* v
e = —— = U ki =—— =
8F1 1.1 1 0M1 1.1
ove k ov 12-11)
€y = = Uy 1 — W = e =W -
()’FZ 3 ? 61\42 ?, ! (
av* ! i ap*
€3 = 7o = Uz g+ W) K3 = 37— = W3
0F, oM, A
We see that—
1. e, is the average extensional strain.
2. e, e3 are average transverse shear deformations.
3. ky is a twist deformation.
4. kj, k3 are average bending deformation measures (relative rotations of

the cross section about X ,, X 3).

Once the form of V'* is specified, we can evaluate the partial derivatives. In
what follows, we suppose that the material is linearly elastic. We allow for the
possibility of an initial extensional strain, but no initial shear strain. The
general expression for V* is

-~ 1 {
V* = fj I:QF o7 + 04&f + ! (0'12 + 013)} (@)
A

where &) denotes the initial extensional strain. Now, V* for unrestrained
torsion-flexure is given by (11-98). Since we are using the engineering theory
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of shear stress distribution, it is inconsistent to retain terms involving in-plane
deformation, ie., v;/E. Adding terms due to oy = Fi/4, 0,¢?, and neglecting
the coupling between F,, F3 leads to

1 1 1 2

V¥ =F1& + 5= Fi + 52 F3 + 5 F3
24E 2G4, 2GA, 1 (12-12)
1 2 0 LpYe) 9 3
KM + = M
+ 557 M+ Mo + 5 M3 4 I3Ms + 5y M3

where
My =M, + F;X53 — F3X;

L 0
= X385 dA
o ~1 ] .
kS = = || xasl dA
3

We take (12~12) as the definition of the one-dimensional linearly elastic com-
plementary energy density for the engineering theory. One can interpret
3, k9, k3 as “weighted” or equivalent initial strain measures.

Differentiating (12—12) with respect to the stress resultants and couples, and
substituting in (12-11), we obtain the following force-displacement relations:

=~
el

S

F .
81:€?+;{)%=M1_1 ]€1$-G:]Ij=(l)1,1
F M M
e; = E;_/:: + —G‘.}T‘X‘; = Uy 1 — W3 ky = kf;f + EI—Z; = (02, 1 (12—13)
F M M.
63?-“'6;/%3--‘"(;“}?2:“3,14”0)2 k3=kg+"él‘§=w3.1

To interpret the coupling between the shear and twist deformations, we note
(see Fig. 12-4) that
Uy = X301 (a)
Uy = — Xm0
defines the centroidal displacements due to a rigid body rotation about the
shear center. Comparing (a) with (12—13), we see that the cross section twists
about the shear center, not the centroid. This result is a consequence of neglect-
ing the in-plane deformation terms in V*, ie., of using (12~12).

Instead of working with centroidal quantities (M, u,, #3), we could have
started with My and the translations of the shear center. This presupposes
that the cross section rotates about the shear center. We replace u,, uz (see
Fig. 12-4) by

Uy = Ugy + W) X3 (12‘14)

Uy = Ugy — 1Ko
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where ug,, ug; denote the translations of the shear center.

£2, F3, My in (12-9) transform to fhe terms involving

AMrw, ; + AFy(usz, 1 ~ ws) + AF3(us3, ; + wy) (@)
Then, taking My as an independent force parameter, we obtain
My
GF = o
£,
GA, = Usp ; — w3 (12~15)
Fy

=y
G4, $3,1 + Wy

.Shmce the section twists about the shear center, it is more convenient to work
with My and the translations of the shear center. Once Ug,, Uss, and w, are
S B 1

A

Fig. 12—-4. Translations of the centroid and the shear center.

knﬁown,‘ we can determj)?e Uz, uz from (12~14). We list the uncoupled sets of
force-displacement relations below for future reference.

Stretching
F,
ef + AE = M
Flexure in X,-X, Plane
F,
‘G*A-z" = HUsz, 1 — w3
M
B+ =2 = @3, 4

El,
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Flexure in X,-X; Plane (12—-16)
F
671; = Us3, 1 + W2
M,
K+ == =,
2 + 7, W3, 1
Twist About the Shear Center
My
GJ w1, 1

The development presented above is restricted to an elastic material. Now,
the principle of virtual forces applies for an arbitrary material. Instead of first
specializing it for the elastic case, we could have started with its general form

{see (10-94)), ‘
jxl [fj ST Ao dA:[ dxl = Zdi AP:
A

where ¢ represents the actual strain matrix, and Ae denotes a system of statically
permissible stresses due to the external force system, AP, We express the
integral as

(12-17)

3
[fe"Aodd = 3 (e; AF; + k; AM)) (12-18)
A j=1

and determine e}, k;, using Ac as defined by the engincering theory. Forexample,

taking
AF AM AM
Ao, = ‘*X‘L‘ + —"1*7”2* X3 — ’7;3 X2 (a)

leads to

kz = }‘ j\[ X381-dA (b)
I,

Once the extensional strain distribution is known, we can evaluate (b).
Using (12-18), the one-dimensional principle of virtual forces takes the form

5x1[2(ej AFJ + kJ AA{;)](ZXI = Z(li A[)i (}2‘19)

The virtual-force system must satisfy the one-dimensional equilibrium equations
(12—4). One should note that (12-19) is applicable for an arbitrary material.
When the material is elastic, the bracketed term is equal to dV*, and we can
write it as

[x, dV* dx, = Yd; AP, (12-20)
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The expanded form for the linearly elastic case is

F F F M
0 LVAF 2 YAF, + 3 z T AM.
LI[(EI+AE> 1 G, Af GA; AFs + Gy MMy
M M
+ (K + 2 AM K+ =2 x; = Y.d; AP,
( 3 + EIZ) 5 + <3 + EI3 AM3 d’(l dl AP,

We use (12-21) in the force method discussed in Sec. 12-6.

(12-21)

12-4. SUMMARY OF THE GOVERNING EQUATIONS

At this point, we summarize the governing equations for the linear engineering
theory of prismatic members. We list the equations according to the different
modes of deformation (stretching, flexure, etc.). The boundary conditions reduce
to either a force or the corresponding displacement is prescribed at each end.

Stretching (F,, u,)

Fi,y+b =
F _
e? + i = Uy 4 (12-22)

_ AE
F, or uy prescribed at x; = 0, L

Flexure in X \-X, Plane (Fy, M5, u,, ;)

I;g’]_ + bz = 0

My +my+F,=0
F,

E;l—; = Up T W3

M

E‘I‘Z‘ + kg = 0)3’ 1

u, or F, prescribed at x, = 0, L

M or w3 prescribed at x; = 0, L

(12-23)

Flexure in the X -X; Plane (Fy, M,, us, ,)

F3 1+ b;=0

My +my—F3=0
Fy
GA
M,
EI,
uz or F3 prescribed at x; = 0, L

w, or M, prescribed at x, = 0, L

= Uz 1 + @
(12-24)
+ k3 = oy, ’
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Twist About the Shear Center (M, ©,, u,, us)

MT,l +WlT=O

My

GJ = Wy,

M or w, prescribed at x; = 0, L (12-25)
mp = my + b,X3 — b3X,

Uy = X3,

Uz = — X0

12-5. DISPLACEMENT METHOD OF SOLUTION—PRISMATIC MEMBER

The displacement method involves integrating the governing differential
equations and leads to expressions for the force and displacement parameters
as functions of x;. When the applied external loads are independent of the
displacements, we can integrate the force-equilibrium equations directly and
then find the displacements from the force-displacement relations. If the applied
load depends on the displacements (c.g., a beam on an elastic foundation),
we must first express the equilibrium equations in terms of the displacement
parameters. This problem is more difficult, since it requires solving a differential
equation rather than just successive integration. The {ollowing examples illus-
trate the application of the displacement method to a prismatic member.

Example 12-1

We consider the case where b, = const (Fig. E12-1). This loading will produce flexure
in the X {-X, plane and also twist about the shear center if the shear center does not lie on
the X, axis. We solve the two uncoupled problems, superimpose the results, and then
apply the boundary conditions.

Flexure in X-X, Plane

We start with the force-equilibrium equations,
Far==b; (a)
M 3,1 = ~F, (b)

Integrating (a), and noting that b, = const, we have
Fy = Fylq=0 = bax (©)
For convenience, we use subscripts 4, B for quantities associated with x;, = 0, L:
File=o =Fuj  Fjlq=1=Fg ctc )
With this notation, (c) simplifies to
Fy=Fy — byx; (e)
Substituting for F, in (b), and integrating, we obtain

My = My — x;F 5 + $bypxi ()
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We consider next the force-displacement relations,

M
W3 = ‘E‘f;‘ ) (g)
F
o, = @3 + oo (h)
2

Integrating (g) and then (h), we obtain

1
W3 = Wy3 + 'ET(XIM/L% — 3xiF 45 + $b,x3)
3

.3 2 2 2
_ X, X3 x{ byxt 1 X3 )
Uy = gz + Xa043 + Pz (GA; 6E13) +Mas <’27:“1§> 3 ( oA, 1251) ®

The general flexual solution (for b, = const) is given by (e), (f), and (i).

Fig. E12-1
X2 1 b2
IJZE Xy
T f f 1 Shear center
| N\
\ ®
Ab N — X X D
/ A3 . . ¢
/
X3
Centroid
| |
z L 1
Twist About the Shear Center
The applied torsional moment with respect to the shear center is
my = byX, 6))
Substituting for m; in the governing equations,
My = —my
My k)
Wy = GI :
and integrating, we obtain
Mr = M,z — by¥3xy
)

. ! -
Wy = Wa t T (M 4p — $b,%3x])
The additional centroidal displacements due to twist are

U, = X300

Uy = —Xm, (m)
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Cantilever Case

We suppose that the left end is fixed, and the right end is free. The boundary conditions
are
Ugy = Wy3 = Wgq =0
Fpy = Mpy = Mg, =0 ()

Specializing the general solution for these boundary conditions requires

F4o = b,L
M,y = 4b,12 (o)
M 1 = byX;L
and the final expressions reduce to
Fy = by(L — xy)
L? 1
M; = b2(7 — Lx; + Exf>
My = bX3(L — xy)
1 1 x? 1 x? byxi [ x? 1
Uy = X301 + bolxy { o — — ) b by L ) A S
Po T R (GAz 6 E13> 27 (21313> 2 \2EL, ~ GA3) ()
Uz = —552601
by (xiL? XIL . x3
« ) i, e —_
P TEL\ 2 2 73
byX3x
L P

It is of interest to compare the deflections due to bending and shear deformation.
Evaluating u, at x; = L, we have

1 bh,L
uBZ‘bex\diug = g—if; =8,
Ll @
uBZ}shcar deformation '2‘ *C;—A—— =z {)i
2
(sq _ E I
os G L4,

As an illustration, we consider a rectangular cross section and isotropic material with
v = 03 (d = depth):

=26
G
13~613_42 (r)
A, SA 10

By definition, d/L is small with respect to unity for a member element and, therefore, it is
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reasongble to neglect transverse shear deformation with respect to bending deformation
for the isotropic casef Formally, one sets 1/4, = 0.

Fixed-End Case

We consider next the case where both ends are fixed. The boundary conditions are

Ugy = Wy3 = Wyy = 0

Ugz = wp3 = wp; = 0 (s)

Specializing (h), (i), and (k) for this case, we obtain

b,L
Faz = “%"
bzlaz
Mys = ““1"2— (t)

The final expressions are

L
Fz =bz(—2~—x1>

L* Lx; x}
Ma=b, (2. ZF X
P (12 7t 2)
L
MT = bzx—a (-2‘ - X1>
Uy = w(X3 + —[zz—(Lxl —x}) + b (L:x} — 2Lx3 + xD) W
2GA, ’ 24E1
Uz = —Xmy
b, [L? L 1
w3 = E};(ﬁ Xy — i’c% + -6—,\%)
b33

Wy = on {(Lx; — x})

Example 12-2

We consider a member (Fig. E12-2) restrained at the left end, and subjected only to
forces applied at the right end. We allow for the possibility of support movement at 4.
The expressions for the translations and rotations at B in terms of the end actions at B
and support movement at A are called member force-displacement relations. We can
obtain these relations for a prismatic member by direct integration of the force-displacement

+ For shear deformation to be significant with respect to bending deformation, G/E must be of
the same order as I/A,L> where A, is the shear area. This is not possible for the isotropic case.
However, it may be satisfied for a sandwich beam having a soft core. See Prob. 12-1.
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relations. In the next section, we illustrate an alternative approach, which utilizes the
principle of virtual forces.t

Fig. E12-2
X,
MAZ * *MBLOJB2
L
Fyp t Fi2,Up2
\\\) \ fﬂl:-”ﬂl
A /
May Eag’ 141 Ly
—_— f—l ~~~~~~~~~~~~~~~~ 75 Xy
E / // MBL‘*)BI
A3
= : /F};3,u33
M,u/
Mp3,wp3
X3

The boundary conditions at x; = L are

[File=1 = I's; @
[M;li,=1 = My;

Integrating the force-equilibrium equations and applying (a) lead to the following expres-
sions for the stress resultants and couples:

F_/‘-———F[gj (j= 1,2,3)
My = Mpy (b)
M, = My, — (L = x)Fp3
My = Mpy + (L — x0Fp2
Using (b), the force-displacement relations take the form
U, 1 = ;1—]_; Fp v
1. - -
w3, 1 = -EI‘; [M33 + (L — xl)I‘BZJ

| R X3
Uy, | = W3 + a;]‘pz + EJMBT (C)

1 Wi Al
W21 = EI_;: [Mm — (L~ xl)l’m]

t See Prob. 12-11.
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Integrating (c) and setting x, = L, we obtain

L _
Ugy = Uyy + ZEFM
L _ 2
g3 = + —M — F
Dp3 = W43 El B3 + ET, B2
L* _ Lxs _ L L3N
Ugy = Uay + Lwygs + -— Mps + —- M =+ = F
B2 42 43 25T 3 + o5 Mar + (GAZ + 3E13> B2
Oy = Oy + e By — o T @
—J G . f— o
B2 42 il B2 2B,
L2 _ Lx, . L L3\ .
Ugs = Uy3 — Lwyy — -—— Mp; — —=Mpr + | —— + —— | F|
B3 43 42 SEr, e T gy Mar (GA3 3E12> B3
L _
Wpy = Wyy + —"GJ MBT

Finally, we replace My by
Myr = Mpy + X3l — %3Fp3 (e)

and write the equations in matrix form:

- _
L
Upy /IE Fp
L + L2
Up, ‘ GA2 3E13 _ [_;i:fz »L:‘E} ) L2 FBZ
+Lx3/GJ GJ GJ 2EI,
L . L?
Ups 3 Eifc“_z GAs  3El, |- L.fg L? Fys
GJ +Lx3/GJ GJ 2EI,

® X3 L X,L L i

o GJ GJ GJ ot

L? L

w I =

o2 2EI EL, Mp,
w L’ L M

B3 ] 2EL, E_I3 | B3

+ {uAls gy + Lewgs, gz — Lovas, 0ar, Wiz, @43} )

The coefficient matrix is called the member “flexibility” matrix and is generally denoted
by fE.

We obtain expressions for the end forces in terms of the end displacements by inverting
f. The final relations are listed below for future reference:
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- AE
Fp = ‘—(“31 — Upr)
- 12EI 6ET} 12EI%%;
Fgy = > (upy — taz) — —5— 72 (wgs + ©@a3) — I (wp1 — @a1)
6EI% 12EI%X
Fgy = IZZ;I;: (ups — Uga) + — = 5~ (Wp2 + @a2) + — [ (w1 — @a1)
L ,
by
_ 6, 12E
My, = {:WLA + —5 (%315 + %15)] (wp1 — wa1)
12E5x% GEI{X,
- L: = (up2 — uq2) + -*53“‘ (wp3 + wi3)
EI% 6 T4 ’(
12 L;x-z (ups — t43) + 2 £ = (wpa + wa2)

_ 6EI% 6EI3X,

Mg, = I = (ups — tg3) + -— 2 (wpy — OJAx)

£

EI%
+ (4 + aZ)—"wBZ + (2 - a?) WAz

_ 6EI% 6LI%X,
My = — =77 (up2 = waz) + =55 (w1 — @a1)
. El} L%
+ (4 + a3} —E}' wps + (2 — aa)“’“wzls
where

_ 12EDL = 12El5
927 GAL? 7 GA,L?

I Ay

# 2 I

I 1 + dy f 1 + as

We introduce the assumption of negligible transverse shear deformation by sctting

ay = d3 = 0.
The end forces at 4 and B are related by

FAj: "'FBj (j=123)

My = —Mp, B (i)

My, = =My, + LFps

MA.’: = ‘Msa — LFp;

We list only the expressions for M 4z, M 43:
EI% 1 X
M 4, =EI 2 (ups — tg3) + Al 2‘(60131 ~ @a1)

Bl EIf

-+ (4 + az)_z‘w,p (2 — az) -—“COBZ
t )

6EI%
MA;; = = L23 (uBZ

EI*
+(4+a3)~l—3

6 [3‘(3

U42) + N (wp1 — wa1)

EI%
wasz + 2 — a3)T(933
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Example 12-3

We consider next the case where the applied loads depend on the displacements. To
simplify the discussion, we suppose the shear center is on the X, axis and the member is
loaded only in the X -X, plane. The member will experience only flexure in the X -X,
plane under these conditions.

The governing equations are given by (12-23):

Fsi+b,=0 ()
F,= —~Mi (— m; ®)

M
ws,y = kY + fli ©

F
o g 0

An alternate form of (a) is

My +my—by=0 ©

Once M ; 1s known, we can, using (b), find F,.
Now, we solve (d) for @, and substitute in (c):

F,
== u —
w3 2.1 GA,
0
u Fz.l + bz
= - l=y P
w3, ¢ 2,11 GA, 2, 11 GA,
Then,
M3=E13(llz “+~- bz——k) (g)
and v
. {
Fp= —my — Ll <“2,u1 + 574“21?2.1 - kg.x) " (h)

Finally, we substitute for M; in (e) and obtain a fourth-order differential equation involving
u, and the load terms:

d*u, d* [ b, 1 (dms
Z2 12 L fams _ .
oF T dxd (GAZ 3) "L (dx, bz) 0 ()

The problem reduces to solving (i) and satisfying the boundary conditions:
F, or u, prescribed .
2 2P . atx; =0,L )
M or w; prescribed
Neglecting transverse shear deformation simplifies the equations somewhat. The re-

sulting equations are (we set 1/GA, = 0)

W3 = Uy, 1

M3 = Ely(uy, 11 — K3)

Fy= —m3 — EI3{uz, 111 — k8. )

d*u, d? 1 [dmy
S BRI (i N
@ T, (dxl 2) 0

®



348 ENGINEERING THEORY OF PRISMATIC MEMBERS CHAP. 12

As an illustration, consider the case of linear restraint against translation of the centroid,
e.g., a beam on a linearly elastic foundation. The distributed loading consists of two
terms, one due to the applied external loading and the other due to the restraint force.

We write
by =q — ku, M

where g denotes the external distributed load and k is the stiffness factor for the restraint.
We suppose m; = k3 = 0, k is constant, and transverse shear deformation is negligible.
Specializing (k) for this case, we have

W3 = Uy,
M; = Elzu; 14 (m)
F, = —Elzuy 14,
d*u, k q
'cEc_f'_ EI; Uy = EI: (n)
F,oru, prescril?ed } atx,= 0, L ©)
M ; or w3 prescribed

The general solution of (n) is

Uy = Uy, , + e *YCy sin Ax; + C; cos Axy) + €*"(Cy sin Ax; + C4 cos Axy)

k 1/4 (p)
4= (&7;)

where u,, , represents the particular solution due to g. Enforcement of the boundary
conditions at x = 0, L leads to the cquations relating the four integration constants.

The functién e”?* decays with increasing x, whereas ¢** increases with increasing x.
ForAx > = 3,e™* = 0. Ifthe member length L is greater than 2(3/4) = 2L, (we interpret
L, as the width of the boundary layer), we can approximate the sofution by the following:

0 < x; < Ly Uy = Uy, , + e Cy sin Ax; + C, cos Axy)
Ly <x3 <L —Ly: Uy = Uy, p (@
L—Ly<xySL: up=uy,+ e (Cysin dxg + C4 cos Axy)

The constants (Cy, C;) are determined from the boundary conditions at x; = 0 and
(Cs, C,) from the conditions at x; = L. Note that C; and C, must be of order e~ *F since
u, is finite at x, = L.

Application 1
The boundary conditions at x; = 0 (Fig. E12-3A) are

u, =0
M3 = Elzuz,4; =0

Since ¢ is constant, the particular solution follows directly from (n),

Uz, p = q/k
The complete solution is

Uy = %(1 — e *tcos Ax,)
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Fig. E12-3A
¢ = const
A y Y 4 A
I
L1777 77777777 77777777777777777777777777777777 ~ X1
X
Application 2
The boundary conditions at x;, = 0 (Fig. E12-3B) are
Uy 1 = 0
Fy = —Elyup 11, = =PJ2
and the solution is
Pi . X .
u, = }.‘k“e ¥i(cos Ax; + sin Axy)
The four basic functions encountered are
Yy = e"*(cos Ax + sin Ax)
Wy = e *sin Ax = — »1: W
: 24
(12-26)

Y3 = e"*¥(cos Ax — sin Ax) = ;-z//'z
Ye =€ *cosix = — Ly
¢ =T

Their values over the range from Ax = 0 to ix = 5 are presented in Table 12-1.

Fig. E12-3B

I 4

b X
VL i

X

12-6. FORCE METHOD OF SOLUTION

In the force method, we apply the principle of virtual forces to determine the
displacement at a point and also to establish the equations relating the force
redundants for a statically indeterminate member. We start with the one-
dimensional form of the principle of virtual forces developed in Sec. 123 (see
Equation 12-19):

§e[X(e; AF; + k;j AM)]dx, = ) d; AP, (a)
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Table 121
Numerical Values of the y Functions

Ax 2 Va2 Ys Ya Ax
0.0 1.000 0.000 1.000 1.000 0

0.2 0.965 0.163 0.640 0.802 0.2
0.4 0.378 0.261 0.356 0.617 0.4
0.6 0.763 0.310 0.143 0453 0.6
0.8 0.635 0.322 —0.009 0.313 0.8
1.0 0.508 0.310 —0.111 0.199 1.0
1.2 0.390 0.281 —0.172 0.109 1.2
14 0.285 0.243 —0.201 0.042 14
1.6 0.196 0.202 -0.208 —0.006 1.6
1.8 0.123 0.161 —0.199 —-0.038 1.8
20 0.067 0.123 —0.179 —0.056 20
22 0.024 0.090 —-0.155 —0.065 22
24 —0.006 0.061 -0.128 —-0.067 24
2.6 -0.025 0.038 -0.102 —0.064 2.6
238 -0.037 0.020 ~0.078 -0.057 28
3.0 —-0.042 0.007 —-0.056 ~0.049 3.0
32 —0.043 —0.002 —0.038 —0.041 32
3.4 —0.041 —0.009 -0.024 —0.032 34
3.6 —-0.037 -0.012 -0.012 —0.024 3.6
38 ~—0.031 -0.014 ~0.004 ~0.018 3.8
40 —~0.026 -0.014 0.002 -0.012 4.0
4.2 -0.020 —0.013 0.000 —0.007 4.2
44 —-0.016 -0.012 0.008 —0.004 44
4.6 —0.011 -0.010 0.009 —0.001 4.6
4.8 ~0.008 -~0.008 0.009 0.001 4.8
5.0 ~0.005 ~0.007 0.008 0.002 50

where e;, k; are the actual one-dimensional deformation measures;

d, represents a displacement quantity;

AP; is an external virtual force applied in the direction of d;.
The relations between the deformation measures and the internal forces depend
on the material properties and the assumed stress expansions. The appropriate
relations for the linear elastic engineering theory are given by (12-13). If
a displacerent is prescribed, the corresponding force is actually a reaction.
We use d;, AR, to denote a prescribed displacement and the corresponding
reaction increment, and write (a) as

[ 2(e; AF; + k; AM)]dx, — Y. & AR, = Y d; AP,
where d; represents an unknown displacement quantity.

To determine the displacement at some point, say Q, in the direction defined
by the unit vector 7, we apply a virtual force APyf,, and generate the necessary
internal forces and reactions required for equilibrium using the one-dimensional
force-equilibrium equations. We express the required virtual-force system as

AF i = F i Q AP Q
AM i~ M o) AP Q
ARk = Rk’ Q AP Q

(12-27)

(12-28)

S —
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Introducing (12-28) in (12-27) and canceling AP, leads to
dQ = “‘ZRk,Q Zlc + j‘xl [Z(eJFJQ + k]MJ, Q)}dxl (12—29)

Tlns exprcs‘sior} is applic_able for an arbitrary material, but is restricted to the
@mgar geomemg case. Since the only requircment on the virtual force system
is that it be statically permissible, one can always work with a statically deter-

minate virtual force system. The expanded form of (12-29) f. i
elastic case follows from (12-21): ( }for the lincarly

B F
dg = =Y R, o di + J Re? + Ilé) Fi g

Fy Fy M
[ Fa RES My
(GA) Fao+ (GAs) Fag + 75 Mg

(12-30)
M M
+ 1 K0 2z 9 3
( 3 + E12> MZ«Q + (/3 + EI;) M3,Q]dx1
where )
e) = L &) dA
1 A 1
o _ 1 0
]&2 = ‘I*~ X387 dA
2
o —1
k3 =~ 11 x,6%9dA
I,
Finally, we can express (12-29) for the elastic case in terms of V*:
IV * CR
dy = | 2 g — i
0 L 3P, dxy — Yd, 3F, (12-31)

This form follows from (12-20) and applies for an arbitrary elastic material.

Example 12-4

‘ Wc consider -the channel member shown in Fig. E12-4A. We suppose that the material
1s linearly elastic and that there is no support movement. We will determine the vertical

Fig. E12—-4A
2 ; L2 X2
/ l dQ P p
! ¥ Centroid 1 0
0 \
7 Xy X3 b —®
/
L ] Shear
center

7 | e
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disptacement of the web at point Q due to—
{. the concentrated force P
2. a temperature increase AT, given by

AT = a1 X, + azXx2 + asX1X3

Force System Due to P

in Fi - t
Applying the equilibrium conditions to the segment shown in Fig. E12-4B leads to

Fy= —P

My = +Pe @
My = —P(L — x1)

Fy=Fy=M;=0

Fig. E12-4B

l P Shear center axis
A

Pe

Virtual-Force System

jolop . — A be ¢ sistent,
We take d ositive WhCII doWilWaXd e, m the X dllc\.tXOn. [O ¢ COl

Q 3 Ay

ply a unit d()WIlWaId force at Q« {l\c (Cqull(‘)d lntelnal forces fOHOW ffoln
we must ap

Fig. E12-4C:
Fao=—1
Mrq=¢ (b)
L L
OQ?Cxéi M3,Q="E“X1
FL.Q::F&Q:'MZ*Q:O
L Fio =0 U:Llﬂ} ©
5<x1<L Mjo=0

Fig. E12-4C

\..gmw»}‘—-f%”"”\

Shear center axis

sttt
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Initial Deformations
The initial extensional strain due to the temperature increase is

&) = a AT = afayx; + arx,X; + azx(xz) G)

The equivalent one-dimensional initial deformations are

T
&? :ij &) dA = aax,

I
kg = 7 JJ x36) dA = sazx, (e)
2

Determination of d,

Substituting for the forces and initial deformations in (12-30), we obtain

d Lz p Pe? : P L ) L d
o = , —éz-f"ai"f- O(az,\1+};[‘;( —.\1) ;'—~X1 X

f
{ L el 5 1‘3} ot L2 - O

364, T 267 T ®EL

Example 12-5

When the material is nonlinear, we must use (12-29) rather than (12-30). To illus-
trate the nonlinear case, we determine the vertical displacement due to P at the right end

Fig. E12-5

X, . ll’

X3

o -
X X3 &

D

Centroid (and
shear center)

| |
l L ; |

of the member shown in Fig. E12-5. We suppose that transverse shear deformation is
niegligible, and take the relation between k; and M as

ky = a,M; + asM3 (a)
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Noting that only F, o and M3 ¢ are finite, and letting e, = 0, the general expression for
d, reduces to

L
dy :jo kaM o dx; ®
Now,
M3 = —P(L — xy)
Ms g = —(L — x;) ©
Then,
ks = —Pay(L — x;) — PPas(L — x;)? (d)

Substituting for k5 in (b), we obtain

L3 L3
dy = Pa; — + Pay —
Q 1 3 3 5

We describe next the application of the principle of virtual forces in the
analysis of a statically indeterminate member. Wec suppose that the member
is statically indeterminate to the rth degree. The first step involves selecting
r force quantities, Z;, Z,, . . ., Z,. These quantities may be either internal forces
or reactions, and are generally called force redundants.

Using the force-equilibrium equations, we express the internal forces and
reactions in terms of the prescribed external forces and the force redundants.

P'j = ijo + Z Fj,ka
k=1

M;=M;o+ Y M;Z (12-32)
k=1

Ri=Rio+ Y RiiZ
k=1

The member corresponding to Z; = Z, = -+ = Z, = ( is conventionally
called the primary structure. Note that all the force analyses are carried out on
the primary structure. The set (F; o, M;, o, R; o) represents the internal forces
and reactions for the primary structure due to the prescribed external forces.
Also, (Fj 1, Mj i, R; i) represents the forces and reactions for the primary
structure due to a unit value of Z,. One must select the force resultants such
that the resulting primary structure is stable.

Once the force redundants are known, we can find the total forces from
(12-32). It remains to establish a system of » equations relating the force
redundants. With this objective, we consider the virtual-force system consisting
of AZ, and the corresponding internal forces and reactions,

AFj = Fj,  AZ,
AM; = M;, , AZ, (a)
AR,’ = R,',k AZk
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This system is statically permissible. Substitutin i - i
. g (a) in (12-27), and notin
that AP; = 0, we obtain . ( ) :

Jx [; (e;Fj,x + ijj,k)] dxy = ) &Ry (12-33)

Taking k=1,2 ..., rresults in a set of » equations relating the actual de-
fc‘n'matlon& One can interpret these equations as compatibility conditions
since they represent restrictions on the deformations. ,

To proceed further, we must express the deformations in terms of F i M.
In what follows, we suppose that the material is linearly elastic. The jcomj-
patibility conditions for the linearly elastic case are given by

F F,\, F M,
0 ___l_ .___}_. 3 ; T
J Ke‘ * AE) Frut (GAZ) Pt (GA3> Fart (Gf) M.

2

M M -
+ <kg + -‘“‘) M},,k “I" (kg + ‘1‘;,73‘) M3'k] dxl == ZEZiRi.k (12 34)

EI, A3
k=1,2,...,r

A more compact form, which is valid for an arbitrary elastic material, is

617* = (’)Ri '
L a7 =34, iz (k=127 (12-35)

Thc? final step involves substituting for F j» M using (12-32). We write the
resulting equations as

j>=:x Z; = Ay k=1,2....,7 (12-36)
where
foj= fu = _I_F F L > 1
kj k= | AE 1.j 1,k+5:4;F2,j1‘2.1c+5;1‘;F3,jF3,k
1 1 1
+‘G*jMT,jMT‘k+E'I“2‘M2‘jM2,k+‘E7;M3'jM3’k dxl

- rF F F
Ay=Y dR;  — 0+ =2 F i1 20
= K Lx[(él—i_ AE) 1,k+(GA2>F2,k+<GA3>F3,k

M, M [
+ ( rﬁ)MT,k + (k% + *-2—’9> M + (kg + IWB,O)M&&J[ZXI

GJ EIz E13

The various terms in (12-36) have geometrical significance. Using (12-30),
we see that f is the displacement of the primary structure in the direction of
Z ; due to a unit value of Z,. " Since Six = fuj, it is also equal to the displacement
in the direction of Z, due to a unit value of Z;. Generalizing this result, we can
write

(di)P,:x = (dj)Pi=1 (12-37)
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where i, j are arbitrary points, and P, corresponds to d,, i.c., i has the same
direction and sense. Equation (12-37) is called Maxwell’s law of reciprocal
deflections, and follows directly from (12-30). The term A, is the actual dis-
placement of the point of application of Z,, minus the displacement of the
primary structure in the direction of Z, due to support movement, initial strain,
and the prescribed external forces. If we take Z, as an internal force quantity
(stress resultant or stress couple), A, represents a relative displacement (trans-
lation or rotation) of adjacent cross sections.

One can interpret (12-36) as a superposition of the displacements due
to the various effects. They are generally called superposition equations in
elementary texts.t If the material is physically nonlinear, (12-36) are not
applicable, and one must start with (12-33). The approach is basically the
same as for the linear case. However, the final equations will be nonlinear.

The following examples illustrate some of the details involved in applying the .

force method to statically indeterminate prismatic members.

Example 12—6

This loading (Fig. E12-6A) will produce flexure in the X,-X, plane and twist about
the shear center; ie., only F,, M3 and M are finite. The member is indeterminate to the
first degree. We will take the reaction at B as the force redundant.

‘Fig. E12-6A
X3 X,
q
q
Y
Lo
B
A Xy X w’“\
Shear
;;9)77 center

| L —]

e
Primary Structure

One can select the positive sense of the reactions arbitrarily. (See Fig. E12-6B.) We
work with the twisting moment with respect to the shear center. The reactions are related
to the internal forces by

Ry =27,
R, = —[Fz]x,=0
Ry = —[M3]x,=0 (@)
Ry = +[MT]X,=0

+ See, for example, Art. 13-2 in Ref. 3.
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Fig. E12-6B

X3

Xy

X5
R3,d3
\
A
B
Rq.dyg T
Ry, d)

1

Zy=0

A

r
T Ry, dy

X3 ©

Force System Due to Prescribed External Forces (F; o, M; o, R; o)

Fig. E12-6C
q
/1]3’0
. ( s
My, ] J' \
Fao Shear center axis
e o
| z
Fi 0= —g(L - xy) Ri,0=0
Mr o = ge(L — xy) Ry 0 =qL
q 12 (b)
M3, = —-é(L-x1)2 R3,0=‘q‘2"
Fio=Fs0=M;6=0 Ry =gelL
Force System Due to Z, = + 1(F; (,M; ,, R, )
Fig. E12-6D

M3y

1
B e

Mr,1

it

\4‘1

~

L
f

Shear center axis

L_‘Xl

|
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Fy, = +1 Ryp = +1
My = —e Ry i = —1
M; 1 = +(L - x) Rs31=-L ©
Fi1=F31=M;,=0 Ry = —e

Equation for Z,
We suppose that the member is linearly elastic. Specializing (12-36) for this problem,
fuZs = Ay

L 1 1 1
Ju= L [&72‘(1:2, 1)Z+E—J-(MT.1)2 +E7;(M3’ 1)2}{& @

4 L 1 i M‘

and then substituting for the forces and evaluating the resulting integrals, we obtain

L Le? L}

- o
fu G4, " GJ T 3EL

qL*[ 1 e? L?
A =d; —dy — Ldy —edy + | —=— + — + —m
1 1 — G2 3 — edg + 2 [G/{z . GJ + 4E1, ©

L
- jo KO (L — x,)dx,

The value of Z, for no initial strain or support movement is
4E [ I, el
P ey + 5
3 G <A2L2 JL?

Zy ==qL
1 q . 3E 13 . 2213
G \A,L2 " JL?

- U]

Final Forces

The total forces are obtained by superimposing the forces due to the prescribed external
system and the redundants:
Fy=Fy0+ 2ZiFs = —ql — x) + Z,
My = qe(L — x;) — eZ;

My = — g(L = x)* + (L = x1)Z4
R, =2, . (&)
R, = qL - Z
LZ
R3 = L —_ LZ]

R4 = E(qL i Zl)
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Example 127

This loading (Fig. E12-7A) will produce only flexure in the XX, pl

adir . ane. We suppose
the material is physically nonlinear and take the expression for k; as o

ks = kS + a,My + u;M3 (a)

To simplify the analysis, we neglect transverse shear deformation.
Fig. E12-7A

lq

q Xy

X,

Xy X3
7 Shear center
L
i L |
Primary Structure
R[ = Z[ RZ = _(Fl)x,=0 RJ = ’(Ml{)xl:ﬂ (b)
X, Fig. E12-7B
R3,‘73 ( / A B
7 N
Ry, (72 T 7, 1‘
Z; =0
? Ry, dy

Force System Due to Prescribed External Forces (see Example 12-6)

Fao= —q(L — xy)

q (c)
Ms o = —E(L - xy)°

2
Rio=0 Ry 0 =qL Rs,OZ%‘
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Force System Due to Z, = + 1(see Example 12-6)
Fo = +1 M3, =L—x
Ry = +1 Ry = —1 (d)
R;y = -L .

Compatibility Equation

Since the material is nonlinear, we must use (12~33). Neglecting the transverse shear
deformation term (e,), the compatibility condition reduces to

L -
[ oM dx, = TR, @©

We substitute for k; using (a):
L _ L
J.o (aMs + a;M)IM,  dx; =Y dR, | — fo kM dx, 0]
Now, .

My = M3 o+ Z M3, (g)

i

q 5
‘E(L = x1)* + Z{L - xy)

Introducing (g) in (f), we obtain the following cubic equation for Z,:

5 fasl? 2 _a;qL_(’_ a, L} ?_n'_\qzl,f
Zl( 5 + Z3 4 + Z 5 + 55

4 L
+ —‘:-é——-> +3d ~d, - Ld, ~ J kYL — x)dx;  (h)
. o

1 .
ay, = EI‘; Uy = 0 (1)
and (h) reduces to
3 3EI; |- - - L .
Zy = qu + —»~L—3~3—|:d1 —~dy, — Ld; — L kYL — x,)dle )

Example 12-8

The member shown (Fig. E12-8A) is fixed at both ends. We consider the case where the
material is linearly elastic, and there are no support movements or initial strains. We take
the ‘end actions at B referred to the shear center as the force redundants.

Zy = FBE
Zy = Mpgs (&
Zs = M‘I‘B

The forces acting on the primary structure are shown in Fig. E12-8B.

Initial Force System

Fao=P  Mso=Pla-x)

b
My o = PX3 (b)

SEC. 12-6.
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Xy
"y
A[ Y fP B
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X3 /
M,
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Fig. E12-8A

TP
X

Shear center

X3

Fig. E12-8B

Xy

Fig. E12-8C

Shear center axis

PX
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Z = +1
Fig. E12-8D
M
3.1 )
Mz, *
Fa " Shear center axis
L L —X3 —l!

F2,1=+1 Al3‘1=L~'—X1

C
1\‘17,;:0 ()

Zz = +1
Fig. E12-8E
Mj, 1
My, ( )
Fap ‘
| - d
I L—x; ]
Mj, 2 = +1 Fp2=Mp,=0 (@
! Z3 = +1
!
‘ Fig. E12-8F
M3 3
Mrs Fas l 1

i«—————»—————-L - X ~______.{ Shear center axis

Mz ;3= +1 Fy3=M;3=0 (e)
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Compatibility Equations »
The compatibility equations for this problem have the form

3
Z J‘r;ij = A (k = 1,2, 3)
j=1 :

rv . 1 1
S = L [E,;Z;f‘z,ﬂ:z,k + E;_jMT,jMT,k + EY;IWB,jMB,dexl

“ FZO MT(] A430
- 0\ RO My + (=22 ) M, |4
Jo G e (7 o ()

Substituting for the various forces and evaluating the resulting integrals lead to the fol-
lowing equations: :

L I L? a 1 [® d%
o =) Z 4+ )2y = =P — (=
(GAZ 3EI3) 1 (2513) : [GA2 I (3 t3 )]

]

I

A

L? L Pa?

Sz 4 (22 = e
<2EI3) ! +( 1_) 2= ToEIL ®

. .%’. Zy = _.ff'fi

GJ GJ

6EI,

o\ | 2w T alGa,

Z, = —p|— el
Z (L) ) 121,

1 s
LGA
’ (h)
GEI,
a’b al.GA, Paxs
Zy =P s Zy= — — 2
? L2 12EI, 3 L
L2GA,

Application

Suppose the member is subjected to the distributed loading shown in Fig. E12-8G.
We can determine the force redundants by substituting for P, a, and b in (h),

P = gdx,
a=x | (i)
b=1L-—x

and integrating the resulting expressions. The general solution is

—1 [* 2 GEI,
zZ, = "“jv {‘Cf + ‘”[x%(l« — xg) + L_é;;; x; (L~ xl):]} q dxy

L? |, LC
1 L 61 .
Z; = ZTCL [Xf(L ~ X1) + -LGAB; xy (L~ xx)]qux - ()
= L
L Jo
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where
12EI;
C=1
* 1764,

As an illustration, we consider the case where g is constant. Taking g = const in (j),
we obtain '

Zl = - %
2
gL?
L= ©
X3qL
Z3 = - 32q
Fig. E12-8G
X T”
: qlx1)
7 T
¥
Z
% ; X1 X3
Y A
% v Centroid
| L |
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PROBLEMS

12-1. The accompanying sketch shows a sandwich beam consisting of a
core and symmetrical face plates. The distribution of normal stress over the
depth is determined by assuming a linear variation for the extensional strain:

PROBLEMS 365
& = *sz_g
o011 = Egy ®

We relate k3 to M5 by substituting for ¢, in the definition equation for M5:
M3 = _‘fj X201 dA
A
y
(b)
My = (El5 . + E;I; ks,
To simplify the notation, we drop the subscript and write (b) as
M = (El)equivk3 . (C)

where (EI),q;, is the equivalent homogeneous flexural rigidity.

Prob. 12-1
X
Face f
— 4
I3 T
Core k(2 i afu /;*
(. _ Coe | Y
h/2 X,
{— 4

Face :f }"Q_ b __‘ X,

hThhe shearing stress distribution is determined by applying the engineering
t eor yhd‘cvelope(’ik in Sec. 11-7. Integra}ting the axial force-cquilibrium equation
over the area 4* and assuming o;, is constant over the width, we obtain

ﬁ (011,1 + 021,5 + 031, 3)d4 = 0

{
d
bO'lz =££0'1L1d14 ( )

Then, substituting for ¢,
M

Oy1 = .—(Ek3)x2 = (EI)L’quiv(ﬁEXZ) (e)
and noting that F, = — M 3, 1, (d) becomes
.O- — Fz V
2 = BED,,, || 2P ®
A*
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(a) Apply Equations (e) and (f) to the given section.

(b) The flange thickness is small with respect to the core depth for a typical
beam. Also, the core material is relatively soft, i.e, E. and G, are
small with respect to E,. Specialize partafor £, = 0Qand t,/h « 1. Also
determine the equivalent shear rigidity (GA,).q.,» Which is defined as

7% = —0—%—2- dA = ’1“ ‘*i~
(V )ze Jj 26 T T 2(GA2)cquiV

(¢) The member force-deformation relations are

& (GA Z)equiv
M,
ki = ———r
} (El)equiv

Refer to Example 12—1. Specialize Equation (q) for this section and
discuss when transverse shear deformation has to be considered.
12-2. Using the displacement method, determine the complete solution
for the problem presented in the accompanying sketch. Comment on the
influence of transverse shear deformation.

Prob. 12-2

X,

g = const

S

[ —d b

e

12-3. For the problem sketched, determine the complete solution by the

displacement method. '
12-4. Determine the solution for the cases sketched. Express the solution

in terms of the ¥ functions defined by (12-26).

ey

4

a continuous distribution of stiffness;

PROBLEMS 367
Prob. 12-3
g = const |
|
I
i
-4
~
Centroid
——
Xy
Prob. 124
q
41 !
Z 7 T
(a)
T
7777777777 7777777 777 3 e
(b)
|
)
777 777777777777777, 7777 ;‘ >

{c)

12-5.  The formulation for the beam on an elastic foundation is based on

ie., we wrote

by = —ku, | (@)

Note that k has units of force/(length)?,
We can apply it to the system of discrete restra
of the accompanying sketch, provided that restr

ipts diagrammed in part a
amt spacing ¢ is small in
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comparison to characteristic length (boundary layer) Ly, which we have taken as

3 3 )
Lo ® 5 = wpaED™ -
A reasonable upper limit on ¢ is
Lo ©
C< x—
15
Letting k, denote the discrete stiffness, we determine the equivalent distributed
stiffness k from C = ke @

Evaluate L, with (b), and then check ¢ with (c).

Prob. 12-5

- - L

___\,\/\.__.
,\'\..._
&
.._._.\'\'\._..-
.._..V\,\.._.

7777777777777 7777 TS

t.——c !I ¢ { C_“’{

{a)

L /{4/ 74 ﬁ/A/ {A/ V//74 Pl
al2 I I I
[ c
y —
r \ LE I

_IE

YA

4 YA e
]
{b)

i : bers which are fixed
“onsider the beam of part b, supported ‘by cross mem . o fixed

at (t/t?eir ends. Following the approach outlined above, determine the dlstgblflj
tion of force applied to the cross members due to the concentrated load, P.

PROBLEMS 369
Evaluate this distribution for
a=24ft L =641t c=11t I, =1,

12-6. Refer to Example 12-3. The governing equation for a prismatic
beam on a linearly elastic foundation with transverse shear deformation in-
cluded is obtained by setting b, = ¢ — ku, in (i). For convenience, we drop
the subscripts:

du  k du . k Y= 1 dm N d? o _ 4
a* T GAad? TEIYTEINT T ax) T ax? GA @
We let
k k ’
77777 — 414 e zq2
. El oA, = ¥ ()
and (a) takes the form
d*u o d*u
EI;‘I — 45/;2 ;{);‘2‘ -+ 42.411 = q (C)

Note that £ is dimensionless and A has units of 1/length. The homogeneous
solution is

u = ¢"*(Cy cos bx + C, sin bx) + e™*(C; cos bx + C, sin bx)
where (d)
a =1 + &Y
b= A1-— g2
To specialize (d) for negligible transverse shear deformation, we set ¢ = 0.
(a) Determine the expression for the boundary layer length (e7* = Q).

(b) Determinc the solution for the loading shown. Assume L large with
respect to L,. The boundary conditions at x = 0 are

w=0
P
Fy = —=
g 2
Investigate the variation of M, and u,,, with & Consider ¢ to vary

from O to 1.

Prob. 12-6

-
t~
.

L
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- ine the reaction R and
—7. Refer to the sketch for Prob. 12-3. Determine 0 ‘
cerlxtzroidal displacements at x; = L/2 due to a concentrated force Pi, applied
d
batx; = L/2. Employ the force method. A
° igige RefeI3 to E{(ample 12-7. Assuming Equation (h) 1sIs/glved for Z,,
i ou would determine the translation u, at x; = L/2. )
dlsflllli:;.h ogo);xsider the four-span beam shown. Assume linearly elastic be-
havior, the shear center coincides with the centroid, and planar logdmg.
(a) ’ Compare the following choices for the force redundants with respect
to computational effort:
1. reactions at the interior supports t
2. bending moments at the interior supports .
(b) Discuss how 3%0\1 would employ Maxwell’s faw of reciprocal deflections
to generate influence lines for the redundants due to a concentrated

force moving from left to right.
Prob. 12--9

1 . ]
12-10. Consider a linearly elastic member fixed at both ends and subjected
to a temperature increase
T =a, + azx; + azx;

Determine the end actions and displacements (translations and rotations) at
mid-span. _ i -

12npll. Consider a linearly elastic member fixed at the left end (A) ar{14d
subjected to forces acting at the right end (B) and support movement at t
Determine the expressions for the displacements at B in terms of the suppﬁf
movement at 4 and end forces at B with the force method. Compare this

approach with that followed in Example 12-2.

13

Restrained
Torsion-Flexure of
a Prismatic Member

13-1. INTRODUCTION

The engineering theory of prismatic members developed in Chapter 12 is
based on the assumption that the effect of variable warping of the cross section
on the normal and shearing stresses is negligible, i.e., the stress distributions
predicted by the St. Venant theory, which is valid only for constant warping
and no warping restraint at the ends, are used. We also assume the Cross
section is rigid with respect to in-plane deformation. This leads to the result
that the cross section twists about the shear center, a fixed point in the cross
section. Torsion and flexure are uncoupled when one works with the torsional
moment about the shear center rather than the centroid. The complete set of
governing equations for the engineering theory are summarized in Sec. 12-4.

Variable warping or warping restraint at the ends of the member leads to
additional normal and shearing stresses. Since the St. Venant normal stress
distribution satisfies the definition equations for Fy, M,, M, identically, the
additional normal stress, ¢, must be statically equivalent to zero, i.e., it must
satisfy :

{fotda = [fx20%, da = ffx30%,d4 =0 (13-1)

The St. Venant flexural shear flow distribution is obtained by applying the
engincering theory developed in Sec. 11-7. This distribution is statically equiva-
lent to F,, F acting at the shear center. It follows that the additional shear
stresses, a7, and "5, due to warping restraint must be statically equivalent
to only a torsional moment:

‘(jﬂ'iz dA = ()
j‘jﬂ';3 dA = {

To account for warping restraint, one must modify the torsion relations. We
will still assume the cross section is rigid with respect to in-plane deformation.

(13-2)
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